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THE LOCUS APPROACH

Mark H. Overmars, University of Utrecht, the Netherlands

Abstract

A number of problems in Computational Geometry are solved using a tech-
nique that is known as "locus approach". This technique will be consid-
ered in detail. First the general idea behind the method and the neces-
sary conditions a problem should satisfy to be solvable using the locus
approach are described. Next the technique is demonstrated by means of
some (well-known) examples. In the final part of the paper some general
results are stated, showing that whole classes of searching problems can
be solved using the locus approach.

1. Introduction

An important class of problems in Computational Geometry are searching
problems. A searching problem is a problem in which a question (query)
is asked about an object with respect to a set of objects (points). Some
prime examples of geometric searching problems are listed below.

Given a finite set V of points 1in Rd and another point x in Rd, we
wish to report a point y in V with smallest distance (in, say, the
Euclidean metric) to x.

* This research was supported by the Netherlands Organization for the
ARdvancement of Pure Research.



Given a finite set of points in Rd and 2 "range" ([a1..b1], cee s
[ada.bd]), we wish to report, or just count, all points y=(y1, cee s yd)
in the set V that 1ie within the range, i.e., with a1<y1<b1 and ... and

ad<yd<bd.

Given a finite set V of rectilinearly oriented hyper-rectangles in
Rd and another such rectangle x, determine all rectangles in V, or just
their number, that intersect x, i.e., have at least one point in common
with x. Other rectangle searching problems like the rectangle contain-
ment searching problem, that asks for all rectangles in V that are con-

tained in x, can be defined as well.

Given a finite set V of polygens (or polyhedra) in Rd with some bounded
number of corners and edges and another such polygon x, determine all
polygons in V that intersect x. Note that both the range searching problem
and the rectangle intersection searching problem are special instances
of the polygon intersection searching problem.

Given a finite set of points in Rd and another point x, determine

whether x lies inside or outside the convex hull of the set.

Solving a searching problem consists of devising a data structure S
to represent the set of objects, such that queries with different query
objects can be answered efficiently. Such a data structure S can be static
or dynamic. A static structure only allows for queries while a dynamic
structure also allows for insertions and deletions of objects. In this
paper we will only consider static data structures for searching problems.
(For an overview of techniques for obtaining dynamic data structures see
e.qg. Overmars [10].) The efficiency of a static structure S is given by



means of three measures: the time needed to perform a query QS(n), the
time required to build S PS(n) and the amount of memory required for
storing S Ms(n), where n is the number of points in the set. In this
paper we are in general only interested in obtaining low query times.
The building time and the amount of storage required for our structures
is sometimes tremendously high. The results should hence be regarded as
being mainly theoretical and not meant for practical use.

In this paper we consider one basic technique for obtaining static
data structures for searching problems, the "locus approach". This method
is based on a transformation that maps searching problems into one basic
searching problem, the region location problem.

Given a finite set V of non-intersecting polyhedra in Rd apd a point
X 1in Rd, determine the polyhedron in V p lies in (if any).

In Section 2 we will describe the kind of transformations used and show
how the region location problem can be solved efficiently. In Section 3
we give a number of examples and show how the locus approach can be used
for solving e.g. the nearest neighbor searching problem and the range
searching problem. In Section 4 we consider the kind of properties a
searching problem should satisfy to be solvable by means of the locus
approach. It leads to some classes of searching problems that can be
solved efficiently (with respect to the query time) using the locus
approach.

2. Locus approach and region location

Assume we have a searching problem such that, given a fixed finite
set V, the number of different answers to queries over V is finite. For
example, for the nearest neighbor searching problem only points of the
set can occur as answers and hence, the number of different answers is
bounded by the size of the set, 1.e.,22. For the range searching problem

(

the number of answers is bounded by n for more precise results see



Saxe [11]). A searching problem that clearly does not satisfy this as-
sumption is the searching problem that, given a set of points V and
another point x, asks for the distance between X and its nearest neigh-

bor in V.

Definition. Given some searching problem PR, the query space of PR is
the space from which the query objects can be choosen.

Assuming that query objects are described by a bounded number of reals,
the query space of a searching problem is always a subset of qu where
dq is the dimension of the query space. For example, the guery space of
the d-dimensional nearest neighbor searching problem is R™. For the
d-dimensional range searching problem, query objects are ranges
([a1..b1], - ’[ad'égd])’ in which a;<b,. It follows that the query’
space is a part of R, namely that part in which each odd numbered
coordinate is smaller than the next coordinate.

Given a fixed, finite set V for a searching problem PR (that we as-
sumed to have a finite number of different answers), it divides the query
space of PR in a number of areas of constant answer, i.e., given two
points in the same area, the answers to the queries with those two points
over V are equal. An area is assumed to be connected. Hence, it is
possible that more than one areas correspond to the same answer. This
leads to the following technique for solving PR, the locus approach:.

As preprocessing determine all areas of constant answer and store with
each area the corresponding answer. To answer a query, determine the
area the query point lies in and report the corresponding answer. This
technique is only sensible when (a) the number of areas is finite, and
(b) the areas are reasonably shaped. We will assume that these areas are
polyhedral and that the number of bounding edges is bounded by O(nk),
where n is the number of points in the set and k is a constant depending
on the type of searching problem.

Hence the locus approach reduces the searching problem PR to the region
location problem. The region location problem has received considerably
attention recently (see e.g. [ 2, 3,4, 6,7, 9]). We will recall a result
by Bobkin and Lipton.



Theorem. ([ 2 ]) The d-dimensional region location problem can be solved
in 0(log N) query time, where N denotes the number of edges in the sub-

division.

proof

We will only briefly describe the case in which d=2. For larger d an
extension of this method can be used. For more details see [2]. To solve
the 2-dimensional region location problem we draw a vertical line through
each corner of the subdivision. In this way we divide the plane in O(N)
slabs (see figure 1). Clearly, in 0(log N) time one can determine the
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Figure 1.

slab a given query point lies in. In each slab we order the edges from
top to bottom and store them in a balanced search tree. In this way we
can determine in another 0(log N) steps between which two edges the query

point lies, and hence, in which region it lies.

Corollary. When a searching problem can be solved using the locus approach
it can be solved in 0(log n) time, where n is the number of objects in
the set.



The number of edges in the subdivision is bounded by 0(n
the query time is bounded by 0(log nk) = 0(log n) for k is constant.

k). Hence,

o

Although the query time of the method described is very low, the pre-
processing time and the amount of memory required can become very high.
Only in the 2-dimensional case space-efficient solutions to the region

Jocation problem are known ([ 3, 61).

3. Some examples

In this section we will show how the locus approach, described in the
preceeding section, can be used for solving a number of searching problems.

Let us first consider the planar case. For each point p in the set V,
the area of the query space (which is the plane itself) for which p is
the corresponding answer is a polygon located around p. The subdivision
of the plane in areas of constant answer is the so-called Voronoi diagram
(see e.g [12]). See figure 2 for an example. The number of edges in a

Figure 2.

Voronoi diagram is bounded by 0(n). Hence, the 2-dimensional nearest

neighbor searching problem can be solved in 0(log n) time. This result



can easily be extended to hold for the d-dimensional nearest neighbor
searching problem as well. It also holds when other measures of distance

are used.

Let us first consider the 1-dimensional range searching problem, i.e.,
we are given a set of points on a line and we ask for those point§ that
1ie within a given segment [a..b]. The query space is a part of Rd. For
each point p in the set, p is reported when p>a and p<b, hence, when the
range lies in the area of the query space shown in figure 3.a. For each
point in the set there is such an area. These n areas divide the query
space in O(n2) areas of constant answer (see figure 3.b). Each of these
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Figure 3.

areas is either a rectangle (possibly unbounded) or a triangle. Applying
the locus approach we obtain a query time of 0(log n) (not counting the
time required for reporting the answer).

In the d-dimensional case we get a division of the 2d-dimensional query
space into O(n2d) areas of constant answer. Hence, we can again use the
locus approach to solve the problem in 0(log n) query time.

It has been shown that the d-dimensional rectangle intersection

searching problem can be solved using the 2d-dimensional range searching



problem ( Lee and Wong [8 ]). Hence, the rectangle intersection searching
problem can be solved within 0(log n) query time using the locus approach.
Similar results exist for other rectangle searching problems 1ike the

rectangle containment searching problem ( Edelsbrunner and Overmars [5 ]).

Although for the general polygon intersection searching problem the
query space can be divided into a finite number of areas of constant
answer, it is not always possible to use the locus approach, for these
areas need not be po]yhedfa]. For some special cases the problem can be
solved using the locus approach, for example when the query polyhedron
consists of a point.

Clearly, the convex hull searching problem can be solved using the
locus approach. The query space is divided into two areas, the inside
and the outside of the convex hull of the point set.

4, Classes of problems.

In this section we will describe some classes of problems that can be
solved using the locus approach. As a result, one only has to prove that
a searching problem belongs to one of these classes to show that it is
solvable in 0(log n) query time using the locus approach.

A searching problem can be described as a function that maps query
objects of type T1 and sets of objects of type T2 into answers of type
Ts3- We can denote a searching probliem PR as

: ¥
PR: T1x2 - T3.

In the subdivision of the query space, each bounding hyper-plane gives
rise to an inequality that is linear in the query object. The answer to
all these inequalities uniquely determines the region a query point lies
in. This observation leads to the following result:



Theorem. A searching problem PR is solvable using the locus approach iff

ED v
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PR(x,V) = n(V,f1(x),...,f (x))

, where the fi's are linear inequalities in x.
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proof

= : The functions fj are the bouading hyper-planes in the subdivision.
Their number must be bounded by |V|" for some constant k depending on the
type of searching problem. The function o associates the answer to a
particular region in the subdivision,

< : Trivial.

It is very hard to verify whether a searching problem satifies this
condition. Therefor we will restrict our class of searching problems in
such a way that checking whether a problem belongs to the class is easier.

Theorem. A searching problem PR is solvable using the locus approach when

3 0 Yve2'2 Vxer1

PROXY) = 0(V,F(x,py) 5.5 F(x50,)

, where V = p,,....p and f(x,pi) can be computed by linear inequalities

in X.

As an example let us consider the range counting problem that asks for the
number of points in a set V that lie within a range x. Then we take
f(x,p1)=1 if x contains p, and f(x,p1)=0 otherwise. o just adds up the
values of f(x,p1), cee s f(x,pn).

An important class of searching problems are the "decomposable searching
problems" (defined by Bentley [1]). An extension was given in [10]:

Definition. A searching problem PR is called a C(n)-decomposable searching

problem when for any partition AUB of the set V:



10.

PR(x,V) = a(PR(x,A),PR(x,B))

, where o takes C(n) time to compute when V contains n points.

Numerous searching problems are C(n)-decomposable for some function C(n).
From the definition it follows that for each C(n)-decomposable searching

problem there exists a function o' such that
PR(x,V) = o' (PR(x,{pyS)s ... ,PR(x,{p 1))

, where V = {p1, e ,pn}. Hence, we obtain the following result:
Theorem. Each C(n)-decomposable searching problem PR for which PR(x,{p})

can be solved by means of linear inequalities in x, can be solved in
0(log n) query time, using the locus approach.

5. Conclusions and extensions

We have shown that a large number of searching problems can be solved
with very low (in fact often optimal) query time using one general method, ‘
the locus approach. This result is in general only interesting from theo-
retical point of view. The amount of preprocessing and storage required
is often tremendously high. Moreover the structures we obtain are static.
Only in the two-dimensional case the locus approach is sometimes a prac-
tical solution to a searching problem.

An important open problem that remains is how the technique can be
adapted to the case in which the subdivision of the query space is not
polyhedral. It asks for a solution of the region location problem in
which the regions are bounded by algebraic curves rather than by hyper-
planes. Some solution to this problem are known in the case d=2 ([ 3, 4])
but in higher-dimensional space no results do exist yet.
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