ALTERNATIVE PATH COMPRESSIOM TECHNIQUES

Jom  wvom Leww%

Dcfadmem)( (cmeuJ-er Science
Ui versi oX WRECHT
3$o® TA UTRECHT |, e NETHERLANDS
amol
thww o’s Q"Clu( Mathemaber amodl sz.euler Suencwe—
U.M‘vusil-a og LEIDEN

Wassenaasseuwey o , P 0. Box 2060
LEiDEN | A#e NETHERLANDS

Tedui cal R.e.fwl RuU - €S -77 -3
se.'ﬂww 1977

Depaedment of Compubr Science
Universify of WUTRECHT
30 TR WTRECHT
Mo MNETHER LANDS



L

Wy e«




ALTERNATIVE PATH COMPRESSION TECHNIQUES

AQM AV LuMM)-W
Uad e by UWTRECHT
UTRECHT 2506/ Me NETHERLANDS
and

Theo wanw oar Weide
Qepartment of Ccn\fwlu Suhence

Ungversi { LEIDEN
LEIDEN / fle NETHERLANDS

Abatrack  UNiON - FiND programs mymbrline o lorge Monrs of  Lyoriflm
Joo monging omd searching diSpoink acks | whih are represented an Arces
Mo “collapring ride” for Finps e mend it locade o coof and He
froverse e same FiND-path o second hime in erdir Ao attak eacl
A onoder ho Me ot I on ool £ Piad o mere hegan impl
medadlion | we shall comniden Mo problem of how He “second pass”
can be eliminaded wlile preserving goud Sideney (with or witked o
balomcing rule Gor UNIONS) . We wmmider severad aldennabive  Arec

omprersion mibods , inchdicg Rem's olyorifn an proronded by
Osbnba. We show Mok in worsl core o olyoridhuns are net an groc
w expeded . We propore o aimpler one-pars ANechnigue called “patl
Aoloing ", which  perfrems  well w bl Mo balomced and  cordbalanced
cares. We show Mot He Lime necoled for  execuhing O(a) uNiOMs o
FiNDs i bounded by O (nlygn) avken o (w‘(~£w&n‘:\$ & wned. ¥
He "weichhed wnion” rde o wned fv sl merging  amd PWM-Kw&A»é
v Finos , Hew He cod for O(n) UNTONS and FINDas o bowsole:
by OCalg*n). We conclide Mot for Ll prackical purposes pokh.
Radiing 0 o wiable ldonncbive 4o Ho oviginad collapring rede

y Pw"a‘»\;nu% reperk . An owkline of Mo romdh were prerended o Ay P
Aogumg  om Alorithoms omd  Complscidy Thecry, Oberacelfoch , OXF 1977
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¢ hbrodichion We sRll commidirn meme programming  problems concerning
He manipulohion of ddrjvint— schs  on  occnr fov Dufance a e hep-
wise composifion of an equivalince relabion. M O commen i med
applications 4o sbruchue ead 2 an a hee | witl ead node-
lecord represenfing o dabind elewed of Mo seb | Nodes x  only
Rowe o folkor- link f(x) | wikd {@=x  and ol (:(/ x o o ref Ty
preadly . o s & named be Mo smalleh element awlik U coddoins
bl we awon'd  abwags be oble ho heep s record A e roo of
He correnponding Aree. Thorefore e amume Mok records confain an
addibional name- field | whue  for records xS a rest  N(x)
oy gives He name of He smalled elemed in Mo sk ML
duiays cary Ao maidfain o amappng N7 wkid enabler ws fo
find Mo ol of a named sk, and we shdl wnndl omik
such  borkberping otdails  below .

A large dam of ueresting el mamipulodion oLyoridhins cam be
Gormdaded i fermr of Ma (ellowing primidive vperabions ( ree
Ao, Hoperoft amd UWdmanw [1]) -

FIND (%) tehviewe He name c-g He ad fo whid
| | * Lb&."n.sb (ie. ‘ML N-'uv\o.&g of He vrooY
of He her e x » abred )

UNION (%, y) (whiae x amd § owe ~ names ) merge
sehs x and y wnd  nome Mo new
set  min fx 4}
amd  olho
CHECK (x,y) Aol wheblor  x amd §  belong Ao 4o
Some  Aeh— '

MERGE (x,4) (vhue x and g e M‘n'lruj elemands )
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mge He (4wo) sk Ao whicdh x am
y uons and name Mo hww sk pro-

e  aforY m,‘;;gwa,ﬁ.‘wwé}w UNION - FIND proqrams (s a
wllekion of minglehoms | ie., o colbickion of n chimah x
Wit o = f(x)-_ N (=) . an;mu)) m o UNION He reoY oj’ e
e 0 made a son of He rood of He otler Aree  amd a FiNC
GO o pecformed by fllowing He foboclinks wp b He rook
of He Aree

yrx;
while £C) # g do  yi:f(g) od,
gu_l—pu_l_-(N(s))j
A profram of O() UNioNs and FiNDs cold Xoke ar many
an O(n?) s¥eps Hin way .

The %d%ua' o WUNION - FiND profroms  can e umproved o
variows woays , and He mbjed Ran become abinorf a Afan-
dord Avpic in amy dircwmion of sl manipalabion  alyeri B
(aee n&,m»f.mﬁ amd Whmow Tt ) .

UNioNs are eary fo perform | bl o we creake “wnbelom-
ced " Areen  we may Rove Ao Aravuse  long pobhs i mubsequedt
FinDs . The following svodegy  guaradees o comVoud | aceepfable
bokoance  in Aees  ld Ma vt of o node be He hawmber
of rodes (inclucling Uself ) codained in s mubbree . Foplement
UNiONs  asith Ao .

wtighhed wmion’ ruke t never Mok o eavy hee A A

oo of o Might Aree (with hon brohe. arbi-
/fvui(z:)
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One  cam ahow Head no pabh w o e can  be  lowger Ao
OUUogn) | omd U follows Had o ol for O() unions and
FINDs o odown Ao O (nlsgn),

From o diffared  amgle (ice. while leaving He atradegs
for UNIONs open ) | ome coukd Ay o Kange Ao imkernid
ohuddise o o e - eflr U aser formed i eme ey ov
onctir in orden MaX Lader FiNDs con be prformed b o
tduced N, Ay He ol of o FIND O proporfiond S Ae
ngth  of Me pth broversed wp He hree | Ae §ollowing abrate-
¥y seems b be mos¥ ffechive Avwords His Goal

‘cellapring” vide : Avowwse Ahe FIND-pabh o Accomd Aime

ool ook ead of i moder divetty
Ao He rooX
Pdersom [73 proved Hod O(n) UNIONS omd EiNDa wring e
collapring ruke Noke ondy O(nlgn) seps abro . Fincder [4] sho.
wed Mo HMis bownd comned be tnproved | by meams N
wlererting lams o Freen (which ave Ahdl wkrocioce floder ) .

The  most efficiend implementotion of WUNION - FiND MMD.
correndly  hmowm  wres bt Mo mwergfhed wmion ride  omd Ao
collopring rude Hoperofd omd Wlimaw (51 showed HoY Mo confe
for OG) unioNs and FiNDs b new bowaded b O(n log*n) |
amd Torjom [8] showed Hol H# Lypovidhm G cven much closer
Ao &MM;AA.B:, a  dewer argumed Tarjam (28], see Sao
wonm  leewwen Tied ) showed AHod Ha covf for  n- RN(ONA oundl
m FINDs & aolually boumded by  O(m oc(m,n)) | whe o(mn)
B reloded Ao @ Gunchiomad  Givvwe of  frhermann's funchion
(Hhawn oo mony s Cowly §rowing  Sumchion mdeed ) . Tarjan  proved
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Rl Mo olyoritham  com oloin e bownd in aoordl cane | an
be Las domovntraded recendly Aol Hee com be no lonewr
Yme aleoridhm oA old for Moy problem o ratber general
wmplementodion  amoded (Tarjon [37) .

Apporently fuo  problems are Leff comeerming  UNION - FiND
Programs . A new Gsue awes  raised recenff by Djlaba [3]
(A 23) | ado indapenclently proposed Ho collopring rube (bt
o explicd bokomcing ) B o discmion of CHECK - MERGE pro-
roms |
Dibrtra Cquebing o dircuwmion il severd wﬁfz«gmus)
orgued Mot Mo need Ao Araverse FiND- pathh fwice macle
collopring  rabler inelegord  from o Mmm'ﬁ poreX o{mw
As o  possible remeoly D&'Iusl'ra proposed  am a@m:/{m olue.
bo Rem , bl owr amelinis will show Hod in Mo packic
bor cane Ao Sficiency of He eviginad algorifm o Lo
Cire. an o gemerad mefRod for  CHECK -MERGE progroms ) .

T Al paper we MMl commiden He problem of Rour Ao
steomd  pams” of He collopring Atrodegy cam be iminaded while
preserving  qrod  ef{iciency (with or aviHlowX badovcing for  uUNioON
or MERGEA ) . We commioer severad al¥ernahve Aree compremion
mebods | ol show Aol bn Acvrad care  nere are o good
an expecdedd. We propose o aimpler | ome- pars Heckmique whid
perfovin  well Ln beth Ao wmbadlonced ond  bidomced care . U
ming M Aehnigue Ccalled pbh- Raloing) e conf for O(n)
UNIONs and FiNDs & bownded by O(nlgn) .'L(M"wg both
Paﬂ-ﬁn—ﬂu«‘nﬁ fov FiNDs ool bJMq‘ns g«» l}NiONA we prove
HX He ol fv O(n) UNTONs and FINDs  reoluces Ao
Olnleg*) | agoin « “prachically linew” bownd . We comchusde
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Mot pobh- kiboing s o anable alfernabive Ao He collapsing
rule , for ol prackicad purposes . |

Whircar Mo olyoribhms  ave  quide cony Ao presen | A
appears  Mad  much of He inmkd of previows protlems fw
UNION - FiND  progroms s needed in He anadipir. Thas | e
Al b wming just aboud ewoy Aechnigue Anown  frow Ao
preblems v W ancie or b nowhrivid form. The procf of Afe
Clnleg'n) tonth n wory simibar Ao He angument of Hepersft
and Whmaw T3 (ree Mo, Hoporth amd Whmom C13) | and He
by mmeprizing aaped B Ma fod M Mair argumed indeed
Hmains welid for His weker  olgoriHn. A e defaibed
omalysin  like Torjom's (sce [87, dho [101) Ran nof Lot  wn
Ao o bolfer remubd— | ond  aue conjecdure MY O (nla¥s) o
He berl powsible bownd fr  O(n). UNION-FIND nstruckions
wing  Ma aweighled wmion rele and  patl- Buliring .
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2. Some  one- pars  Wechmiquen

Finding = geod ;w\r(zm\e«yoxl'm‘ for  CHECK - MERGE Programs
wAimodely  veloded Ao Ade prroblem o;g’ g(:.wums qreol  shvodegior gfr

e.axe,uu@in.s WNION - FIND progroms be ¢ aunc

o

g, = FIND (%)

HECk (x,y) & equinvadud 4o q,= Frno (y)
" 7
L o g e,iuw( 1, !

] g, = FiND ()

MERGE (x,4) U <quivaled Lo q, = FIND(Y)

{ UN£ON(Q_1,‘12)

Tire oppear Ao be omenktially Awo Liffered approakes for fin
ding  good “one- rm" de’o&t‘m& vihodegier @ improviag He
sthrodgfiforwacd  FIND - tmplementation while o “promising’ ke fov
unions »  Lixed | or improving He s braighiferward  implemen-
Adion of  UNiONs or MERGEs while o rule for Finds &
fixed. o Mir sechion ase Rl enplee Mo fiesY approach | in
fod  wrwming Mrowghod Mo UNIONs are Gnplemeted §olle
wing He weighled wmion rele .

Lt wn vl Mo abeadegy oo FiND (x) when Mo fll ol
wing rede O wned (see fig 1)

FIND ()

i°g /{& | bs
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Ont want Araverse He FiND-pabh (from x wp He Aree) Ao
beeade Mo rool ol | and Mo Aroverse He wery some pobh
secend Aime Ao Mok M Uy nodes o He o | A Tanfon
ooroedd L8] hdicaden HMA Mo avernge loglh o FIND - patls
rapidly  decreanes | Ma fferY Ao eliminale Ao “secend paws”
from He collaging rde B not 5o much o med¥er of impro-
ving fficiency wn U b o mdlder of pue profromming elegonce.
We slall iy some simple mebbods which wlfemgl Ao crcate
He soume (appronimade) ffed an He QM we(a?sin.g rude o o
single  poss .

o o Lol Ay ome il bmplemed He followsing

(apparently teanonable ) Aechumigue |

Shodegy A . Allock o freo slammy node . As you fra-
virse Mo FIND-pakl wp He hee | alfach cah o b
rodes Ao Mo cimmy . Af He red b readed | aAAock Al
dummy 4o He root

a &
é ‘ :

AN

=

FinD (3¢)
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Al Giest miglh atvadegy A (Aogeher aidh badowcing S
UNTONA) shodda' Leove ws far from He encellend perfor -
mance of e.q. Tarjom's alerithm . Some amakisn  will shew
hod He  progrommar’s wfikion & wreng here | and we shalll
preve n sechion 3 AN F(n) UNIONs cmd FINDA oy col an
much an Olalgn) dime . The mmosl sericws Hred Ao a good
prfermance  of shaduy A i» Ha wnhroduchion A o new
dimmy node nfo He fred wiH ewery FIND. The olummy nods
Aend Ao busler in He doplevels of Mo dree | amd ke sl node
(rom qlfing  nearer 4o He roof an more FiNDs  oue La‘ns per
frmed s A 03 b ndicaded  how Mo dummy nodes temain
an  unpenehroble field avhik maenedy cj»ﬂ-w&% ’a{\q,‘oe, when o
FIND(x) & performed .

AN

A o s

s - noden ) AHe e%u)( com be HA A conX g‘rr Sn)(ou( FiND-
mereanes rolher Afaw decreares . See SAS 4 wklere ‘-(fcajcc{



‘UQWJ'!M o-g FIND (x) wsabrwckions cam Ma/l-l. Ao conX 0{ a

/O /O
/ VAN, N

(2) 03

(4) (k)

s v

Threate mvrdd cmcbnions | whick will be aupported abso
by He Quller amalinin o aechion 3 Fies , U coudd wory well
be M Mo wmitiad Aree f fge o pard of o bidomced e,
build ik (UNIONA fellowing Mo weighled umion role (see
59 5. a2 for anm example ) . Affer performing fln FINDs om x
Mo renlling hree it dummics will be Kighly  cobolamced !



LJMa. «,LJ. UNION» '{‘ra Ao maindoin Ao (Aarbgu%

| A
DA A A

|

®
\O%

(b) &:5 \}
A second , ewen amore dirasbrows comchiion s Al Ade
rmber  of dimmy nodes will L mrcaring  properfionad Ao
He number of FiINDs  amd Hun be pAenhidly " cnoorunded
wm s of Ma mine of He ovigind sk U Ty amede U
we of shadyy A prokibibive in amy prackiead Hori M
m pariadar awken Mare & po a priovi bovuand on. Mo nuem-
Cber of FinDs, .
We note Mol He coll of porforming He FinoG)
FiND (4) program in @g 4 neverthedoss  remoinn "oyt O(k),
ond we bl need @ more precine omalysis Y abaXegy A O
f b defedded abro for s Aime- complinidy | Suik o rondh
s of Gmpordamce | becouse Hare are severad modificakions of
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Otrerve ALY by He 4ime more Ahaw n-y alummj nodes
Cove a.‘odzw-e.o(w}&/ﬁac«r(mmw &Muof%d
nooles ) | some  dummies  menY Kase mled down fo Ha
bl om of Mo hee (g 6.a) and r’é“a no achve role -
mere in heeping Mo aed AogeMor” o fainn of  ohummey
noder  wikh no bramching mad bave formed in e indonior
of He hee (Gig €.b). Dummier whidk hecome beaver o Bt
be deXockesl ond send Ao Ale "'g'u. pool " wherear Cingor
Rainn  aRowdd  be wﬂ&.‘puo(ahm%u% ate ~q/v---»u,ul and
Aump Heir dfermediode diwmmics info Mo free poed oo M
bon lmmedindely bviows Mo find ki dummier can  be
recqcled oY a rm’(i‘wlo.r momek ¢ ona may  encownker a
Grear chain JO'V\-S He FIND - paik  (ar $or FiND(y) in %48
€.b) or all chains mag remain  maisible” for Ae FiND
(o Gr FIND(x) w Kig €. b) . Nete Ahad when o Find &
erecded  ome oummy b wsed from Me frea porl | M U &
rhhicdent Ao Locade ome ol mmy whil  com  be Noso&ol £
Qeef: He suppl of olmmies wp - 'lgwc/suocud,/(—&“ ARe



13-
number  of  dummier neecded  fov Alvadey A cam  adlually
emain Ola) - Tl svlakion of He wgling problom i 4o
mein  contbfued  of abakesy B developed below . The sl
codd be  frrmudAed i precise Aermn v veference amachines .

Proposibion 2.0 The teqeling  problem for shadegy A can e
srloed wikodl ncreaning He ol of FinDs Cshradey B)
Bresf

Eok  node will carry a reference cowd and o pointer
fo Mo beginming of He olowhl Liked Ut of s sows T
eack node- tecord anll Lave Ao 57"'6&“”"3 formad .

boku, thf- Cocu\llf Ao eq..‘h.— l1\4p von - L l‘r Av &,{( s.‘Lﬁg 1 2 4 rie A sibling ]

Whew o UNION & execed | He  roo! af one Aver o
cdoed Ao Ahe Aon- loA of He roed of AMe oter hee (wild
g;d4agm«qw).sqg457.

fs 7

For o FIND awe begin by Mocaking o frek dicwmmy D
brom Ao free fw-o»[ y omd slarX He process of Weﬂpin:s {'zl‘c‘v.g
Mo aon- lonts of noder om ARe FIND-pakh. | The Mmou{(i‘w
/sl-roiea:‘ A wrdd mainoin e sbruowre and Are X sons
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o Pollous
&) He son o odebofed g.-m A m-&//of Ar Xa#u—,
meonwhile lovig wp Me gop in Mo dowhl Linked Cof
om o dLMMMm& He refwu.dof %S"d&x% 1
) Mo son v reaNfaked and appended Ao He Aowm. Ont
oSD,wL«.vx M,g.oouno(ih bwbse_iwes on ctemenked by
' |

ond Mo procens b repeted for Mo fibhor | cokineisg bl
He rol b readed . Finadly D b appended 4 He ron lnf
A He root .

The prowers will temoin wnallered whon sed- noodes are
preaded | bl for abadegy B we amodify Mo Areabmed of
dummy nodes alomg He FiND- pabh an follows

) offer dilobing He dimmy Grom s falher’s som. lof e
wmaped  Us H«!c—om)I
Y b comd b oo, M e Ao nef NHak U
fo D bl send Mo dummg Ea.«lffo%fmptm‘(‘
~'-f54¢ &{.Mai,ﬂh Mg\'no(v‘ﬁ(m(s)Sm,.
AAacd Hin sem Ao D and Awemd Ae Licmmey A-
sl o e oo et
-f:()l‘(-e.wg.wwda >1,4—£¢M/¢(¢o(.umm6 com -
nol be missed ond sledd be ANaiked 4 D
s wmal .
Nele Mol o hee & Aomformed onky odoy Me FiND-
poth . so f  Kains are  creaded Htj ase  wmmeoliodely  dodected
and  collopred .

(m}
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T ool of  borkhusping neeted da an implomeSation o
stvadegy B v rodker longe | amd Mo He only wnvfue of Ha
milhod s an "exdXence proof” Ahowing M Ma wne o olewmms
voder n Abeakegy A can be fully cpfimized . Thne & @ Atmple
furdlor modilicakion in acdi Aorddy  amy  boolhesping in
reedel X oMl A Mo (accplohle) cont of Kaving o full
s of o dimmg modes G owse W oM Aima . No e pood
Par 4o be mairndained .

e idea o b modify Ha wmikial frvel of singleons
and  give cah Ad-node o dummy foMar (fig 9) . UNION:

SIS
fs o

e execded im Me wnual way follownng Mo weighled
wnion rule | A ol himes Me Sl will comnisY of freon
whose Leaver oue 4d-nodes ool i Xerior noodesr are dummies
For FINDs  one could tmplemed Mo forllowing Nehmijue

%nv‘q‘t‘ C . Fllow A/‘vwf% A, b wm  4Yead o'g A—Z&‘ta/‘n\ﬁ
o %M‘)\ o(u.mm.'s node we wuhe /“24. {cv(-(u (a. o(.u.mm.s) o‘g
He aed- node om aclid He FIND » Ao he M&hmd .

ate A - noders  amd  Lferndi or noclern ase  dammaien .
Proef .

The  properdy eou,%fs observed  (rem gxg g -
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. /@

XO x‘o g';s 3

o
Fiy 3 oleady Gidicaden Mot He “officieny” of shradeyy
C v likely Ao be dectiving . The Aree o olimorl  complolely
Maown  off balomce . Rrhaps Me wlhimode Aimplicabion of |
shradegy C o Me following Aehiique |, which neads no oummy -
ncoes o oll !

Toodery D Follow abradegy A, bl in slead of ollociking
o OLu.m»»& node wse Ae weny  node om AA:KAVQ He FEIND &

, evvgovm.to(.

Fradegy D v " one pars " in He carierf poni bl Woy A
we Mraverse Afe FiND-PaJ-K A’(Mxiné oA x , eak og Ar  nodes
E/s‘ reaA Nached Ao % wndil ave %d Ao He ot ( whue

-
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we altop amd ahuh <) See Qig 0. A Ao of sfprage - space
 rquirements  shrakuy Do codaindy e MM&N" wmakbod ave fave
A bk Us eminows ffet om Me balawce of a Aee wntd
gmu% La.‘o He Ame- L«o-m,f-&)(;"b w\,fwvvo,bfz.

Examining  Ahakegion A 4o D shews X ecak owe wn b
cwm ek Avien fo lmprove Al pu,a@-&«gék for [kt FiNDs om
noder w Afe Auwbtreens uudoné Ha FIND-patl . Thi o indead ok eued
for Al sbbrees |, with He nooble excephion f He laf mob-
bree on He EiND-pal  jort before Mo o O reaked . Mo
poih. logtl 4o He root frr oMl memmpuﬂij
subbree o Awally mereanes 52 1. As Mo »n mmagor  cendri-
bubng Lockvr i Mo Malmu‘ms ffe t .{ eak stradegy ave
Kove seen  Hun §or ) ome should modify HMom oll ko Lock one
node alewd an Afe FIND - padl » Avaverscd  tm ovdor ALk H
lond noode belows Ae o com be oefecked w Hime omd <owed
from Mo reofokmed sep . ShraXegior A amd B ose G awersd
care nod exbremely senmidive for Hhdy Omprovemendt | but Hure

?

will be gqeod teasons Ao moougg stradegios € and D
Shradegion C and D ane peadiar an Moy wnolede 4o

principle of memelomicidy , whick daims Mol o wiable collap-
Aing  Ahraeqgy Aeondl  nl mix wp A Kievowrchical ovolering
f noder . The offed of nef aMAoacking o node Ao ome of B
amcenVors  wuwally & o desbuckion of He derior bolonce,
ond Mo omalisis o swch smebbods Aemds fo be raHer com -
plicaded . M will oppear Ahak Mo smodified shroegies od Leant
o and Ahodd  be wied  MHue
Aechnigue owe 4o be applied i pracfice.

"A""P“““‘*e @ Avee im Asome AHemse
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3. A wordl - case Malxst)s of Wovl-c%/i% A 4 D

Albhoush  ave Aloll sce  bolYer meMoods loder | b in of inderend.
fo dilermine Rowr well Me simple shodegier of sechion 2 perform
Mol oppear Aol Mo aworst cone bime- complexidy  for O(n)
UNIONA  and FiNDs 6 abod equad for eiban Ahradegy , omd
e vbviows conchumion awidlin Ale linids o Mo wm.?&xalu model
mlicaden Mol ome il ar well hoose Gor Abdegq D of s
Aoge becawne U A Mo caniol implemedodion of ol | Tiw
onalygpin of  Ha oHor sbodeuier | bowewer, lads fo some oviginal
Prtions  comcnming  binomiid drees |, whid are of commiderable
wlenedl . Mee  onom right .

Wrodegy A wwn wobrriows for s conbinuwows need  for  acloli-
Fomad dimmies | and Us  storage- complexidy avar shown Ao
be  preperbionad Ao Mo huwmber of FiNDs porformed . We have
i R Mo o be wpaired o losge eled (atradeyy B)
o e Rave g b Prd an argumed 4o refed abvodegy A far
b (wont cone) Aime. complexify . We witl show Hat whv adegr
A deads b s akicveble  wordd- care  complexidg A Olnlyn) o
O(r) UNIONA aud EiNDa. ' efokliking He wpperbownd ave make
e f Mo Aechniyue of algoriMn seduckion’ | i we alos Mot
He comt of building o foresd wning bolomcing  and shraXegy A & no
peadler Ko He ol of anclher progrom ning (ull collopaing (bt no
bolumeing) which buibds mome ofher fored (on He very nem peins)

Lemma 3.0 For amy program porferming -t UNIONA awd m FiNDs
wring  boloncing and shralegqy A ome cam comhud o bowmoling
pregrom whick poaforms  nrm-i UNIONs  wnd A EiNDs wing
He fll Wd“-f"'iﬂ-s rede (bd no balameing )
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Proed

Yven amg program P oo 4 (ena) UNIONs omd m FINDs |
we bl prove be iwobichion om Mo ANl nmber o on-
ruchows (£) Hod o prsgrom P’ ocan be assembled achick
builds o perkaps oA idenhical fored om nrom peink by
pwgvvm;ms sy umbafanced UNIONA  amd M w&a.fsn%
FIiNDA ta swk o amamner Mo He cont of FiNDs & P >
bownded by He covl of reloded FiNDy i P’

The Unoluckion basin (k=) & Aivid. Assume Hod AHe
mbachiom Kypothenis holols fov h , and comider o progrom
Prf dvi tnabruckions wning bolomcing and Atradegy A . Wride
PeQyo , awlue o & o aigle UNiON o FinD . B by pethera
we com  amsemble o "bouncing " program R, which wnen M

Core aa: @ » a UNiON

We Lot P' Fw,go-rm He some nshrwchion , ¢ €. P';Q'so‘
Core b . T & o FIND on o rorfe

No O‘AA,W\.W& O MOMOL 5 anmd  ave XQ/LL O._Sodn PI: QI,CT

(_,_u:q-bsa.F{NDoxo»wo(Le-Kd.qM}'.

Wherea Q" does nf necomsarily buill He some forord an
R, we know from He Gnowchion Rypctberss Ahad Ahe olepth
of omg node x in Me fred of Q@ b no amaller Mo He
depth of Mo node n Mo foved of & . Lt T = FIND(x) , and
LA G 11 represent Mo soades offer @ We hnoo 4ot e
depte of . b oA Leadt on large Ko wn U avidd Rowe betan

wk(g_ngﬁwgkh, Q|



(@) b
g 11
Leb q be He node on e FIND- pall  pwrk below He et
Lock W @ for He wibuihion * whidd made q o../so-nog
LT T v dMer o UNION or a FiND om o fermer descen-
Aok of 4 L A Mo LMder cone g wanr (oA Hod Aime) in He
mbtree of o 4om g, o r . Neraking Hiv some procedine om g,
125 0 we mell ewedladly find He fovmer omcerler 5. % 9
whid  war wopowsible for bringing g below ¢ i o UNiON (g, ,r)
witrwckion. Leb A be Mo dmmy node whik @ aondd hove
mbodiced Q. Relace Mo UNION (4, ,r) tmbackion of @ b
UNioN (g, 2 ) | in He wnbddonced atmne . Obvicwnly U oloes
nol honge Me ol of all Lloder FinNDs om noder w He sub-
hee of g, 1 im slead of Aepping ok v in He end | we slep om
% I oM words , A beflaves” an f d wue v for Houe
noder amd Me mduckion bypetern fv He modificd @ (Q”)
remaing valid. See Gie 1. b.
Now  commder P defined o
PPz Q" ; Find(); union (A,r);
The BIND(x) oty of Leant an  amuch wv A wodod Love
P, omd offer He wnioN (a,0) we Rowe essechiclly He some



sy omd  Kierowchical rhobionlips  woithin Mo drees o e
wodd Rove Koo ~vidl P > exncegl ALY Momy  Aukhees may
be stk Lower” Mo bfre. Tl dif rearon i Mok
& mowy  nodes g no  forker Mui,w{ucum‘am
oviinadly  oMaded Av

a
From MHe combrachion wn 3.1 b b obvicws Lows ave
loose 4he bolance when atradegy A 0 wsed @ A b He iy
Aced " UNION Ao vsert He i ngle dammy  cok dime . T
“pperbound om Mo complexidy of abadegy A i now camby
deduced | an Hae amalipin of Mo Ll W‘Cea-rsin.g rede O
fncuwm  (see sech 1. Padewron L7, Tarjoan (81, or wom

lecwwen [i0]) .

Thecrem 3.2, HW prog Yom o{ n-t UNTONA  aumdl 'mr'tNDé W\nﬂ-&
Lweomun.s omol ﬁhdcn A rums  um Ame @(n*mas(n-rm)).

Mol be obview, from 3.0 Had 32 remodins ondid eve
L_( we oo neX  wne Bal&.«.d»\i w (—01\3%0(101\ AR A/f-rolcgf.x

Al
}nwdm/‘-o%wl{dxﬂzkmiw 3.2. comno? be

i proved , we N une (Balamucl.) UNION - ntrachions F
bu 2ol o PMA"i ol o Avee B"« aon A4 2& no oern (1& v n ) w
b A a l.ovr?e, newbesr of “amre amd more  ex MJM = ND

Coun ke Mﬁmo{‘

Delinibion (i) B,
() B

O (a_ AY;.‘.SC. mool.c,)
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The “binowial * Arees By awee indroduced by M. Fiscder [41 | dn hin
amelipin of Ho Jull callopring rule. Nofe also Mot He heon are
precincly Mo hind of sbuchuses wdsrlying Visllewin’s  binowaiol
quenes (L1, sce abro Brown [2]) . We need He §ollowing
propecdy of By - Mreen , canily provable by mdechion.

L%M 3.3. Eouj; B&-I‘r& m.z lv. Mram%zo( 1« %)

k

W sfodd be cbviows Had a By - Area har 2 nodesr , and

Hod U com be comfrufed Lb e ons og Avme 2@ bolasced UNTONS. :

Fwﬂu’a,BL-»ﬁu&AArreaao(.&mmdxoSoungL(m

Lemma 3.4, \bﬁu& A’\Vw‘({a A , o FIND uwhudion on He Zawwljl-
o o By - Aree beads Ao a Aree wm)(a.)vu‘n.s ownctler Bg .
Peoc .

Pergwmng Me FIND om By Given

x< ) »2
KR ),

Be
7 §

-
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whire b M Kandle of Me oviginal By - Aree .
]

53morinx x offer o FIND an w 2.3 ¢iver omefler By
(il o mawr Rondle ), and U B Aemphing fo angra an fol-

5 . Apparenkly we can per form Finosagcoaﬂﬁ o./,lo'\é%
we womk | The, O(n) UNTONA omd FiNDs (wn i 2&=n.) ey
lquite Ame  w 'f.ﬂ = "QS"‘ This  reasoming cow-uquCA ‘f
A ol himer o megwuobsuwotamamw
node  ( becomse e kol Aviruly nver oo o FIND om sk o
node ) . The follosing example shows howr o By & Avamsfovmed
Wik dimmy nodes  filling He  body” of He hee mare and move
e hoandle node” whidk g Moakel Ao o mewr dummy O
omiPled in eak Amapihot-

WL

(0) (1)

fi/gﬁﬁ; g/i % fﬁg

(3)
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e &

[
(1) (s)

A AR

«) ()

omd Bg Ran M @ ‘s .

T om B e caw perform %2 “eang " EiNDs . A becomes
dror alro Hat Ko number of dummy noder nesded com grow
Qew(a Wit e nmber of FinDs fwrga-\'m‘.cl. Befre we dizeurs
Hair Lodd fuollon | e kol formadede Mo propedy of 8, in
qenarl  an @ anollr remarkable propurdy of By -Aveen. We
wnbroduce He marking operabion an an  explicid operador | amd.
U on By - Avees |

Befinibion. Givew a free T and o node xeT (xgroel), He
operakion  MARK () ‘v paformed an Gellows @ ndroduce o new
muwmu,mohaﬂmujdwsofxua‘ﬂ%rﬂq,m
of He morked node , omid x and moke Me amarked node a
Aom ok He rooX .
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By 0 we hnow Mo o MARK on Me Romdle of @ G- dve.
welos omother By - Arew anidl ome mere monbied node ,  allHuyh
we Rove qob b o HY He wmorling palionn docnn’ 4 qek-
wordened more ook cndls . AW e L:.S,w W o wnmanked
B , Mew vepeaking MARKs on ts Lowdle o broduces o on e ing
m Mo Legt By, sbbree an follows (mokeie inoleed Ao e ling
M Mep Srt b an eemnion of Me amarking ad Mep &)

- mask He reof of He By aubbrec
- mark Uy wmmarbed nodes wlik e HMe roct rS
g B&-z hee

- mark U ummoarked nodes w‘za‘oL ate Ha root cg o B&-C
whbree , whie Mere noder ove  emummeraded por Leed from
bit b riglt  procecding from He ik do He lower leds

Begm e Wumvgculs,mwd an Mu,.»(-.omf &w\mq.
ao ) Kov.r a . BL-"ru PN Mwna-b[z grom a 8&-, Aee .

Lemma 3.5, Hwa By & obfained from o By La azv’(ﬂ—oLu\S a
&OXMOLL Ao eak node o{ At B, Aree . Cu-wwsozs , ovmak-
Fing  He /(-U»SA from  ang By - hee  yields a By, dree .

We ~&atl demowsbrode Ao P"’”'S/M"“‘ o{ o MML-..S w
Bg w Afwo Wy

Lemme: 3.6 An mikially wamaiked By i Awincd who o Bg
il o M masked bft- By, suktree afler po,&wwna
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enmcly 2 MARKs  om b (eser langing) fondle . Eacd auk MARK

bon ot k| and cocd Ahime Mo new Lomdle o an wnmarled
node !.
Flesd presf of 3.6

Oue first olemomntrabion of He lumma mokes wre of He Aradic
Aionad  olecemporihien of By in lower oviter hrees (an wn 3.3). We
ARl define o wduchively  comseud  fov eacd £ o  mequence
BZ>B4:’ Bz sk Mol (o i< 2t o Ave B,:""» precisely
Aloined  affer  performing o MARK on Mo Aomolle o o By in He
fellowing  semne

MARK (=)
=

£
(51\ PMACMLM , 81 » am MMML:I B‘. and BZ Ma Lt a m
vnwfb_d. B& ) )

~~
-
[
oo
1

S O (o winle nowe)
51, &® (o ’S';n.s(l amorked node )
.(c'.i) gcv- ewh & and Ls’lg

|§ whee § =041, j,-1%]

\—(4& Romolle e;; will be i Mo lruen B, subibre)

.
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Moo eany Ao afow by indckion on £ Ao (Mm:u'%l
wped) Mo rol of @ By b o dummy for (31 . bt 4l
Rondle of any By b nd o demmy for Cc2b (wlid o
cirely kol we awonded) . Note Md o B wains enakly { da
mer . M wemaims do be shoun Mol o B hramsforms ik o
BZ" s ambicipaded | affen porforming o MARK om s Aowdle. W
proceed by imckichon om £

Fr &k 20  1e obsevve Ahad wnmolecd

Lo dle
Assiome AHe Lﬂf@*’»wi’s Lol garv- -0 , amd  comider Low a B;

v /"rwso-rm.ul. gu-r Aome £<z& . Frem Mo o(:.@‘ml-wm we Ace
Aot B;: may be avviAfen an goam»s (ree dno 3.3)

“wn liu.d. (M CL(L
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wil T2 L T ckddera . Afle o MARK o

Me Koumul. e Mo.in.

whae B v Me b wlich apudd KMLuMMa:ux%

(i

Pw‘{o,{/, we C""\UeMJ& Mu‘ & = Btj/:JH = B&_' . OL&um.\S W
81 3 r%-] = L‘%J , He Area huua be wvidAden on

whick 0 exacky B Thin complder Ahe  proof

Secced  presf _of 3£

| Perkaps  am  even moe degad  argumed Ao prove He lemma
v bared om 2.5 We aminkion U becarne He pardiclar vy

of veving B give o differed omd wvaluabl  imwiglt i He
morking procedure . Lk e "abripped” werriom of o By be #he By -
Aree  cblained  ofter deleking by beaver . (Thun a By & recomabrue-
Aed by adding a leaf back 4 W “errespemcking node dn AR
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ok Mot Mo Kadle of o B, o laked b Mo Kondle of
U shipped wvervien | and Ao om |

By nduwchion on k we sholl aigue Mo M fellowing  pro-
poier hold Lo Mo amarking process on B,

() each  MARK & porformed om  an  wnmorbed Lowdle

@ affer  performing 2 MARKs o i (ever honging) Randle |
we  Rave  “plled owd " Ml noden A He oviginad Leaf. o of B
and replaced U by He vow of s (gt wnmarked ) tuAerior

@) aften 25 oddibionad MARKs on M Loodle one peefoymee
He ek hree in marked

The argirmed  depends  concially om property () , whick
ohoudd  be previsely  wmdowood . M avidl  be come appare Aok ou-
ring each of Ma fiest 2 MARKs ome Leof of Mo oviginad
Lo vowr of By (Mo one ahick corrembly appears i Mo Koudh
porition ) b deopped | amd om  inderier oo of He oviginad
Bt » odiled do Mo lef-row | The “replocement Leaser” nill
nol be cppearing in He Ldndle posikion wndil afee e 2 ik
MARKs | | |
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T wlhimade effet o Mot aflen 27 MARKs 0w MHe Lowdle Ao
whenicn of o By han becowme a fut, marked By, |yt ik Zu{-rm
AU comnints enbively of  wnmarked nooes . Cbserme Hd M, for
oly wnmmarked nodes oppeared w Mo Randle - poridio . Turning Ahe
cromk | ave com  mmediadely comclude properfier () amd (ic). Suppesc
Mo dimmien  corcedly in Mo Aree ave colored red | amd dummies
mbrodiced i fudure MARKs are blue . The nend 257 MARKs wild
Aramhovm Me By - sbhwdure  in preciacdy He same monner an
before . The (ummacked) noder in He worred leof rowr are pulled
ol one oflen another, He ted nodes move from He inferior Ao
He Lef- row | and MHe wdenior helf v filled M bue no-
des. After exacdly 2.2" MARKs a By & otfained ~kote Lherior
ity enkively of blie noder and skose Leaf-row comninats en-
hrely of red nodes. Thus all nodes are mmarbed | and i pas -
Acdar o marked node Ran appeared i He Londle posifion Sor
Ao Kirst o me affer 2k ok 14 MARK»,

W oremaing Ao argue for Mo coreefnom of (). We ARl pro-
ve U by induchion en kL A Mo wmdackion baria v mmes
dide, we dhall oy Aread Ale qemeral care of shomsing how
He  morking process proceecls  and Aramsfovmn o By Ln reladion
Ao Mhe  comcurred  Arams fovmakion oA s wmAeovior (whidk will
be nhimedely wdoded Ao Hhe morking of o Bg,) . Commider fig
‘22 A MARK on e (erret) handle of o By han Lorgely He
rome Bk an o MARK on Uh foller | whid o Mo Londle of
Mo wndoliing By, . As Mo Leower ane compledely  passive wn He
process , U v an Y we are aduclly poforming He MARK om «
B which codd node enced He one on ackich Yo MARK w
Peeformed  preserves Mo e By - leof HA U i careging . The
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ooy dbhinckion o Mad i alead of  dropping He Kamdbe wodde
(f Mo Bp,) h in added ob o beof 4o He docmmy  ac Kick
was  Junt  whroduced (amd awkich avan yd Ao rective suwdk «
adoled  son- leaf Junt Like He otler By, noder) . See fig 12|
Mo ey Mo dree semsins o Byo riddiee , bl daring Ha
fi et Lk MARKA  ome may  funt an well  ignore He lecies S
diemmier (on Hey il ol be appecring in Me Rondle porihi
of By ) .

(o) (b)
§ig 12

New cbrerve AHe gvao-uh'\é By He Gudichion K‘JPM He
proers  moker all (unmacked) nodin of He oviginad By appesr
i Ma By - Rondle poribion (5), one affor  omotler |, while Ha
B, - shridlue Uhelf i Glling wp will dummies . As Mo noder of
Mo oviginad By, oane moving 4o He y - porifion, He Cunmarked)
bover of B aked ko Moe nodr il adomadically be ap
pearing m Mo By - handle povidion (%) . W follows A He node
from Mo bof-row of He ovigind By one being  putled A o
He bree | one offer omaller | during He et 2% MARKs . Affer
Mo wikiad sl of 2* MARKS (s performad , Mo emdive wderior
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Br.i oy of  dimmiesr and A £ivst olecmmy  in appecring o
He g posibion . Now recall Mol during He ot 2 MARKS
each denior node of Mo griginal By (which svere Ao roodes
movig Uk M - posidion ) wan  re- iserded in Mo vz
ond oMok Ao Mo Ldert  chmmg shich g allocaed . M
meaws Mot we now Love o By - abracdase  wllase L. rou-
sty of He deriov nodes of He oviginad By . Thin com-
pldes He proof of Mo wmolckion lep .

Mo secomd provof of 3.6 demonsbrates explicidly  Hot

He noden  of o imidial By - shuchae v being pulled ok
oA He hree one ofler amoller an Mo 2% MARKs on b Ledle
e derded . Y b nodural Ao ank Y e com defermine befarre -
Rond  on achod oveer Mo noden of By will be moving 4o He
howdle  posidion  fov vemouad . S in net Lord Ao slow Hok
ML ordee & ioen by Mo numbering _scheme ng (v) , indlwch-
vy defined  from M rambering schkeme o Lower oviar  bine-
miad  Avews an Wow»s

J

O

[

ny (v)

ny (v) =
x, ﬂ‘&_‘(“")

(ode M Mo definition folliws Mo induckive comsbruchion { By
Lrom By, - Arees ) | '
u»n'n.s 3 6. e Com meg_cuw‘o(s dervve a L)we/vbomo( oM
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Me  (worst cane) Co-mp&;u‘l-z og "’1"""‘"53 A .

Deorem 3.7, Thre are programs of n-i UNIONs  and m FiNDs
wring boJ,Mdr\,S amol  strodegy A ackich reguive o Leant
no+ omlogn  pleps
=3 .

Wikoud lows o qencrlidy we may Aoke ns2b Come £) .
Use et bolanced UNIONs o build o st whose “Lit” - ahack
S oo By - Aree . Recall how MARKs were  derived from FiNDs
We  tmmediodely concdude from 3.6 Mo o Finds of  covt-
hwlogn con be poformed om dinhind aed - elements .
TN covresponding b0 Me  comrecnkive apparence of sed- elomedt
w Mo By - homdle posibion an  mdicaded  earlice |

After  n FiNDs He ewhie By - sbruchure i folled 0 R
dummies , ond  eock dummyl han He sed-ncde om ki dhe o
rerponding FIND avar poformed wr am added Aom- Lo . This ace
hove o By ahwchae adore Gferier  commints f dimmior and
whore  Leaf- rowr  comminds  precinedy oA He ovicind sel- nodes .
Mo secomd “proef A 3.6 b wos shown Hak o nexd set of n
MARKs Com Ma B Rowcle Mis dome) han He effecd oA pullin
o ol noder of Mo leaf-rowr . M follows Md e con perforn
o nel sevien of n FiNDs  of ot ke v Lgn o1 0w He olin-
Aind  acd- demends | Ma orden in which Huy anc uccersively
shifled ol of Me curved Lof-row . Aften Mo FiNDs are por-
formed o dummg  appears W e Aol - posifion of Mo hree.

Yo nol dmmediadely ohviows Kew Hir prowess caw be com
Arwed . We daim Mok Me hree ohoined by dropping ol olum-
my nodes  from HMe curred laof-row b cwotler By, - struchure



~3Y-

whose  Leaf. rowr  comfains A  Aed - nooen again. We prove U
by wodwckion , alording frem an inidial By, - shrwchuse of Hir
frrm . Andeed | comiden Mo execnhion f n FINDs 0w e Laudle
of sk o By and ignere for o moment Aot eack sef-node
v re- lnseed  un Ahe Avee . Ltk e dmnuen corvently Ao
hee  be  colored red | Mo dummier nbvodiced ouring Mo Acrier of
n Finos b colored blae . The offed of perferming n FinDs in Hok
He cwred lbof row i plled ok amd replaced by He row of
red nodes , while Me denior of He hee & Gilled wiB bl no.
dles . Dropping He red noder yiclds Mo By- abudfuse of ol
mies Mol wvere wbroduced duning Mo FiNDs . Bub recald Mok U
were exadly Moo dummios Ao whik ave Naded Ae sed -nodes
afedn , ome offer omother . M follows Mod we have o B of
He dorvied  fovm  agoin , ofper deopping He red” nodes |

T fellows Mol offer coh serien of n FiNDs on He
wd- lemends (in Mo proper ovder) | we cam apply o nent
serier  awidl  cak  mabrwckion of cont o« lyn .

The analisin of Abedegy B (with or awidhood balamcing )
han  Liddle newr 4o offer . porforming (sog) O(a) UNIONs
andd  FINDs U aoill Aoy wibhin He O(alga) lmit ea-
bliskeot  Gov atrodegq A, whirean minor wmootificabons  of 17 s ho-
Hot Moy woorst care Limik »n aqain ackicoable |

We now slow Mot stvadegies € omel D ave ersen-
Aolly  egivedet, Recall Hak in stradegy € ol aed - nodes
begin Akl o oummy fatler :

585 5
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Lemma 3.9, T)wo-v.sﬁo-u} amy WUNION - FiND progrom wring shralegy C
and  balomcing |, each sef-mode heor Hoe same diwmmy  for a
Labhor .

Froef .

We recall (2.2) Mot Hooughod ang UNION- FiND projram
whing shvedegq € Mo Uecior of Areen i HMe fored witl remain
Sled b dummier | awkile sed- noder are Mc,(é recuranged im
MHe complete fu,g-row-.

Wb cburicws Ml oadd-nodes hep Heor fobder G o (ba-

IMC.LOL y T evtn MM/BJMCLJ—) LLNION .

A
B UN(ON (A, B)
= )

M oalso Lolols w%(h FiNDs ,; an Al W""'"‘s gtgm » Lowa
(whre we wre ok Abe inderior f amy Aree of amy Aime during

(8)

M proqrom  conmnls %J‘ir% o-g dummier | m ovder Ao be swre
Mod Me FiND- PaJ-E Ron OW(‘S o‘m,mma no olen ufwcwob;) :
FiND (»)

N
v
/T
k- —_—
x,-%- 4 hrakegy C
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From 3.9 we comdude Mok ave comn comnifondl olonkifn
o 2h-node wilk s olummy ot Horowhod Mo program
end abeadegy C peduenn Ao abvadegy D if we do s0 | Then
G sdfided Ao commiden Avadeny D oky for o precise
wordd - cane  amalyais .

The Lot romtds of Hir rcchion will abow Hod O() WNIONs
ond FINDs may require wp 4o O(nlyn) seps avken Avakeyy
P oo wsed | and Mo wre of balancing will be essedliof Kere. Udile
olher Lyovitons | 4 appears Ao be <canier Jo esVablind Ay
bowerbound o  Me arorsf- care performonce Ahow. 4 & Ao
dedermine am wpporbownd Hin Aime . We sbadl olircover yot
anolber remorkoble nvoriad Aromsfovmakion for  binomiad Ares.

b

Theerem 3.9. Thue are progroms of n-i UNIONs  aud . FiNDs
wring  balomcing and shradey D ankicd  vegquire not mlogn
Aleps .
Bexf |

Wikhowt Lows of gemeraliky e wmay Acke n-= 2% Coome £) Use
not (bolamced) UNIONS 4o buifd a  binewmiond Aree By , com-
miahing  precisely of oall seh- nodes . Commider Mo wxecdion
of & FiND on Mo Komolle of o By-Aee (fig 13) . A
sppeors Ahod  sbrodeqyy D Laves He B, - Abuchure nvaciont |
Thior awe com  repeadeddy porform an many FiNDs on Mo Kamdle
of o By an we aswd | of a cord of logn per Cwdbruchion .

| | .

I peforming  FiNDs ik AA—J% D He noder i o Aree
e o confond Aurmoil | T confinding haige of amcen-
Aol relobicnakips  and  disresped fov amy form of indeniow




A | fig 13

blance  moke U Lawd 4o bownd He rumning Aime of  progrom
W ey DL M b cndaidy nef Arue Mol atvedey D ks
Acwordsy o collapsing of Avees . M sl be an im’/uoy’f—in.s exercisc
Ao prove Akl  any A of Me dype showm in fis 140 can
be Avamformed ko a Hree" an in £5 b Lyt by appliing
e right sequence of FiNDa

O

|
P

() (b

g«\‘s 9
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We com Aoue Ahﬁcdcs% D bz »m,oobgcams Ao proceduse whom
AHe  emd oS o FIND-pak v Nacked ' ar noVed in sehion 2 | we

)

showdd  nod discomne and reaXNack Me Lo wcde Le&ﬂ( e
reo¥ . The modified  stvadey D will peferm o FIND as  fellows

T lmpertond  fod Mo chteve in Mot Me modificd sbodey D
dotr nof increane Me maximem plh- g in o dree  As anmy
raronable  bulancing  scheme for UNIONs  heepy e manimum  pakd-
Lot of oy e within O(lyn) , we immediodely  Rave

M"‘_ 3.i0 Av\j Mrm o—f n-i ANIONA amd m FIND Mins
L)alamunﬂ amd Afa m\.oougv‘co( A‘TO.XQ.SAA D Funhs W/“Kan d.(h.-ﬁ MLS")

"ime .

Ar  m gqebs larger Areer il cweduatly become fully  collag-
sed . The mocdlified abadeyy D will gquickly proced Avwowds
hor mlde | regovdlers He we of balancing | M order Ao see
Mhin |, we commiden Ak execwhion of m FiNDs om o forest of
Arewn  om which for Mo amomed (and pokaps forever offer) no
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UNIONA ase vago-vmo(. We M\.AL no wwfim abo A Ao de-

yree of Wlerned  balance W Me Areer of He imidiad forest . T
mgument il prove Mo wne o g omo¥her Nehumiyue (o boun -
ding  homgesr oo fovest | by beuncting Ahe offed om o awit.
Wy hosen  ewhropy - funchion .

Deorem 301 Cowidor o forot F of heor om o AVl of o
poinds | A prani mim rd—ﬁ-ﬂu&la{ d . Ang program of m FiNDs
™ Foruws wibing O(m+onlgd) Aime .
Peoef

Mearure Me ot of o FIND om x L-a/{"'.ob.((‘(o—gx.l_oﬁ
Mo tUFIND  be enecded of "hime' £ . Commiden o $ollosing , Lim
Apendent  embropy - funchion H

HED = 2 Log (d (8) +1)
where  d.(t) s Me ou,u\ of set-element ( in Me (rrend af Aime
t. Whe o FIND b performed | Ake  dephd of & number of peink
will deweane (wnlern U avar o FiND of cofl 1) and for ol ¢
AH(t) = Htw) - HE) <o

An gmx » AHR) <o Y ound ondy d o fime t o r-mooj’u%
greader Mo 1 wan performed . As  H(E) murdf temoin >0 ok
M Aimes | b wekue  comnel be  decramended  in  om  wnllimides
mamner . We aholl wne His argument Ao bound Mo Abed ot
of  expensive" FiNDs |

Commiden Mo execubion of o FiND of corf A 32 (of some
hme t) | se &‘3445' : Even  commidening He reduckion endbropy
camned L.‘, He wpward move o He poinds =z, Xy, e, Xy ch@,
we  obfoin Ade «goam-,\% esbimade fov A H () -
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S OHCY) = H(E) - H(te) D ’ g
k -2
> A__Zoﬂ"sc’&‘j*') - (’LS' +1$gz -«-Jé&gs) =
= (Lu)' - - /eos 3LZ 2

for pome povibive codMod o . (M i immelivat Akt Ade
bound conll ke aarpened ) . Th Ak, < - QRO g oy
FIND  of cort =k 22 ) and we Lave o way of bown-
bng He ol of FiNDs G Aerms of He enhropy - reolec chvom .
(The tndex t nclicaden Mo Aime od ki o FinD wak
performed )

Let T2 U, 4, 0 ] be Me collechion of Aimes ak—
whick o FinND of covt 22 in perfovmed . We cam  bowmd He
AAL ol ov  run- Lme fpr Auck " expemnive " FINDy by

{eé‘r b, < % “21_ {-aHw)] <

m-~i

:‘( té {‘AH({:)} =

0

IN

% LHG) - H(m)] <

n
X

S B HE) o ko by ()

Adding Ao run-Aime for  FiNDs of coof 1 we obtai. Ha
bownd  of  Olm + nlogd) for Ha enkive progrom. .
||

The rernld of 310 shows Aot even f FiNDs WM"'S
He rooli fiecl atradegy D are porformed  om  am WWAQJL% tom -
pleodely  wnbolomced foreAd (o v O) ), Ahen He rinkime c{
e progrom megmend s bownded by @ (ms nlagn)!l
ol ler werols | U Aokes oA most n EiNDs of  cont >,&5n Ao
collaps He Sfevet ",
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4. Anodker one- pary Nechmique amd Rew's alioriAfm

hoacchon 2 we mede w fesl alVempt b find  officien
ome- pars  collapring stradeqien LD modifging Mo stvoighh for ward
rade for  FiNDs . M seckion 5 we shdl combinee Al approack
dodlully propose Mo Corrently) kol poferming abralegy of
AL I Ml seckion e shdl cplore A o iidable  ome.
pars  Aechrique mighh be  obNoined by modifging Mo exeakion
of UNioNs | mmeanwdile @cx,in.s a  simple rule for FinDs . We shaf
anrowme  Ahok FiNDs are porformed an o shaighh upward Aroversal
of Ahair FiND- path  avitbou¥ any collopring . Bf amy collagring & Ao
occur | Uk it be Mo resutd  or mide- effecd of UNION or of
MERGE wnabruwckions . | |

Perhaps Me  asimplek i plemendaXion of WUNION - FiIND pregram
moker wne  of flly  collaprcd Arees im which , o addifion Ao
He §-bnk do Mo rork | cak Leef-node han o g Lick whik
omnech U Ao an immulicle succemsor i Ha ack (g (6)

5
3( j\
—%_’O“—a—’ TODS »g«‘st(

Wikh Mo reprencatabion eack  FinD () (or CHECK (x,4) for
Ahad  modder ) com  be amsivered in comNomd Aime

oukpuk (N (§(x)))
Bach  UNION (x,4) in execuded according Ao e anveighded
i on rude , merging AHe  smdler 4h  wdo "-{Q‘IM%(A’ Ak
Howeser | bn addifion 4o moking Ha rof of ome Ak @ son of
M o¥her | Ahe resilhing Aree s becng  collapsed  mmeoliakely
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or pand of He UNION lnstruchion , by Aroversing He smaller
Aek omd  recomneding b demends Ao He news root . Tha
Lyoridm O wellhunown (ree Mo, Hepuoft and Whmaw [11)]
and il be obuiows ofter condemploting Lig 17.

$g 17

The ffed of o UNION s Mok Ahe smaller ek | an o liof,
v ollachid in frod of Mo Lit o elemenks of Mo Lowger sef.
The metod & Avmebmes weferred Ao an He "quick find [weght
ed © (QAF-W) atrodegy .

Te covt fovr  reretbing Ae Licks G o UNION & propmtio-
ned  ho Mo cont (o Arovesing Mo amall st Hrowk s
cg - Lk - M slowdd be Lear why He §-Lnks are needed
oy by Araversing e sk amd  reconneding hemends fo He
ner  folher  we camw maidlain Ahe tnworiand Hd Areen ase
devors  folly  collapred . Observe Mot when o ek - element
b Tmoving indo a4 new sef | b becomer a wmzwmber of a
set ol leanl twice an foarge an Mo small sek U come from.
W follows Hod Mo o harged Ao o single sef- loment
con ke no more Ahow Logn . (hm oM words | dndivi-
ol UNIONs ase  expemsive Hue con't be Ao many of thum)
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Theorem 4. A’nﬁ progrom o—S n-t UNIONA  ad  am FINDs wnn,s
MHe QF - W A(’Ya.)l&sla Mgodws oA Aot C(m + r\Cosn) f(-inw. ) Gm
Abn l)o«-w‘o( n a—(ju'eu«/b(z.

o, we have o pay for heeping  Areor  fully collopred b
FINDs oue Uree”  The QF-W srokesy o Likdy b perform  an
oL an ang oMo metod f He namber of UNTONs O Amalf
Compared Ao He number of FiNDs | Even an o gensrad Aechmiqu,
A moy perfirm well | becawne Knukd o Schinkoge [€] recenbly
howed AR om Ao average (G o precise sease ) C(n) U-
NIONs oamd EiNDs asld require gt O(n) seps .

{ we deop He q-bks (Mo rhurvning 4o He Avaclifiomad
hree - tepresentatdion )  amd yot  we balama'ns for UNiONs | He
wer el cone complonidy S n-t UNIONS and wm FiNDs &
GC"L*M% n) . T swccind Lifference widd He QF-W vhra.
)({3\3 w Mot ARin Aime UNIONs  oue “%ru.“ amd FINDs Aake
Lo " A He  naber of FiNDs o winally oomineding | ure
ARl A commiden  Afin Xechii que on U b owmarely Mo Mork
of ol owr ffovds Ao find o collapsing wmekamirm .

An  oviginad approadd  to Cmproving Aveer oduwing  a sef-
monipdation protram s due Ao M. Rem y wn presended by

Ojhoba [37 . We aball briely cudline Ahe propec condert For
Ahe mmedbod .

"&mplmw/‘-m.g eﬁuv«lmcc~c/€a~se/> "X A - béunaJas an frew
DS‘M@ wonkds Ao P%)gmrm Ahe Wow—m.s o—puq,‘v'm on a go—
rest e)&.so\a\)‘% oud e.xpeoblud(s :

() Aest  auheben Jomowl»s % ool Y Wr«d—fs ‘xlcw& Ao
’H)\L A Ot g n__olu,td.)cu(-emu. JM
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() rarge Ao equivelence - Lasen codloining % amd y
For Mo soke of simplicidy we wse He CHECK and MERGE
primifiver for Hene operakions . The oviginad port of Rem's
lgoridhon  ahih mmoker U a ome- pars collapring abraXegy o
e pecwliar rwoy  MERGEs are exewded . Recall Hok -a
MERGE (x,q ) may be called for <euven  x end 4y are
nodes  below Me rood of Heir Aree | wolike UNIONs . An
oA s e amdl g need el ewen be i oiffevend Avesr for
Me abradegy 4o wvork

Lt acd- lemends be numbered from 1 4o n, Ao hum-
ber  of o node being called Us D-rank . The inwvariank
moainained Aoyl o amy CHECK - MERGE profram o ARt
bn any dre of Mo fored Ahe D-renk of node o stvick
decheoning  alows omy pakk Aowards MHe roN Thar | e
demends Al smaller D-rank cam be expedfeod Ao be
"lose' Ao Ahe rook . Fig 18 shews Mol Mue 4 no o Nl

f
| 35 )
7] 4q 36 xs
20

y g\% 18
Lo

gA«va"u fg—vn‘ Abin t:w\pC{eo( Bb Ao  Cuvori o) ’ but cerAoin-
% Me ol - vorded edemends ld f»ro-w'ol& A omvg/‘o('wc&
Ahed Moy wrill wedudly be  dose Ao AHa root . A MERGE i

&



om plem enXed by /fvowu»s«.‘ns Mo FiND - pakds of x amd y
WV%J‘L_‘ , eoh Aime FCWMA&C/‘;"—X MHe node

—— -

~-Yys.

i~ 8

one padk

Pt N

&Lfga_{g_u_ogf‘-&moo& Rmo&x,aqué‘«é/‘{av‘{'&rpi(_bff_‘_\f
D-roank of Hhin fullur Lappers 4o be smaller Mon e D-vank of

b criginad foher . M Mo Finp paths wlerseck ( punt when =
ond y Boéo«é Ao He some Aree) | .)(M AHe procers aubo-
mok cally AMepr o e (wnique) nXersehion prind . Mere

P"Cu‘defa‘} R Me proceclure MNoX e e gﬂ" MERGE (x>'3)

Ao Rem's

61—ra3(¢,a:] 7S

P:= 2,

1-=195

while §(p) # 4(a)

do

—

“-C—L'L‘TO({"\,

d )< £(1) Hen t:=£Ga), §@) = f(p); q:=t §
£ > f(s) then 22005 £0p):=f(a); poot &

ed

Thus o o MERGE u» B&l\.s Mﬂmo{,/"‘lat_ conm be a cenmn -

denvok e

Avow ersed

Wo&s-mnedh\g a,dl-}'v-{l-a ar A F(‘ND-FMS are
K Su-_ g«v’s ‘q guv o uw&., n Voricwns »Y‘agu: o-f

30 O

2 %

!

2
y

<
7

6

= o]
- _.._—:/
B 4
r'd
rd
(¥ 5

N

.O? o QR
16 1y
O

(4)
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1
3
.- 2
4 \’,’ .
7O i,
v )6
Yy
SN q
i &‘.& 'S
13 10
Y w\ﬁ)lz 3 10
O"v 6 O .;é 12
Ce)
1y

(§)

Ho procem . The exomple war wVendomally hosen Ao sKow-
Ahad  He pathsn  com be complodely cud Ao pieces |, omd re-
asembled Ao o mmeged vowion akue Lidtle of He originad
pakln n rewqniaed . M akho afows ARA Ao lewmeds om
which e procedune Aafed (16, 14) com remeain of Ao
somme odsdomece from Ahe rood | or amove weony, LiMfle L a
Shep | alMowsh wually more s gouned . See foe 20 for @
diffevent sifwation .

o N
w ~
(o) N
Q=0
7
/’/c
s 7\
-/
/ \\
\
w -

7 ¥ \ b
Y
8 s \\\ S
i Qo CT{D/?(S°
7 8 9
() (b) @

&‘g o
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The crons - WV\.M‘/‘-‘!\,& o,v(-vm’/“s v anm afrimnic #wfu«. oX Ha

MERGE '/s'h‘o.)‘l.sta . Eacdk Po—in)“ o.Lo-vs.s AHe FiND-Pw‘-&A _of » O‘L"l’n ’u_s
Mww% reconneNeod ﬁ a Arvnadler {aJ-&u- N ww&»s U wan connec -
Aeol Ao e apnelleoA  vood (L‘f 2 omd 4 owe wn JAAJO-'J Areen ) ov

o Mo Lowed common amcerter o x omd g (Y Ahey belong 4o
Mo same Aree cmd  Heir FiND-pbhs  commeguently inYersch ) . Frow
MHin  sbservakion  owe oy zw% derive Mot eveduolly He (o-
rest mad cowerge Ao o LMl collapred form , provided a suf-
ficed number of MERGE wbuchioms s emecled .

Rem's  algorithm  dos nodl alempl  any  collagring  churing =
FIND () or CHECK (6,4) . M v wndewandable Aol no path -
morging Aol Aake place im a CHECK |, an we do nol Amow
beforehomd  avhether  amd 4y are in Me same or in Lifferent
equivalence  clames . (M Me Lodder care no merging of He Hansen
moy be  Udewded ) . Thin maker Rem's odoorifbn woese Ao gt
ab oF Mﬁwa%'mﬁmm before |, Y we Nake Ao avorst
Cose P,_,,,SMMMQ, w o program of n-1 MERGEs amd am CHECK

s oo wiXewion -

4.2 (here oaxe progroams o:g n-1 MERGEs oamd m CHECK»

which require  m.n Alepy  achen: Rem 4 A"'rdeﬂ » wsed

Proef .
Poform Mo following  program of MERGEs o am inidiod
forert  of  noladed  poinks 1, ..., n

MERGE (n, n-1)

>

MERGE (n-l)n-l)i

MERGE (2, 1),



-48-

" rool - nodes s Rem’ 5
aﬁs,o-ri’”vm mokes  wn aA Aol Ade Zugu node Ao e smolles

eadh Aime , ramu-&n,s o Aba MM"‘S Aree wn Ae emol

Res Ave axe oo-vﬁvw.ouhcb "fm.u%n‘n.s

Cleord | amy  swbsequant CHECK intruchion awill reguire v n
d% on /"‘I\L WO.S& . Fov nslomce , m- ,«,w.“jw CHFCK(C,j) ¢
masbruchiony T wndh Gy 2 tn  wnnld /gu-ru, wur Ao Amake mn Sxef‘s

oY more |
L

M conbravt Ao 4.2 recall Ahok most
cllopming sbrodegion  work awidlin O (mdogn) Aime . The proof
of 4.2 oclepends  on e high ot for FiNDs amd CHECKA |
ond U oy ol be o fuir  cridenion Ao dismins  Rem's algerithn
an vty meffident” . AU indicakions are AhaX M alyori Hom
wan infended  for  programs  widk o Lasge nemben of MERGEs
and  perhaps no CHECKs o old . Even 4o, owr nexA  romdde
wAll prove Ahod  Rem's olyovidham oloem'A  perform  belder (i
avorsY cane ) Ao Mo conlier shoderior cven wwhen ondy MER-

GE wmabuions are commiolered .

reanonable’  ome- pars

Thesrem 4.3 There axe proyrama o:f &(n) IWERGE o hwchows
e MG uwire nZo‘n, #leps whe. Rem's -xfs,w«/f-(m o wsed
Pt
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preef [ 3 Ak full collopring wibdowd bolomcing amay frvee
UNION - FIND progroms 4o run fov  nlogn aleps . Tho woay of
applying He idear Ao Rem's dhovitho o an follows .

PPk o &k (4o be dodermined more preciscky lodec) | amd sl

Abe oﬁmu\}s -y n e Awo scds
£ &
1,---,n-z,n-z+o, ,
s_v__———/ — — 4
_ A B

U/ﬁn.s 00\) MERGE - wruchions ome cam combine /(’{L M
o B wh o By-shudue |, and He demenhs o A b

b}

pai rA

1 %3 0\-1&-4 C{ nn.l‘n
2 n-zl‘ O

N

o B*-AVQ

Aomdle
(M n-2® b odd, Ahen e omid 1 and  pair Ahe lemends of A
gﬂ‘m 2 a’wwcu-obs) AA Gu A'm.tb duwm.s Ae revmad nolen o{ HL
proX Y om e wadl foave some ro«irs jb?"

SO i{o

(tsn-a® | 0 eoen) , awhorear Mo romaining doments of Aigler
D-vork ore ol combined wmbo  ome big Aree which munt
cwAoain o By an o swb- abuAdwe (see fig 20) . Let 3
be Ahe hondle of He By oA Hin Aime .

Commider  MHe execkion of o MERGE (¢, x;) accorling
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MeRGE (¢, x,)
=

8.

/% _ fis 2o

Becawne all  noder (Hur oll foblers) i Ao big Aree  KRowe Dorack -

2, Rem's algoridhon maken w olAach oMl poinds on  Ahe
FIND - polh  of x; 4o He foblur of <. Thr Rem's alyorithm
bor Mo offed of Mo pll wllapsing rude wn Hin parkicdar
inlance . We see Mol He tuvaviond Ron  been presevoced | amd

cam pick Ak nexd pair amd MERGE b Lower edomed il A

A cmolle °X He newr By - abvicdune . Andl 40 om |
&
M Wow»s Hod  ave Comn ‘ooygcvm n;z MERGE~ »{'gua way

Aol of k cak . Cosing kv tlgn | Mo program  re-

quares

We conclude MHA Ao “wm,beLns M“ of Rewm's a,égmi“m
n somew b oLewmnﬁ , omd  Us (,gg/id%% remad s tmder AR
expec)(cdiom . The P"‘”’&‘ o—S 4.2 amd 4.3 tnolica¥e oA ALo

4



-S/=
mcnfSo-v i os bock o‘x Rem's a—‘s,o-vi)(Lm VS % dnu.cl.c._guao&,
gt)'v Medi'ns a.«gl drcumm\(;o\s M\,LJMC‘-(’L Miu,aifo-nh g@r&
/‘_j_n‘s D- rauk hever 8«,0#«.«)(4.05 LJMCA&S o An He e seho
awe ’nguu Prefau\x o mudk him'rb.f

, ome- pars  collapaing sfrafege
which fan o mtarly Lincar ramning Aime . We condude Mot Rew's
clioribhon  hon  wmenpedted sisnclontager | whick profabid s wne
for prachical  programs . |
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S. Pov‘{- K«Jm‘.\.‘
M Mo sechkion  ave Pfc},u\x AOrma 'S""”( /,h-o.){e.gie/, gq-r ap -

Proximou‘-;ms He %e,d( o{ M ocaa—r‘rn\é Lﬁ A  dne- pans
)(e(/‘\m.{iu Conmidlen Ao Fl'ND-p«M o—g a Pn‘-v‘( x «gn‘s 2. q

(@) Q) (<)

£ig 2

As e are _MQ,LL:,% wp He Aree e com A.rﬂmo.l—ic% 4
recomned eah poind A Me node ome  fufhor akead | Ahur
redecing Mo dindomee of eack  poind along Mo pabl Ao He
roel by o fodor Yo . (See fig 21. b)

%ﬁd%«s E . As MHe FfND—rM S &Muuo() e -
comnned ead. node Ao s %Mo(fd&l*

We »bhatl sce HLoder AL A‘Y‘d% € gw.F(‘ND»', an o
ballows cing  fov  UNTONS  Tnedeed giwe o nearl Lincar rumning
Ai me &o« UNION - FIND p*u,\-&/\-w, e | »&A wh M*-mem)(wﬂ%



-3~
dead itk atadegion vidhedd He asloed overfaad of
Aoking balomeing o account .

The effed of ;Aw;(%ez,,w’(w o reduchion of Ha
bkl Lingth Aow noder olong Ae FinO-pd, bt U obro
separades Ao nodes nko Aweo dinjeind  pakdn X Hae Howme
Aime ( fig 21, © ) . Cowsequenddy Y oanolher EIND 1vere @recu-
xa&mxwéswo«xmmwwswxwdkm
Mo Uerdded  compromion of i pakh. Tho it s aolvondage
 oliminaded in Ao following wowiond o Atvolegy B, o
which we one cuvgw( nl Ao blfourﬁ/‘e/““‘ p o nbs ko Awv
AoAolly im olep emolen! patfsr . See fig 22.

f €ino (%)
=

o)‘l-sb F . As 'y 9 FIND - Pa,u& A /"mAJM‘Seol 5 rew-nnuf
eah Aecomd noole ( L%,:nm‘.\,& oA n) Ao A vaol-
Gobar

g"‘% 2

Thes )(ujwwicu. A calded Fou('{- Z.nlwn-s s and wr be

e ———————
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comidired  Krom  now om. We aloutd prove HirsY AN L,
he no parficdar balancing rule for UNIONS o applied
Ahe run- Aime for  O(a) Einds om plemented  following He
potb- haloing Aechmique i Glnlegn ) |, M vorg much compe -
Aidive  widl ot previows  shradegien of Hin so

Theovem $0 The  run. Aime fr  nol UNIONS  cnd  am FINDs
wing  pabl. Laliing b bovended by O (n+ mlgn)
Paef

e proof makes wre ok a somewhd wmore wm,lpl:‘cdeo(
whrepy  argumed . Lot 4. weib @, (1) of  element
be Mo number  of nodes L i Abieer A Aime 1 early
T 21 an e anddree aliwoys CoMaing ¢ self . Conm der

Lk A HG) = HE) - 1) | T UNITON»  4he enkhropy  increanres
(AH > 0 ) becamse Al rooy of ome Aree gebs o larger wwaigh.
We shall  soom see Mad Al endropy  olecreases  ahen o nem-
Ariviad  EiND i 'ngv*md CaH <o) . Node AbuA during o UNION
by Me  conbri bukiom of Abe root mog . change | wherean o a
FIND  onky Ao conhri budki om of denior nodes Ap H may houge.
W olher  avsvels | ARy hropy cobribibion of o el camnok
honge & o FinD . M Pllows AR UNIONs  comnif Camne
@ Atah o cremend of more Ala, Log (rmen. aveight) - bgn per
poind . We concdude Ao FINDS  comne decremey H for mere
A o Atk of 0 by n

M remoing Ao correlate e ol of EiNDs  amd Ao
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cot Kk

3

Wil oy, o, g denoting Ao avdighhs of 4l Po-nv‘b adng He
FIND - patk . Node Aok

120, <q < -+ <q <

M follows  ALod—

AH(*) = 35 {Ls ( 2§41 - O;_J) - ’&8 G;J“S =
Lé.' { a0y
=. A=£ &3 (' - E:;) '
L5~ li.l"' -
< S 25
d=0 Taj4q J:o RFItY
L{;’.'J‘J lp
ovs oG] = - a HE) > R

M ovdin Ao evHmede Adin -gM/("L!A") Lt wsr amswme Abak
k > L.\s n o Cc\oosc some  comnlod o« > 1. Cadd 0:".) omd sz“
&s_e; o.f "31/03“\” = 2’? , gﬂ _g.f;;qzé .f q“i/d‘;j“ < ‘f& . lLet
L5310 - 0 patrs be close , amd € pairs b far apac .

’A/S £ pairs ose gm o.fewY R 7‘&&“ MC&MM:ES,
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> (13[--0). % >
> (LA B &
> pok

frr some comNand B >0 (amwns»(-{d £ > lgn)

We com now evhimode He cont fr m FiNDsy  an [ollows
FINDs of cond = logn are awidhin Mo Limik of He remtd. The
AAL  vum- hime needed Ao deak widh FinDs of cof > lgn
5 bownded by |

< JLL < T'g %IH(H, < ';gn&sn/
where Mo mummokion  exfemds oven e appropricde Aimesr
.

Te prof o S0 Dnclicakes M in pakl Aadiing  Mere conm
be oty o for” FiNDs of ol > lyn , an He Aed rinkime
v Awk FiNDs s bownded b n,(osn. As  path. ﬁalm‘a.s comnct
be botder Mom full collapsing , we Lnow oA Ao nlogn bownd
for  O() UNIONs and FiINDs  comndY be umproved . M wm gebs
lovger | Mo bound of 5.1 in no Lomger accurade .

As for §ull collopsing , He word! care rum Aime of « pro-
gram kb padh- heloing  improves commiderahl akon  bolancing
o wsed Qv UNIONs . We shall nel hread His on cpead oledaid
o Mo amalins cam  be carried o alo»sfv% macch Ae soume
o o Hoperofl & Whnan’s proef oo fll collapring (01,
s alve Ao, Hoperoff | and Whman 173 ). The analipis 3oes
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Hrowh o He gfaw»:m& » yraevad remse

Commicden  any Progrom of n-i UNIONs omd m FiNDs
whing Lalcwu‘n.g fw UNTONS  awd  Aome C«o—ac?sins Astradegy  fon
TINDs A ke quolifred Loder . Lk Mo rank of o poit be s
height e Mo fove an U avondd be § ne collopring Rad
Acken place. fn Gonpordod invariod ki aloakd  be ..
Anined by He FIND- sradegy i» M mononicidy of romks
elong any pabh fowards o roct e cvwcid prist o Aok
Mhare b w covredobion bduwcen  balamce amd  rak ( J A
i (fhed i om v-w(l. & wred ) | amd an  padhs ave mpressed
o noden g recomneled Av  fablers of Kigher rank He pum.
bor of ek fodlirs rapidly olecreaser widh Mo pubh- dinYomce
o He ool The Lewed. crowing amd  boskkeeping Aekuiguc of
Hoperoft o Ulhrom L5 remoing walid frr oamyq FinD.- A bradegn
which aakisfion e following  comctidion

Mc’fc-n&oiﬁ o e FIND (%) o Povg\rvmu:( , eak node
QM He FIND - PM—K %d»s reconneX Ao a gtv(‘(l.h. o‘g/
I\A‘S/RJW O“M/’L 7{&% 4‘24. goJ—Lu- 'J- /(A.c‘. .

C&M{b shcd%ﬁ Ei » Mﬂm.) amdd 4%.‘465/5(»:0,‘4‘% rd&-
’KIJM“A.S Aald |, B MHa A e o..vm,(,s,s&s com be z,cun‘% /M.oa(if'eo(.

n%% .2 Tle ram- Fime of 0«»3 Mw of n-v UNIONA ound.
m  FINDa Wi ng bm@omu'ng o d Po.,(—( Qo.lmng (ov »yfrden E) &
bowmded L§ (9(61» fm&_‘*n) .

Thae, AL gvma( Sune Cary ome- Pcws C—v.‘wafsmd ./y"vcvkg;uu
gfw WNION - EiND Programs b A prerceve e near Cincar
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remming Aime adeguedely M i Ae carrenly bert arlokion
ho Dghobra’s problem | whick afodd poss e Aok of program.
ming elegamce Wikl eane. .

Aldempls o dmprove He analipts | Ao obfain o bovimd of
B (m ot(ma)) for inYomee , have not besn swccomfel AL
Hir K ave mot conjecdare XA 52 i Mo bk posmible
bownd fov Mo patk - K»&hn.s tradegy | amd ane Comfechne A
nlog*n  w DA 295 | z(—b.‘w,?!l:oma({,wa.«a one- pars collop-
Aing Aechuique.
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