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Introduction.
We consider the following problem:

Given a polygonal piece of paper with a
polygon P drawn on it, cut P out of the
plece of paper in the cheapest possible
way.

We of course have to define what we mean with eut-
ting and what we mean with the cheapest way.

A cut is a line. It divides the piece of
paper in a number of pieces, namely those pieces
that lie left of the line and those pieces that
lie right of the line. A cut is not allowed to
run through the polygon P. After a cut is made we
continue with the piece of paper containing P.
See figure 1.1, for an example of a cut. A cut-
ting Sequence 1is a sequence of cuts such that,
after the last cut we end with a plece that is the
polygon P.
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Figure 1.1,

The cost of a cut is the length of the inter-
section of the cutline with the piece of paper.
We ask for the cutting sequence such that the
total cost is minimal. This sequence {s called
the optimal cutting sequence. See figure 1.2, for
an example of an optimal cutting sequence. The

total cost of the optimal cutting sequence of a




polygon P on a piece of paper is called the cut
cost.

The problem is mainly of theoretical
interest, although one could think of some practi-
cal applications. The problem 1s interesting
because it is much harder than one should expect.
A number of things that seem obvious turn out not
to be obvious at all or even to be false. We will
show some results on the existence of optimal cut-
ting sequences and give efficient algorithms for
some restricted cases. A large number of open
problems do remain, the most important being
whether the general problem of finding an optimal

cutting sequence is solvable at all,

2. Existence of optimal cutting sequences.

It is clear that the problem is not solvable
when the polygon P we want to cut out is not con-
vex. So from now on we always assume that P |is
convex. We will show in this section that, assum-
ing that P is convex and the piece of paper |is
convex there does exist a finite optimal cutting
sequence. In the case the piece of paper is not
convex the problem seems to be much harder.

Theorem 2.1. When the piece of paper is
convex, there are cases in which there is
no optimal cutting sequence in which all
cuts are along edges of P.

Proof,

See figure 2.1. for an example.

Q.E.D.
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Figure 2.1.

When cuts would run along edges only, it was
immediately clear that a finite optimal solution
did exist. The above theorem shows that this
(unfortunately) is not the case.

Theorem 2.2. Suppose the piece of paper
is convex and there exists a finite cut-
ting sequence of total cost c¢. Then there
exists a finite cutting sequence of cost
Sc in which all cuts touch the polygon P.

Proof.

We will not describe the proof in detail.
The idea is as follows. Consider the finite cut-
ting sequence of cost ¢. OQut of this sequence we
will construct a finite cutting sequence of cost
<c in which all cuts touch P. This new sequence
is exactly the same except that each cut not
touching P is either deleted or moved (in paral-
lel) towards P.

Let 1 be the first cut that does not touch P,
Clearly, moving or deleting 1 does not change the
cost of the cuts before 1. Let us look how the
cost of 1 plus the total cost of the cuts after 1
changes when moving 1 towards or away from the po-
lygon P. It can be shown that this cost behaves
as a concave function in the distance of 1 from P.
Hence, the minimum {is obtained either when 1
touches P or when 1 lies as far from P as possi-
ble, i.e., outside the piece of paper. So, either
deleting the cut 1 or moving it such that it
touches P gives rise to a cutting sequence of cost
<c.

Applying this to all cuts that do not touch
the polygon P ylelds a cutting sequence of cost <ec
in which all cuts touch P.

Q.E.D.

Theorem 2.3. Suppose the piece of paper
is convex and there exists a finite cut-
ting sequence of cost ¢c. Then there ex-
ists a cutting sequence of cost <c with
0(n) cuts (all touching the polygon P),
where n {s the number of edges of P.



Proof.

We may assume there exists a cutting sequence
of cost <c 1in which every cut touches P. Among
those we choose the one with the minimal number of
cuts. After one cut is made we have the situation
in which there is a convex arc with some paper
hanging on it. (See figure 2.2, for an example.)
It can easily be shown that after a small number
of cuts through the endpoints of the arc (never
more than S5) a cut has to run through another
point of the arc. (An improvement on this number
5 i3 very likely.) This demonstrates that after a
constant number of cuts the problem reduces to two
arcs of smaller size. We can continue like this
until we get to arcs of only one edge, when we ob-
viously just cut along the edge. Hence, when f(n)
denotes the minimal number of cuts necessary to
cut out an arc of n edges (with cost below a given
bound) then we have f(1)=1 and

£(n) < max

£ kg1 (£ (O£ (aK)+5)

and the theorem follows,

Q.E.D.

This still does not show that a finite
optimal cutting sequence does exist. We only
showed that, assuming a finite optimal cutting
sequence does exist, there exists an optimal cut-
ting sequence with 0(n) cuts in which each cut
touches the polygon P. We will now show that a

finite optimal cutting sequence Iindeed exists.

Figure 2.2.

This is not as trivial as one might expect. (See
the remark after the proof of the theorem.)

Theorem 2.4. If the plece of paper 1is
convex, then-there exists an optimal cut-
ting sequence with 0(n) cuts in which each
cut touches the polygon P, where n is the
number of edges in P.

Proof.

Given a piece of paper and a polygon P, let ¢
be the infinum of the costs of all cutting se-
quences which cut P out of the paper. (Hence,
when a finite optimal solution exists,c is the cut
cost.) By the above theorem ¢ is also the infinum
of all such sequences with at most c¢'n cuts (for
some fixed constant c¢') and all cuts touching the
polygon. Taking a cutting sequence, loock at the
sequence of corners and edges in which the cuts
touch P. Clearly there are only a finite number
of such sequences of corners and edges. Hence,
there must be one such sequence of corners and
edges such that for each e>0 there is a cutting
sequence with this sequence of corners and edges
with cost <c+e. Hence, ¢ {s also the {nfinum of
the cutting sequences that touch the polygon P in
this fixed order. We will now show that for such
a fixed sequence of touching corners and edges an
optimal solution does exist.

We will prove this by induction on the number
of cuts that still have to be made. When only one
cut 18 left, it is clear that there 1is only one
optimal one namely the one along the last edge.
So assume it holds when k cuts are left. Now look
at the k+1'st cut (from the back). When this cut
must run along an edge (remember it is fixed how
the cut touches the polygon P) there is only one
possibility. So we only have to consider the case
the cut touches P in a corner. Now one can show
that turning the cut around the corner, the op=
timal cost of the remaining cuts changes continu-
ously (because the paper 1is convex). Moreover,
the cost of this cut changes continuously as well.
Hence, there is an optimal cut through this

corner.

Q.E.D.



For the case the plece of paper is not convex
the problem is much harder. First of all there is
no analog of theorem 2.2. as the following theorem
shows:

Theorem 2.5, When the piece of paper 1is
not convex there are cases in which there
i{s no optimal cutting sequence in which
all cuts touch the polygon P.

Proof.

See figure 2.3. for an example.

Q.E.D.

And even worse, if we consider a piece of
paper as a closed object (in the topological
sense, as opposed to open), there are situations
fn which no optimal cutting sequence does exist.
See figure 2.4. for an example of such a situa-
tion. It is clear that moving the cut downwards
improves the cutting sequence, But, at the moment
the cut touches P the cost increases considerable.

Hence, an optimal cutting sequence does not exist.

jcut

Figure 2.3.
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Figure 2.4.

If we consider the piece of paper to be an
open object, the argument no longer holds. We are
not able to prove or disprove the existence of a
finite optimal cutting sequence in this case.

3. Algorithms for restricted cases.

In this section we will give two aigorithms
for two restricted cases of the problem. In the
first case we allow cuts to run along edges of the
polygon P only. Hence, we have to cut along each
edge of P exactly once. We only have to determine
the order in which we have to make the cuts. We
assume that the plece of paper {s convex. n
denotes the number of edges of the polygon P, N
the number of edges of the piece of paper. We
number the edges of P from 1 to n around the
polygon.

The method we apply is dynamic programming.
This is based on the following observation: Assume
that at some moment edges i and § have been cut
and the edges in between i and j not. Then the
order in which we have to cut the edges between |
and j is completely independent from the order in
which we cut the other edges. So we can precom~
pute the order in which we have to make the cuts
between { and j.

The algorithm computes optimal cutting
sequences for all arcs of edges, in order of
length of the arc, i.e., we start with arcs con-
sisting of one edge, next arcs consisting of 2
edges, and so on. An optimal cutting sequence for
the edges between { and j consists of a cut along
some edge k (i<k<j) followed by an optimal cutting
sequence for the edges between i and k and for the .
edges between k and j. Hence, when we have com-
puted the optimal cutting sequences for smaller
arcs, we can compute the optimal cutting sequence
for this arc by trying all possibilities, i.e.,
all possible choices for k. Trying a cholce con-
sists of computing the cost of the cut along edge
k and adding the already computed costs of the two
remaining arcs. By doing some 0(n+N) preprocess-
ing, such a try can be performed in 0(1) time.
Hence, finding the optimal cutting sequence for
thls’arc takes time 0(j-1). Clearly the total
number of arcs is bounded by o(nz) and, hence, the



total amount of work is bounded by O(n+N) prepro-
cessing and 0(n3) time for computing the optimal
cutting sequence.

Theorem 3.1. When we are only allowed to
cut along edges of the polygon P, an op-
timal cutting sequence can be found in
O(N+n3) time.

We will now restrict the problem further to
obtain a linear time solution. We assume that the
lines extending the edges of the polygon P to
infinity do not (intersect inside the piece of
paper (except at the corners of P). See figure
3.1. for an example. Again we number the edges of
the polygon P in clockwise order from 1 to n.
Then we divide the cost for a cut along an edge i
in three parts: the cost 1, of the part of the cut

left of the edge, the costie1 of the edge itself
and the cost ry of the part of the cut right of
the edge. We do not have to consider the costs e1
because we have to pay them in each cutting

sequence.

Let us now look at a corner of the polygon
(see figure 3.2.). There we encounter a right
part ry of an edge and the left part li+1 of the
next edge. Independent of the order of cutting we
either have to cut r, or 11*1.
reduce the cost of both parts with ai-min(ri,li+1)

Hence we can

cause we always have to pay this amount. So let

,. - ’ = - '-
ri r1 a1 and l1+1 1“1 ai. Now either ri Q0 or

1i+1-0. We distinguish the following cases:

Figure 3.1.

Figure 3.2.

(1) Either all 1; are zero or all r; are zero.
Suppose all li are zero. Then we start our
cutting sequence with the cut along the edge
k with minimal ré. As a result of this cut
ré_x "becomes" zero. Hence, next we can cut

along the edge k-1 with no real cost (except

for the cost we always have to pay). Next we
can cut along the edge k-2, etc. It is easy
to see that this gives an optimal cutting
sequence with total cost

n

L (e,+a,) +r
(=1 i i

&.

(2) Otherwise there must be an edge k with both
1; and ré zero. Of course, we can start the
cutting sequence by cutting along this edge
K. In fact, we can continue cutting along
edges with both left and right part having
zero (extra) cost. This leads to an optimal
cutting sequence with total cost

n
L (e,+a,).
(a1 i1

The values for li' rl, r; and li can be
determined during one simultaneous walk around the
piece of paper and the polygon P. The cutting
sequence can then be determined i{n another walk
around the polygon P. This lead to the following

result:



Theorem 3.2. When we are only allowed to
cut along edges of the polygon P and these
cuts do not intersect inside the piece of
paper (except at the corners of P), an op-
timal cutting sequence can be determined
in O(N+n) time.

4. Concluding remarks and open problems.

In this paper we introduced the problem of
cutting a polygon out of a piece of paper, which
seems to be interesting to study. We solved some
part of it and pointed out some of its difficul-

ties. A large number of open problems do remain.

The main open problem, of course, is to find
an algorithm that finds an optimal cutting
sequence for each piece of paper and convex
polygon P. Some smaller steps in this direction
would be: a proof of existence of a finite optimal
cutting sequence in the case the piece of paper is
not convex (regarding a piece of paper to be an
open object), and an algorithm for solving the
problem in the case the piece of paper is convex.
Both might not exist. Because the problem is not
discrete it might be possible that an optimal cut-
ting sequence cannot be computed at all.

Also algorithms that approximate the optimal
cutting sequence are interesting. The algorithms
described in section 3 can be very bad in some
cases, {.e,, cutting only along edges is not a
good approximation for the general problem.

As noted, the polygon P needs to be convex.
On the other hand, it is possible to cut a number
of convex polygons out of one piece of paper. An
extension to this more general situation might be
interesting (after the problems mentioned above
have been solved).

Finally there exists the problem of cutting
with half-rays, This corresponds more with our
usual way of cutting: a cut i{s a half-ray running
from infinity to some point in the paper. 1In this
case not only convex polygons can be cut out but
also 3some other c¢lasses. These can easily be
identified, but the prodlem of optimal cutting
sequences with half-rays is completely open.

5. References.

No references on this topic seem to exist and
no useful results could be found.



