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PERIODIC VERSUS ARBITRARY TESSELLATIONS OF THE PLANE
USING POLYOM|NOS OF A SINGLE TYPE

06 ] ond Tven Letsnens

, De,?cudm a:f LMPM)(U Sde,nce) l/(m/-/v-e)uxlzj cff Utre A
© £.0.Box 80,002 3508 TA Utrecht, He Matherlonds .

- Absad . Giwen N,,,,fm—rcuab( memaory mecledes T,,,nm/foMﬁQ[VFTO,’é&mr\h anrwne
vg He edoments aﬁ an_ Chgim‘,?‘e) o - olirmensionad. arroy - ane Ao be olis-
Aribwled in 4‘1w%v,mcﬁ. A LA Qs Aoﬁaﬁb{ elements mwo(,,_acwrcl—
ing Ao« % e oo Xwe@.«i&‘,ZT,,,cm,&_,mc%e& 'Lauf{owj.,, n waﬂr
roy  embeddings Aok ol g«rf Moin are colled A/ﬁum’.\_g hbﬁ%% e Ko
been shedied in connechion itk ved—a-r:u_frroays{n_& onel SiMD mackines .
A 1935 H. D. S’E\a.frfro .,Pro«mcL,VJ(udth exisds o walid A/Qumr\_s Aoﬁbﬂ\e
o 2(17 o *-M?Qc\je T(a—gmu ND) L{OM\.CL mv%,«:f T AemwelloAen Aha r:{aw\e" Sn

Al poper sedlle an chTJ(cymi wnjedwag Sfaa.\mro el prove. Aok
g« P«O’L}WMA P (e #ine N) « valid /s/&ew‘{ng scleme exinls ug amd m\,zn
u&‘wuuu exirdn o wadid Fezvlaol.ic b&&w-m,%bczw . vau-ool«{a'/(a Umfré(eh
o~ rn.?{cL )‘egkmiiue— Ao a.d(u.wun L)c.o)(e. dota foments a,cWo(A;w% o He S(g.zu."ms
SULW) The ch{é&o—u}b Aot whon o Prejmmjn.o P Aemselloder Ha FCM
Collen Hcanm Aomwellode Ao plome pvu‘oouc%“, te., with Mo malonces
JS P whonged  m o« %Jo.r LoAdice . As o rendt Ahe exinXence c{ a
domelladion wit pelyomine P con be decided n prlynomiad Fime..
K_uawcrcbs ond yevfcuseb v SIMO ’W\.cLJ/;M/b) ch\uz[ mamemes huro- i men,
A omad anays , data %mféa)(v; , PO'{XQWM‘: R /’bﬁ-&k«){r\.& schemes | Aersel -
lokions, poriodiciby , Leddicen, pelynomicl Aime .

1 Mbro dacchiom .
The Pml:&.m acdolressed n Abin peper Lon o oLa.? amobvaion %rem Ahe
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ﬂﬂurj c'g dado wgmh%‘m\ g/trf [% Co\/hf;u)‘efvb auwck an wedor- PV
croing ond SlMD‘mc\.JJMA ( mee e.§. Thweber [91). The charader-
bs'wxcs %LQJ‘MC O‘S Miene mechines v Ha ou.,ou(o«év&/(j 0{ a f‘m.w%/(r-«o(.t C!
ariMamek . wnids  and Loy m&uﬂmﬂﬂd con. @@*JQAMWmmfﬁ%
n PMJ.{.J. We amswme AL processors and mamaries art conneNecl by a
esnban swiddh ov some e«iw?uale«d Cuwderconnech on ndwork Al Ran
o &imULl bg&\‘u'emi mdin‘g,ﬁ’(‘ra\)(e.%,,_,,ﬂm n an abundant Likeredure
om 1he fms«b& imd e connechon rdso s AL com roAe /4 proceser -
memory ,Qh&'?eg“/w\@v\)(é ro.fho% omd gv-u c-gwn%&r)() (/eaanj/;d /l‘(L e/ggemlv‘b%-
.om kun‘x oble ho Alere Ahe doda elemets mmwuai[w‘r&. /memories n
such o mmemnen Ak Mmooy k&bv(at()(é ane owmded  awhenenern o baX A
Ahod 1990 Bucnik and Kuck (2] poinfesl oud Ahad nenbrivial pr-
o blews wme%“gelmadkcg o ,fw-acl,fonww-naj Qnnow Love 4o be
Clored ancl  disdribuded | oven N wmemary. modaden awd AR ovny &Oleg
N edemecls ansonged &LCJC‘"OL;I‘\JS,,,:&A.,_&MQ,,_WYVLYM"V\“,Fajxm,,,w imr(a)({,
com be accessed un mz C/Bc/ﬁz., i Kook uw%mﬂ A data Ym‘;we‘ T »im-
P'Ls wrmihs o'g o @ixeel., sed c—X N LecaAionn or s rladive fo a cbvm'g-
neded bone ll or "Aondle (0,0) . An imslance e{ T o oblained ‘:nj
o«,ol.e{,‘ws N &\‘Aao(,d,«;s(reouczm&d: do ol Q«ﬂ.cv(-iom,vg T. ﬁ‘?\ﬂ)‘/‘/‘%ﬂ\mﬁv\){ O’S
ey demeds Ao mamerien v called Q.,A/a.&win.s M/l\&me,_ A Aﬁu«/—\m&
whame s valid for o Aemplede T W prowides for Ale confliod - free
PM&M&Q accms Ao Ahe dodo in aunsg nalon e rg T (Locahed within #Ha
wm.cn-s) LZLQJ'\JAS *ﬁu& dees et a/(«wo.‘xs et o« Mw&o( A’&L&u‘-}n_& »Jie,mg gxz'v
e ﬂwche}s oA Lomd. , b oy E/nYM‘fin.S cahes 42.03,&0.

M 473 S{\af»(m (Ae.e. (3 ]) adoled Awo MS/M&\CM‘{ r—o:»l‘(»s Ao Ain
,‘g'urtS‘ Firad c§ c\U, le Prcwc( AL Ahoe exinds a welid #%.uufn.s '>c£€m1
gcy T o M .g,\'nj)‘l cones (squone cuxacuz(;) »f ol c»(l.s »37 e & one
gw e Lng/\‘n,i)(e oy i domodin (i 5 -e:ta) . Se.c_m\gu%) Lo
pmvcc( o ){’KJU‘\.LLA oLAanc(&&z,w—ir\_&@Jw\M gszTl.{)Mcl.dej g{’T
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C{as o« uhuLina)‘o-rich «51\*»«.()(%4{) ‘(e/yse«éz@)(u %KL Ao- OLWMJ
F/{.MQ Arn Al o.x%,vvme,n)( I lﬁnf)d'r)(ﬁ-(\)(, we bv% o(.uX-re/ys and  ndude
, LE/W\m\Q, 1.1. L T ownd T be  wnaYancen o-g T wnAH KM‘:LZM Zoc.a)(e.c(, on
/RM&Q\ wloed-wc% TMCLT wmjaf{mimgj{ﬁmdﬁcm
 ba wevered "3 a /s—m.x‘& Vo ca oX T. .
. S“—??’Q‘SCTAMGLT cmola-.g wmco@(x,ymwﬂdrmdz_:
: bl lead iAo a2l o{ Ao )/mpgde ahn
by ke He "_gw«ci' cornen vg “e PMJUZO-
gram spomneed. L; Z,,x. amol Qz ( see glgﬂw{

1) and imagine an owlane Ty of T in Lo-
R coded wikh s Randle A M fellows
, g,‘%wce. 1. ] AkA_bodh 40\1, oand (\z i be  coverned an
I ARin. inadamce T, The womaewe » evtab- .

L/JWL wgm'\.& Mwuﬁox Linen . @

lemma 1.2, LA T, and T, be diajoink mdoancer of T . Y o tnfone Ty
a-uu'l&?a T, ond T, %K.u\ Abe cdls A cwvern in T, oxe s Bt gnww
A s Uk wverns in T even roben commidond an elomedts c»f Hao_
Aemeplte.
Prosf

Led Ho fondls of T, T, and T, ke locaded in & A et A ves
Pe.d-iw%. Su-frhc Hod T, wvews « el x n»g T and « u.b(n c:fT
dhoo e telendtically locuted bk nespedd Ao b and by (renpeckively).
34 Wms Mmf. on  ois C\M@JA Z—; and T whe ¢C(Juv“\cc-g LA (Z\
be Mo (@:—w " ernen "‘g Ha pmﬂo&grm a‘oaMnu( EJ Q,,x, ol 2
(rea ngS/v\h.L 1) amd bmoging o o ce T, S T o lcaed woidd s /\6»1-—

de a4 Obserae Ao 2\ €‘3 ;Y «.\MCL Q\ grrm a 'aoxo/az[oc}man ak

2

y -
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U N

,-wﬂ%i"f\a)(a.h m,hm«UF1=Z;z M&HZZ;—;HAX%O(
'j ang 504{\ WUWCL E«.A T3 - 1/4- Mw& ’\Lg,cd £1 ool Kt/wv\m"‘nf{’( Lc v -
ered k‘& T, amcl_Han | W &/m.mcn_ .1, Ao ,ﬁTr__MaLhTzu ] o—uu(mf
 Thanconbradi As Nie oLU:d/a-: A news og ‘ﬁ el Tz U »

_n\.wre»m 1.3 There eninds a vcv&oL A/Lw:in.g 'SJW A gﬁ#__'r__;f MoLmvﬁzug
(Node HoX o 6’{(&4::1%,_&99\‘“«6 oA mappiy b L (—w:ao‘)-co:oo)—) [1..N] >
. LA o be o wadid s&w—ms ke gw T . Coniden He QA amil -
ment A in ki on inaYance ""g T o lecaded oA 2y 9344 P i AR
'5(?) = 1. Cn‘o*e A oA Wy whonce, og T A Z.MLM oLM QJYYIWC{, Ao
memery 1 wncd M 8 v X w*s) Qn.& hoo LaNamcen T1 ancl —J; wm A
mund be oLU:ymrvL (‘Yg et | Afn Lomma 1.1 wodd ensure He exirVenwr ogam.
inaNon e T3 m)ia,:w;,\ﬂ Awo  cells mafa{azol Ao 1, C-ON\/‘YG.OUC/‘—TA.S A4a fo.cp
7“7\0.)( 4 wak «m.Q/IcL) To prove ot A v o Aessellobon we neeedl fo />£4~w~’
AL oA iy el q v covened . Conmiden He N FG&&’;L& inafon can Té oj T Hod
v q omd A Ahein Randles be locded tn clls p. (tsis M) The pr
mws ol be M%ﬂ\zcl Yo cU%uemi memories (or ehre amothon conbrackic -
Aron condd be deiaed i Ebmmq 1.1) amd  Aas %‘Km ) axcu)(gj onl
E!;T’;U&M“}LRW%SL“ML »sCPJ)=1,T\rJu>-l}OsL«\o&2c{Ln'qL\1(L;-
<. Lt T %M@(%Jc 7‘{( r@w n,mem ‘HLL uﬁ& c’g T ?ﬁrm 1 /{'0 N
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ond  conmiden e 'Sﬁ,(u“fv\g scheme 5 obdained EB Mf—z,q/LA:g M nwmber
~mg 'H{xm«,g/z,o-ui oMl LnsYamcrs n A Ke. stej(w/wc'v\ oamd WS’“""Z{ Ao ecu,k
el e walue ok 34:" wn A nwm‘au“ln&, To prowe Mot 4o walid gw T,
wrndin o cu\.)cr?/(-rua ins{once T, o:f T}f T, ceincaclen wit an inslan-
o« &rm Ha i«w;eaa}-‘m’ Afew h clls ane /frim’z\.aj wysigmz.o(, Ao o(.«‘%&-
rend memaries . Olderwise. Lememon 1.2 ahaws Aot Tr,_,?(o./ﬁm o(/«:br{n/t , BJ\IU

, md.,,o.g oy inslan @ a;f T in Ha Aensellohiom Aol A i eneAa when
Canewed an PQJ'J‘A. 05 /I'KLa—ngma/( %W€d¢ This ol el in T, mwmgh
ed JA%UEMi Aambers et newd o O

o %,.\WJ % ﬁ'.emng /ac/y\,o.«ne/a (v o Hemmellotons ) ane ned necensanu Z«laf
—omuch wse o prachce Mé%_“m_g/woxw\)(u oA a_ s Lm% sk ema
A A %\m)(le encadeol . or_ indeed  recmeaiot. . This bd S/e\o.fTrvv, ({31 e

W) e comden o number of fucllon comsbraints o foree a akesing

 sleme Mo be gn M*@Q ,Mc%u\ieo{, _n deumwf3 _—FL.LMQ/!;MVCOTLLL( -
Lo in WCMM&LMPJ%PM,M__MA_F%w#_MQF&XQi
an Ale_candidicm Ahod Mo inslomesn of T Ahod Aews lloke He place howe
Na Al Liheradice -um@a_oiﬁm_wﬁﬂv_s_ﬁcjﬁfwﬁ"ao@ud}“ accwe_in tela-_
JMMWTLMJLWﬁ - naks %g a._'aea,«oo(.m‘_/aﬁm;
g 4 A %@MDLS_MMLLML&_Qad_MMN&_% . 'I_Qm_,&]_(rtc,_mcl
mgm_mwiﬂw.@_ﬂlggmﬁag_.&&amm-@gﬂ?m& e _Aaguired _ln sYoun -
e T (Wﬁm_&)wﬁﬁ becoune we need Ao >(e/>‘4_o-nﬁ3 N hbmes
Mt o pernt_heloaga do Als Lollica ) M pradice o Aahiloc mollod avenll
be uned e R S
B, Y. - OV FW%MX’C&_M_MFC{Y_@V\X e e uwc_cj S ﬁq.f.iro__B. 1 and
______,P,‘uo,%«,“ A _,gmgﬁ)( W?Zdw%d Koo o s wae ) if) e pi %«3 wmine AMare exerts
o walid skews " o heme »{ cw\c(c‘w%ku{/ Hine s a welid {Je'u"oc(,ic 5£Jw—
,_A_ﬁ,Ple:um,,We show fadv-’({m{: aoken o pt% c_w-,r\-c,cf sine N Yesselloder e
S PCW,’(’(LWJ am Aesseldode He. PZMZ, _ac corelin § bo o s o Hat—




_£-
fon o basws G’S CMc{an&ﬁ eiuol Ao 2, Cm_.pre.u‘»e_ wrwld s A o
PMCUC. AersedlaAiom cam be Mwiwmﬁx%w@% Fa%m,mo b Sur-
rorunded v polyomincs or ww emino. » Awcroundedl by € po -
Lazo»wun,c/:k% BAF c%omﬂ%w{ f‘:ZA)'w 7(/&:0(,%& ex e ce a{ c&_“«):.]/&f‘l. Yﬁe-
W'\mg /»J\Wga-v o f»:{afow‘rw 4/&1/)4; I‘L“ca.«\,_-be.o(.zo?o(.ao(.,m(n{jnaw J
The paper o h%WMoL, oA wez)wn. M sechkom 2wk %/we o&%‘m‘/ﬁ‘m
o amd Arma f)fézbm/;nw»% resudda Oétaxﬁm.i f\m‘/f(.zé&,dwli%-ﬁo’wbcw/\go{
Pthc*m,;nM (ice., ag tnNan cen of AU %‘xe.c( ngzown,o) N scchion 3
MOJ’;C’;"ES gu'r Aemsellohionn . Y sechion. 4 we denive an MF&'!YOM\)L—’
i en %,MQ er hen ce cfg a peicdic Aemsellohion (amd U conse-
quencen oS o weny gog‘lcw e dure indeed ). M sechon 5§ a Aedlicun
ocuw(m\.( M%\A‘M&m)( Cnv—b’(&-—i'\.g Ewlern s gwm»la. gw p(cmah.gm.'a&,m gfv%n
AK,OM—\'A.S Ahod aheneveor o Aemellokon witl o F’t(%wf\o exwia | Haom
Al noden amed nuw bers must exwit negqud reel gw Mo comdifom dernived.
in sehkion 4. M osedkion § we prove AHe F’f(an/{rﬂwoj ojgdv//{{m fdv!('[&
exisAence O’X o Aowsellabion widh o given Fr%mn.o amol mﬂm A ,g“-
nad comments . |

WARNING . We shall Afen ot m#wf\ bedwretn o P*L”Cso-m/;n»o oand U

inaYomcen and s »s(m,ﬁ A}w«f— o—g " Pd(gxoww/s , i Ao o ex(ﬂ‘u‘%
menk iond ' Ao ﬂkﬂ.’j are aff d’j He Aoz %jﬁc. We albc ansume HKad
7”\.& oriendodion :g oLl ‘mr{dowm N g/\‘xei th U ane insfances of one
Amfgc\)(e) aad Alwn we do nof conmiden reXaliomns amel mz/g&%‘m

w hen J/Lsow#—n'n.& %Mejj.wko—nh

AU nehons whoduced i AHan sech on oare raJ‘QLA. A/“YM\W?,Y%‘CWD( cranel
Frﬁ)sawde.cl. ain e owch Ww\% Doﬁ«r\i/ﬁ(h\h 2.1 )(O 2.3 o4e 7('2/,3.2«\,

@»-M Shapie [3 1.
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D&g\ en 2.1 A cLa)‘a. %@""P&J{e th an . N~ )(.,f,& T = {(eo) CQ I;)
L (o by )T with no hoo compenents ienhical and volore first ele-
med W (0,0) ... For cx.'vwv)(%aj we A CQ.c 1: ) = (o o)

_D&%{nﬁlf'fm. 2.2. A inmsfance T(x.,g) «rg o ooAa %Wﬁ\)(e T w Me N“}(u.(ZL
ebod ned b“ Ao wn\,[)m&n)(ﬂuﬁ/s& ol oli A5 om ¢S He c&bffacz,mui Ge,4) AT
Tlxy) = 1Geaq), (auex, byey)) o) Cay t %, b -‘{-3)? .

D&@,«m/ﬁ*n 2.3. A Pfr&goww us.c\. o(.o>/o«. 7(%‘:(0)(@ % ’\Q’KAU& /(’(y. wZLs gcv»m/
o heok- wise cemnedfed weA (w&m embedoded n He sz) . -

R(o—oz, e w\nzcxao(meh/) iamss ’(ﬁ‘z){ weny /fw-o cz,m "'g }(‘K-L )(uwr;(«)(c can
be conneofed La o chain o‘g clls wiMin He XWZJQ wi H ey haro
cernecakine  colls of Hae Main /yﬁam o w mide ,

mevwmmdwegnxa.fn%cwwpcgmuN and inkvo -
duce mome nobion pefadning Yo s sef ag inalances  P(x,4). Some :;g He
eenndiAs wndd mo(ugolﬁs be mo.wan.gg/w[ M/f‘r‘anj ol e YMJ&A
Dc%\rvu“ac-n 2.9 The nlakne Pm/‘-\m« T crg uﬁﬁs Cx, 4,) omd sz,‘h) S

CoMe T be- diveddionad” vedor ¥ L CIEE T Y- 3—5 The relodine po-

/n/(nc-v\ ~g Plr,, 4,) omd PO, 4,) v Ake t—J.w‘-we_ ch%m« c{ (x5 Y4y) omed

WU b bet Ao Hanke c‘g Foan o weder Pchnxn.g “beh mour“. ﬁn){»u/(\ue[s
U » Ahe vedor neeoded Ao o gfm one fl Ao Ha Al ( Obserae/
ok He nelakive posiion. of (4,4:) and (5,1.) » eqead b He  rela -

 Aiwe feﬁm‘na-n ‘g (x,,9.) end  (x,,4,) ) N fw{“émm P (=, e and_
Pla,,y,) U correnpenoling clls hove Ko »oame relobve fmswﬁm , ha.,mcj:}
Ahe nelahnve povibion of Plx,3) wnd Pl,4.)

D_bgamb_in 2.5, PCX,,51) and P(zz,jz) aweeéa,? ue ’”Z.m,a exunt com,fcme,,v‘(/s
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(a;, b)) omd (o ) af P swch 7({00( (Q +x Lfgl) Cq+ x, | J +94,) .

R
Lemma 2. 6. P(x,,51) amd PGy, Y4,) wué’mp ‘f and 0‘7\4 «:f P ecoAoins
~ LOW\P’C'V\QA\}(’S ALA ane . MHe some nelabne Foﬁn/ﬁcm ar P(x,,j,)

Camdk P (e, 4,0 R e e

o wmﬁs P(x”m) omd. P[ 3,_) O'Uueaf u‘( and e‘vvgs wf (Qc, c) (CL )
ot (X Y- Yy oy e,iw‘»vaﬂe“}(ej , b: ),.. (°*z> c) + (x X, Y, '31) .
Q I o _ S o _ . N .

H&o rec«,u /Kb‘m.mog 1 oA His poend .
Ll Plxg, g0 ) ke o fined insfomce of P Wl oy mino P(x,4)
‘H\e/u_ o.c)(u,ch@a W o Aecend Pﬂ(@aowrw (ols * Bc...ol.clﬁ 3 Xf\a)( an Ha sauma
welakine. pesibion o Plx, 4,) . o e

D_cg,{n/}/ﬁon 7. The Lu.cLDL‘& a'g Plx,y) un A /LEAP?.L)( H.,P(xc,gc o He in-
~ adance .,,C{Zxﬂo (PGy)) = P (ax=n  24,-4). _

Otmevmn.g Hoad  (ax,-x, 2y, - 3) (xg,4,) + (xo- %, 4o~ 4) W shoudl be
drarn (nea %:%/M{ 3 ) ﬂf\o.)( Ha Lu.oLtLB c:f Plx,4) v sfrmfme}n uﬂ &(o)/-
ed ex&c)(eosi oA Mo " opp oide Mob; ‘-g He.

P(g;)\A& Pﬁ’éjthmar\ao cho,go). 3“( wﬁ‘ro &Ums f"p\.o)(

P(xclbas\\“\ budldlies ose Pa—?ric(,c‘.e') k{ Pl w He LLLCLDLS
q, Gy o8 R Rl He buctdy of B The mep-

e Pn—S L?Xa‘/ vmr:eu,uL n d.l.zgam/‘\mn 2.7 uha

ga‘%mme 3. 5& Qn wnpc-r%amﬂ one w 5&%,\1 4’(_@,

spoce Wrmnoun.s Plx,,4,). The &ﬂmm.;g
Prvpvv“‘i% c'g ‘-ngyc one v A n.Cl‘.n,&

Leqma 2.8 (‘P’w‘io pres e s nabod ae pom'/h‘c-ms.
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- We hawe o %‘10,5(.{,3&,,,«7(2.0)('_,5?‘03‘:’( Plx,,4)) omd (-PXO‘J,O(P&;,%:)') Lae
A ame nlodine Pcvsi/‘fam an P(ln“:h)— o PO, §gdo o

A Mmp& c.nlu.«jcn}fow

wedd meffice, bl He angument
, .L?mo(?\@;,sz)) i el seen froe o gemebdc. n-

| 7 P(z::,)\‘o:,/fzf: V"O\,Fl-dtx)(:a'n _(see g/\v{w'-f.‘/l " {"W(‘

. /,H T U b wdd kb Hink of @ e

e e;g/(eu(wc-n o‘g Al o(,cm%moJ(uL wU/: a-

Ples) g, (Pe)
rownd  (gy 45 ) - Abod “carnien’ 1’£LFD°

_ g/l‘%m& .. . (»Xoww aL)—»\.S m am. muﬂed«i mowm -

nee.. [has. L«U\)(o.»uvg presecuen He v

,,,,,A;gain& ?o‘n/lﬁa"n rzg m@rmd«;n.s 9378 ’(me«.%/ﬁa-u)( He Amapping . g . I

UJ‘nn.,S gwamo._ z( I Mcwb wn Po.h/f"c«ja)z 7(Ka)( @, oo maph o(amazmn/‘-
insomces "g P ’(o o(«u:fom)( bma.g/e/: C[ou.ol.ohe/:) . ; . -

Lemma 2.§. @, ,  does S &MfmoLuu." o'uuga.\o Jlae. «.g Plx,q) and Plx,,4.)
one dinjeink Ahen U (PG o disjorink from Heve nfoncer an well.

bk PGoy) snd Plt, 50). he otinfoinf . Using lemman 2.6 and 2.8 we.
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