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COMPOSITIONS OF DOUBLE DIAGONAL AND
CROSS LATIN SQUARES

H. L. &MMcW, H.A.G. thc\cgg ound J vom Leeuwen

De?mdmod crf Ccmpw(ex Suence LLMu-o\m/Ld ovg Uhbre htb—
P.0 Box $o.002, 358 TA Wirecdd | He Nl barlomcls .

Abstracd . The exinfence as Lowble cUochmJ amd crvws Lain sgwares for L erdar.
(xcepd 2 and 3 in the firal cane) wan shown by Hillon i 1970, Wherean o gred
%m‘m?&g;a connbrachion gor dowh le c&a_gm\a.@ Labin Aquares wan FI‘O:.{MJ(COL o
‘mea(a'cdelﬁ .a.g‘(brfwwnbs by %ix%o&a w372, d Lan Qf’ﬂcu’ew\)(% remained opea Xo
ginve »":?m\og‘&. med e ds gr? c’Houim‘nﬁ, gm%u— dewhle cl.iagow\o.j. v wooes Ladia Aquates
grom sametlen omen . We show 1k gthr bodl Ayper of Ladin squares = Kronecker
pro e comvNewchon can be devined | wring . an cwé;/ra,rj (o(,owééz.cﬂo.?o-na[ or
cress ) Ladin square cg crder p Ao obloin o (double cL(qgc-naﬁ or cress) Ladin
Aquare o—g croler pg gov amy 1. The commhrwchon o shown o req ud e WC.J
Uinear dime w Afe 4i2e oj' e wrmbraced aLjec)( o bt canes . We abbe g
x M‘n\,p(,a Liced  commbriccds om r§ wos Lakin 5 quotth fg L evdars .

A Loin Aquose og erden n s Gny  Axn arrey A ouer AL (.m‘f;%’ﬁ
Lo, swch kol each }M?(a&u,i. (sisn) cTecurn e.xog_dfé tnee on cach
row  asd umd@: once wm eack  wlinan { o, Lodin Aquares o og fra -
ik emad indeod Fo methematics and sYaX s Y/ cn , omd now wses ?gf -
howe b g@und % /b*o{/vft\c‘} variguwns Pre%ums vn wmpw‘(i:\g. e A fcn paper we
-54.,;3.‘3 Ywo ’brieol.t.l \‘Dfm cg Lodin AQuares AhA recinved Adeadiom n Ale ear-
by ge™»7

A LAin square G called  deobie <Uu.g/hmi (oLJ, gfw &Lcr’() \,f endh -

*Hccmobims o £l] *&Ur /:'4&0(3 AN U dua%@ﬂleo( 193 J Dnes n 1370.
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74«.8,2,« I (rglen) a,(’/, oCcuiA e.»«ao(zj once om ’(KJL mod n ‘a..gv-ncug and e~
)CGLV’(LS ondd on ’HiL ff JAQXMJ A <aoHd LwLw\ /:30»0.4-4, us 0—»«[& rsC‘S/UZj
- ‘m.rcl.dx Au :.U%M.. For even avder b o « Labn

; n Aquose  on whiddh ol enbier on Ahe moin o&%nvj
’;’:’ mi@aw%i%m&ﬂmﬁ«'mm%c{g
R C diagomal ase He same Wfeger. For odd ovder AHe
n'“ et S ,,o&,gpm/hc—n reaols MWZO('(OMA) ex cepl Hd oA Mo

T lewedion of. Ale Ao a(.«q_gmm.zs (see fﬂgm 1) Yuwe
{ngxue 1o _enAries o‘g Ahe. (r% o(Acx_Xm—nai are " rofaded " Ao b He

_ madn OlAa.S/U‘nol pass wnbrofen . The . g«am.\.g rendis

e C‘AA.L ’40 Hi Uo-n El 1 (Abe gnrﬁ rermdd Ao alro  obfoined ‘7‘5 Lindner

Thecrem A Thewe ,ub)L,.,JLO’WB(L,__GUQ‘SA"V\J.,MLGJ(I& Ajwaxeh.,_?vr_ M oveders a .
wiH\_, nzto .0 Foxgd

-chfém B . There exwt oro,:sr‘;.-_l.a)‘i.n_aiwmw gu-r adl ordens n o wndh ozt

Hitdon wsed bw?{lﬂvlh)‘ﬁccﬂec(__ *e_,g/f]wv}iq.%_ Jo,,‘A,pmue_, g\«wre/:w()(fb 51\ 43]2.%&3.&&3
L r] qome o vk A\;m?(.u_farwg og*f\uvrm A wring A fe. e,L_go.,ol e hod ef
Prvjed;v\s Mransiirsals ._,._,Hc}s,pracf w zm{% s Yo me%-_c\. Z\'\LM ) aﬁgcw
cidlom gv'r, ccmivwc%{n.g o doble o(ic»g,mw.ﬁ .Lo.)(;r\,,,hiwo»& e{ qivim ovelir . p
am o.(:lpwcLJx. we undude o h{mf:cg{{i Prﬁof c{ ’(KJLOFCW\ B m A /aa-mzvsloirill)
amd prove “KJ exess Ladin Aquoares . Com . be c.o—ws«/ch)(edf o Zin.zcu‘ ’/imz_ (z‘.e,
t(.n_z_ow' wﬁzﬂ. AN AL f%éiumﬁ) as M&éé‘ : .

The mc\écr Pan)‘ c{ Hoin paper (secAiconn 2 onmd 3) v c/on’/eoé Mo a
ij AR \”]u. go\mu@uw Lired (° Vrm\e.véw ) ymo&«c){ conn bruch on S/A"r
Ladin A ol en ()(kn«na(% o-rounuts /Sle%) Coamn Lm 'm«ccbgr d 40 an ’{c
k,ou L f\ rodbher obcedd e g/w poth  olowhle d.IugguWu.Q omd  cavrs Lakbin Squares
. 5)‘ [FSS PP ’Uﬂw&( 7“:\/.«5 mm% KL.;u( ’(c w&lejzmw‘{u{ Frv—cgh gmr %ﬁ.&cﬁ*m AR amd 6,
i"o%u“’uw mndh e con b om ALA Nhare LoAin Nquares ase ned an oéwnw



-’40 Araob'%:‘gmaj cormlrucdion M‘K-co(h ah  wans K«‘/ﬁ(&r){o Lo&u%vl.

[heorem C %w.“ o crown (dewble o&mg,md) LaXin square of cvder P> - can
be composed wit o arows (suwidable) Ladls Aquose cj' oveler q Ao obTain «
crovs (cdewble Jxasxan) Lot in /siu.cwc,og orden pq ?w any m%égu‘ q 21

(P double OL‘Q_XOW\J Ladin squores U s amswmed Ahad 321 ov g29 avhen pzi.

The “doawre cf dewhble aL«u.gth LoAin Aquoses  umcder i red (Krneuﬁ.@r )
procwd v ’3"‘V‘O~L%UX/LVWMG( bl w(b covers e cone whia Q=1 or 929
(4. Alecrem R).
2. CC‘V'-\PC‘M Xonad :.*S Lress Lo)(u\ squoates . - ,

LA o be o cross Ladin squere cf oreler p oven 5(2.& (barred) zs.fm/oe[
s T P oamd HA b be o wrosa Lodin Ao ’f erder 3 own He Sym-
bel sed 1,0, 9 - LA pg > 1 (or else Hheowm C fllows Arivicdly) wnd

2

amime Ahod Ake main ond off diagemads f & amd b comsiad of T amed
5 o 1 amd g4 wapc_dwoﬂj

3g P v e (wo W\)‘U/bco‘ﬁn.g o(,«a,gu-nois) 'H:.u\ rcfr{a.cc oy < - o&ﬁ( af
o (1si<p) by Ake nlonce of b widk (i-0q addad Ao eack enbry. Re-
p(au weny F~§,<,a %A,&,Mméwfwa\(ow\.u a«f,k , bod e&(eded 5o ar 4o
Rowe Yhe vunhb o fen (moun) dim%cmaj ?n—m He lower LLK{ Ao Ha wpper A~
cornee . (Node Yhad Abin s emsentially [2 1, lomma ) The wenld s seens
Ae he o cross Ladin 4 quose o—g oroler pq. }g P »oodd b q wen, Ahon i
com do o mimilar comperibion wikh Al nls o o and b ifenchomged.

The Hmod ning ool 4&-\3&(&3 Rorden cone v hen btk p ancd g4 owe ocdd
ilegrs > 1. Led Ake diagemedn of o cross an i figere 2, widk Fows
implied (1< e <p) . Carry od Mhe some comporihon an mygented obove e
eb¥oin AfL renwld mdi coded  om g&%wre. 3. M n.e_wrﬁh » o s Labin sgaare
bod fovr Ahe Glling of He off dicgenals wn Ahe cnlre T- and 7- el To
podch U we shodd Like Ao moke Ahe mibaiiAAicns ¢ = pq w Mo cahral
1-cell ) pyg=>q w Al Awo bordacing F-w&: amd  ry > opy o He T-ll
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'ﬁ h q 1 k P rq
p T TR S
1. 4] P
1 1 ra
. N 2 R A
gr‘%m 2 - ] r ) I L N o o
P i 1 o figme 3

- This 2\.% 4o l::. gnramd Ba 9> ry- ’}V\J)‘)(L)‘«/‘?M i Me T ccﬂa ’(’[L rew-
o colimn of Ahe Focll, bince by o rq > g mmdbsbiAcdion Tn 4& - el
w Aliir column  and row . Andl Han prowss madl be codinuwed . Conniden
‘T"’(ﬁ Ale T- amd . F - cells Q‘S&-Mol. ansime  Ahod _widh eack T(r-)
el Ak wa 3%4(2 o for _omd end ane %AM%CL‘(KLF (7-) el i Ha

Aol roew  obuncl w{ummff&:pe;u‘ia&%w:lhmwmﬁms’bx bricwn

 Lemma 2.1 3#@)4 a)( am o.azlu/f‘rwr _4 (r )_cbu,__ow,ct vk w@& Lj gr(ilc
u,—h\.s z\.w u-cr’( Z.(h" (’Anju) (aﬂmn)( %) The. roer'»n.s 'oo./\('( emcls wﬁM

Ca ved b L o *(Le. h"]ow?im.& el amd fimce o oju[ccfu-o« &‘“\‘M w
WLJ\ ‘1-- Ow\cL T‘ c.aUA Q,Ubt‘ncde,

Cammi clen e C’j"z‘ Alcn c-(ﬂlcuh.aal wz.u\ we A.’fcu-.)l ,w.,,([ /ML u‘% uz.«\)(u - uﬂ
Thene ane Awo cases Yo commiden.

Come T @ Ahe wnbrad 7- cll b nefl wnihedled i M oycde.

Subdidde rg=q w oeny Foll and gmrq ooy T- ll O.Zvn.g,
Ahe (/3&/& Thio oven o Lakin nquore bd ives beth He cenhrad T - el and
he v-ll off - diagonad elemenmls g . Mo meke {he “ogdic Al {7 g
amd 9 > py Afe &mw ks w He wpper wighd  corner c—f("(& cenbrad 3 x 3
bleck . The ol b o wred wosn Lakhin squen ‘:f svder pq , wnr com be
Seen ?mv\ gf.*swre Yo . (Tk.i» wan Ao sidwakhion w%,s,uﬂ/e.c( ah o onrp e -




P,
bora TR 5 R + ) R N - S IR oS (NN &9
vorgloa e - - > 1| e e

L L , 4 i lrs P4

Loes i , | oea 1]

torLl 1 )P4 ‘ -
P4 1|1 ) S PL L !

re [ - i i s

o | | e o e | g
1 S ! £1 rg f%

‘cm- &.\ Ade h.(t&’( cakl o CL\%U-QA\}( MwLbnm& pro ceclnte M lx. Wwic(
, b we sﬁﬂ ser ! ) et S

CWI[ He C-Mv‘n“w[ &—bu wwc,&.oaoL m)(ﬁz ‘ﬁ‘“& .

Do o %V’(y)‘e duaring He, g\rs’( rM 0‘5 Mo ojc& ww%f He wn-
brod T-cll v fid L %MW<1M,»-—.C¢L6\ oamd T- s on Ao
Q.SJ"' (bud net WLLLCJAA%)‘KL&AJ _T‘;ﬂVc.df,v,,_i..g.mr)(& ene e Aouded gwm)
substiAAe rg >3 —and. g >0y mpcuf—zw[.s“, Fl‘najls shdiAde ¢ » Pq
and rq = pg m e bl T-cll amd Tl | oand py>ry o Heo
P- el Xw’\j ahove Ha cmbedd 7. Ml amdi.pg—>q. m Ade ome Hgﬁ;‘ o*f A
The renudd v o corred wress Lodin 49 ucte o-f order pq , @A com be seen
grrm %‘&{wrc b, COL&W ALadA, M Aoen requd ke usu.mz,d.)

S/mru\ Ale L*r and  ver @‘JA m o Ao oowfu.vvi/(—w-n s eo.méj carnied
s2d in lingar Aime. The Kor omd wedd L,\,ﬁ.,, M compened Ayt com
Uikawine be- compled within Hin bewnd (by Ahe naive w@@n ). Ths pro -
ver Yhicrem C gzv? woss  Ladin A ates

3. Cc-mrc»m/{"w crf OLo-wb&. OL‘O-X/WJ (O(C() Lafin Hquoeaes .
Led o be o dd Lodin Aquore cf erden p over MHe (barred) >4 mbol  sed—

-, P oand Eu( 3 21 . Wi A ho A ﬁ\‘rﬁ‘:e{%w'.jn)( {A Pz (c:f AL resm
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F\). 3g 124 Nfew Aleorem A wn’o&% ALA Abere exinds o oo Lakin Squar
b of crder g over Ale. ATMM s 1,9 . Replace eny <- el c’g a
(st <p) by e tnstomce of b owiM (-1 q added Yo each e,n(rj The te-
suld »n e,cuviﬂs sien Ao be o dd Lodin squace og order pq - (Node Ho Hin
W o»w?‘ia,us Ay observadion n [2 ],F. £83.) ‘TM Afeorem C  remaina
Ao bhe pruved for q=2 _ amd 3= 3. We will shorw Had wn beth canes «
suiAable ‘repﬁc\-%&d cg ey T- el of o (1sisp) com be dewined.

Theerem 3.1 (rm o double ,o(aia.yo-nol,,_,LaJ(&n,/si‘;M‘ a . °§ orden P A
con ‘0¢ N an'nfw’xal.n ,Ln)(o a.aLo-wB{L cL«o.aM\ai La)(m/:iu.adto'g avdex ‘LP

Egg,gg S :

- Beoym by mf«@ovgn.g ety Tl
& goaow—{r\,g wbadi A A i en

o{ o (liCSp) an i caded "3 He

L
2il2p

Vi

PP R N R S R A e e P
o {a3ly 516 2 2ie2 {112

CNede had Mis guarantens Thad Wwof ?ﬁm\k,__i.,,,;.—z,vlp.. _occira _exackHy,
Lrhead : o below shomun  ex "‘”“PL" C‘A%Cﬁ\.ﬂg@\ . -,Mi'%._lp-u‘mdccl’,__‘_,,OroLLr,) e

2 o 2
3 4 ) 3 ¥
3y 3y T
s § . 5.6 _
s & T 6 B
7.8 7 8 "'T"m”
7@ 78 1 ’S"
i % i 2 8’“&5—

Hewewen | A e wko.wmm ot ned Agh . To  corredd Hiw we shll 'vmvﬁ& c[uw.x?/)
‘“»L Mmoo ol cﬁ oU«.Sv-na/Ka. The C/g\cbv\"a,(/) cervnsd cf .fﬁlff)d\-sl Ha wp per Ao
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enbvies (’H]\,L wp per %ro.vﬂ ) Mo(/m- *(L lover Auo enbries (/“L “Aenwerr
”(r&i ) on A a,PFt-ano‘e u'UJa CJX W\'gc??&cL F«ur °’§ enhien chwa

W"?P""L f"""" M;Y‘DJ'\% BU\'\,& Po*n/"m& s vuz.scdnuc Wn’o(,‘@s o ncdion ,_.\f ‘o .
hu&(o.)“o—n n Ahe 7‘(;4/, c_g Ha L&I«[A .

i 2 (’posizl;iu)\;;v- 2 1l (Mjov#\w.) . i 2 (f"""/""‘) » 2 | (M’S”h%)
Y 9] (powihve) RN Cpomihive) 4 3 C"-‘»SWI'WC) 3 ('\LSMHW)

of o celd doen naY_ a%u)( Ay T Laddin_square F”’F”){Z]' " %’” Mo rws

An ,?-uﬂ_aw\a(.,% /:-_u;j,[ of,a are A aad )(o ‘x e Cc'(wn-uw@&uﬁ-‘
«Sﬂhu,uh wmw\*(&/sw Qo@wmf\ MVL.KMC b‘a«vvv‘zf&& . méwfw-

Aiom . Thew CM‘QW(‘S‘ be_ Auo Aoras. o{ Logumm-wnfad( j«rr am F- : (8) ds
ipper Arack ,t}s“gimofz )(q M&MK%"(KL samme, ormedadion on He Zoww bra ke
Q’S omn %-celd in MHe sowme  column. soomd (Ld) U ﬁowﬁr /{V&oﬁ » Ci%a«a =y

ool Q\.M/{’(LAM\L mu&(a)(ao-na«s‘(& U.‘?F-t.r/fYQ—oLc‘gM 2- el in M
S ome c,o@wm .

‘.‘“,k e oS e e L

Qbé%".’”i’li’i"_\ 2. T‘\I- wpper. Cﬂa’wU) /"rc\,pﬁ o'g oms Bo el canm M-&«)(eo.

L«Cﬁl&«ww\- urwg&u{ Mz"e\ qu.c)(ej o /eo»we.r C“’f’f“) '{'rc\o& a’{f C—b&( o
. ‘{LL Hame C/oemn. e SR - —

(To ke pre.o:}sey,,vl«g.a,, g{rﬁ(“‘,"npc c‘g,h(‘d’{mn.‘,“‘V\,gc{d crcwen with He 3 - el
widh &= or- (/::P of r=1) oamd ke Accomd Xjfx cccmrs wAt He R -

b aith sz e (6!«-{?-?)) H(Ar(wnmn-w“%d( cm&rav&(l%
;(AFP(I\,S o c*f Mo Arachs involied. C&cw@l one shoudd nil %p Whe Arack d(‘f

Ahe <ol Had Lien on He moin o «rﬁg ol,«a_scma,[ wy Hols K«.pf»e/ms 4o be

Ahe care | becauwse U awedd a&»(—vo»«s Vhe hrawsversad ’an;fer‘(:] on Me dia-
cjmui un‘)(ﬁ,od M\LN. L»u & keahom grw 4. R Pr'u%bm AXTALS »{ beth colls
wmrolied m o ur(.umn-c,cvgad Lc m o(,«a.s/cmaj
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F’&?F""S M upper (Lorser) hrack o{o.obu o oo o&u.g,v-m.[ wn §ive
Aise Ao a “o(.fq,g/try\al’- m%‘u{“ wnth Mo lower (wpper) trock “;( uadé
one Abar wll on Ve same cbo.gonol (Cc-m,pm Ahir Ao observalion 2 |
bod nole Ahad Yon Arme He gao‘ﬁnﬂ brachn Fowe o-p,wm/{{ orienNation . )

Ot%eonJﬂm« ER 5& o r—waomcL cn djz( e im oc’gww« wwgéu{ Mo(

Ahe P--cb‘(:(- Q‘eh on . cl,«a.g,mal )‘M %F?"‘S Ao %\&CCA% /{ra.oﬁ n

F-wll oraden a o(ao.—s/(-‘-n.al gew)( Frew:@% Ak Ha  (wnique) 3 - c—eﬂf

on ’(?\L Aol oUo.S/o-n.al ,CKLC:J«Q W a ek o‘.oL . >,v“.T_A, S,

, Now conmider Afe cone X _om. - el omd om B-cell cre in celecmn -
unvgga‘,d’ omd  betl lie ow o...a(.m:..g,cmol (wbcj\ mcown  Aod we A g&‘r w

a dxagw‘.l cell  ond md’_x&%al-m%dl),_,mg_m WM% A

Rl

; — -— — — -‘?S' S — — - S
) . _'__'rj .
3 3
pey e _ o IS
/F~ — —_— -——
g 3 .

Ao cb‘%uem)( canes )j(o,ol/t)skn.gwbaﬁ .

Core T The 3-cell and 7-cell Tmwcloed tn He diogomad - conflihs ae-
Coring o chservabion 3 are m Ho some colamn (5<c g-gwrc Sa) .

The (.cw%(acjé com ol be renclied by {Gopp: g He wppropriale Avach af
beth Ade 7 - el o Ake »s—ccammcfzr’-(:.o&ugcm»& Nede Adod He
&%J Hmoins o Aramsversad  n oo ing 40 ‘
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wa . The z,-wd Mog,:?,qﬂ.;uw&ed are el in Ae mowa cotomn
(see igure sh). I

The  cobomn - Mcl D‘A&Xo-na.[ w-wﬂ.u{s,cm Aow Be, H/:c‘&»(c( by %ffmg,
1le cvppm!;na)‘e_ l-ro.uL of e F- el and He 3 - ll om Ma‘fz‘&c@a
gonaln (e | orking wikh Mo 7ol AR wen in columns coflid ), with
e swidab e %FM)"KL}% oLco.X(h\ch -l v Ao Aame colimn. an Ha
lAder 2 - ld . ﬂu.wsdl—l%aa,my% on .’ML,M,_cQ%J Lese h a cor-

1’2-0( ] /"\'OW\A \Kxxﬁal S — e e e e
- Thas e f\.aw-c_ »,/K,aum. Head aj,( w(M.mn u—-{/&da Coum . ‘:4_ l-vac'&e.c[ Tha «-em»ﬂm_‘(r
LaJ‘Lm.A&wc.i, U?_..__C:QTtQ..LZ(_. ame ol oamd rg Mae dormed evoler. .

Tme 2 g«m;;. M&&a_gond La)(mdju.m o o§ ovder p, U cam Lc
oc-mpmot oo _dowhle. al.m_gn.mu@ Laxon Aquade o—g,a-ro(a‘ 3P

CThe o.n-gwrxwd, D Aaow mimilan Ae AL wsed m/({wm K B &cgm L‘i‘ H{&.CA\A«&

Loty Yy c'j;_‘gsg,-,(t.&.i,-i_?)_,.v %‘WW‘”‘ e

8 S 6 ewse| o bpaser 3P|
Pt = ppaypuzp| P> 1 23

2. — (7.9 9}
2 3| 4 56

w o o .

nm(e 7”\0‘ ’(Lv: %M.MCMJ% o.ﬁw ’”ia)( aﬂ FewA okl ngu amd b com Qf«/*ﬂg
be voufied dhid Ha moin and off &%_@L,m i an well. A problem a-
rren becawne of cobumn - conflit.

Observe Ak o Arack of o cll com be in mgéa( i i me,cg fevo
oAher Aroche (o»g He some “codends” | and in seporade wllh) i He some
climn . A columa- m%éd con be renilied by shiffing i of Ko bracks over
o poai Aom (c%vlguﬂs) omd  a secomed  cven Awo. }g one of He Haee brachs
crcurn o o cll on Ma diogonad | Ahen Akis brach shoudd ohvicws( be Ha



-

one ““{,a,’( Frmod na. wna«jgad(ec( (aMoL ’(lw: Zaow-w ’M.c OQ%MJ o Co—rr-cc)/ 'A‘w
vermad )|

}f Yo o »(*(4 Muace ’(r&c/L/: mmra-ec( wm o wﬁu.mn mfﬁ«d le on o dia-
WJ (o&m@ Al in Me woral case MHad com a—cw) Ao A comnel be
awi ded Ahad o bro ke o/g one <l om He O(A\LS/MJ U’) 4&‘?4@{ amd a dia-
XL‘V\.J‘ M,K/C v oreaded . Y Ha  celann - Ch\z&&c)( worn  ceaded by Me
ufpm/&ww/w&i& Arack a§ am ,T—,-_wa, an -l omd a A- 2l WM
o) He 7o chl on He main disgondd and Ha A- @l on Mo ff oliage-
nad | Ahen 74-(& cUo.%a-.\,o.I.«,cw{&J tnvelues. agaim. Mo 7ol amd Hoe #-
omd A - wkls on AMa Fmifnulo.«rcl.«o.saw\.ol meqotvmguc_‘wwb&, castn  ah
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