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MAINTENANCE OF TRANSITIVE CLOSURES AND
TRANSITIVE REDUCTIONS OF GRAPHS

J.A. La Poutré and J. van Leeuwen

1 Introduction

Let G =< V,E > be a directed graph, G* =< V, E* > its transitive closure and G~ =<
V,E~ > its transitive reduction (cf. [1]). Let E* and E~ be represented by incidence
matrices. Suppose edges are inserted in and deleted from G one at a time. We consider
the problem of efficiently updating G* and G~ each time an edge is inserted or deleted.

Ibaraki and Katoh [2] presented two algorithms that update G* when edge insertions and
deletions are considered separately. Their insertion algorithm takes O(|V|?) time for ¢
consecutive insertions and their deletion algorithm takes O(|V|3(|Eqd| + |V])) time for ¢
consecutive deletions (where the subscript ’old’ refers to the original graph before the g
deletions). A more careful analysis of their algorithms yields an O(| E}.y|-|V|) time bound
for g consecutive insertions (where the subscript ‘new’ refers to the result graph after the
¢ insertions) and an O(|E34| - V| + |E4dl | E4l) time bound for ¢ consecutive deletions.

In this paper we present more efficient algorithms for the same problems, and for main-
taining the transitive reduction of G as well.

First we present an algorithm for updating both G* and G~ in the case of edge insertions,
that requires O(|Epew|-|V|) time for ¢ consecutive insertions. The algorithm employs an
efficient search strategy (e.g. depth first search) for determining the entities to be updated.
The approach is related to an algorithm presented by Rohnert [3] for updating least-cost
paths in graphs.

We also present a new algorithm for updating G* and G~ in case of edge deletions that

requires O(|Eowal.|V| + €55™° - €33 ) time for ¢ consecutive deletions, where €53 **

denotes the maximum number of interior edges that are contained in a strongly connected

component of Ggq and ez‘l’;"" “denotes the total number of edges that are interior to any

strongly connected component in Gy . (Hence, €53*° < e!0¥° < E ; and if Gy

is acyclic then €3 = €4 = 0.) The algorithm again uses an efficient search
strategy (comparable to that used by Rohnert [3]), in combination with the use of auxiliary
information about the number of ways one can arrive at nodes coming from other nodes.

The information is updated by both the insertion and deletion algorithm.

The algorithms especially yield better time complexities (compared with those presented
in [2]) for graphs with E_;; < |E*| (e.g. planar graphs) and for graphs with relatively
small components (i.e. graphs with €5,3*Y° = o(|E|)). For example, for planar graphs

our algorithms both take O(]V|?) time for any g consecutive applications, whereas the



algorithm presented in [2] take O(|V|3) time in this case. For acyclic graphs, our deletion
algorithm takes O(|E 4| - |V]) (= O(|V[3)) time for q consecutive deletions, whereas the
deletion algorithm presented in [2] takes O(|EZql- V] + | ESal-| Eqal) (= O(|V|Y)) time for
q consecutive deletions.

The paper is organized as follows. In Section 2 we define some notions and in Section 3
we present some restricted algorithms, as an introduction to the ultimate algorithms. In
Section 4 notions with respect to strongly connected components are introduced and the
transitive reduction of a graph is defined as in [1]. Section 5 gives a precise description of
the problems to solve. In Section 6 and Section 7 the procedures for edge insertions and
edge deletions are presented, including correctness proofs and complexity considerations.
Finally, in Section 8 the results are condensed in some theorems and some concluding
remarks are stated.

2 Definitions

Let G =< V, E > be a directed graph with n = #V. The adjacency matrix M of G is the
n X n matrix with entries from {0,1} given by

M@G,j)=1< (i,j)€e E

for i,5 € V. If (i,j) € E, then we also write i — j. The array P of predecessor-sets
w.r.t. G is defined by

P(j)={i e V|(i,j) € E}
for j € V. The array S of successor-sets w.r.t. G is defined by
S(@#)={jeVl(iJj)e E}
forie V.
For any two nodes i,j € V we write i—;» j iff there is a (possibly empty) path from i to

jinG. If i—;—»j, node j is called to be reachable from . We write i%»j if there is a

non-empty path from i to j (i.e., a path of at least one edge). Graph G is said to be
acyclic if
.4 . . .
Y it =i # )
The transitive closure of G is the graph denoted by G* =< V, E* >, where

B = {(i,5) €V x VIi-Soj)}.
The adjacency matrix of G* is denoted by My. Clearly M§(i,j) = 1 <= i—é—rj for
,jeV.

Finally, if there is no danger of ambiguity, we often omit the subscript G.



Definition 2.1 Let G =< V,E > be a graph, n = #V. Then the input matriz Ng of G
is the n X n-matriz given by

Ng(k,m) = #{(I,m) € Elk->1}

fork,meV,

Hence, N(k,m) is the number of edges incoming to m, that are reachable from k. (We
will say that an edge (I, m) is reachable from k if its starting node [ is reachable from k)
Stated differently, N(k,m) is the number of edges over which one can arrive at m, coming
from k. The following properties hold evidently.

Lemma 2.2 Let G be a graph, G =< V,E >. Then for k,me€ V:

k—;-»m@ [N(k,m)>1VEk=m].

Lemma 2.8 For the input matriz Ng of any graph G =< V,E >, the following holds for
kkmeV:
Ng(k,m) = Z Mg (k,)Mg(1, m).
lev

3 Maintaining transitive closures and transitive reductions:
basic solutions

Let Goa =< V, Eqq > be an arbitrary directed graph with n = #V and V = {1,.-.,n}.
Let G4 =< V,E%, > be the transitive closure of Ggyq. Suppose G4 and G2, are
represented by matrices M and M* and by the arrays of sets P and S, corresponding to
Mg, M3y, Pola and S,q respectively.

Suppose an edge (%,) is inserted in or deleted from Ggg4, resulting in the new graph
Gnew. The problem is to update M, M*, P and S in such a way that they correspond to
Muew, Moy, Pocw and Spew respectively.

In the next few subsections we give algorithms for the insertion or deletion of a single
edge. (Henceforth we will assume that an alternation of M results in an alternation of P
and S at the same time.) The algorithms are presented in order to develop the basic ideas
for the efficient solutions to the update problem in later sections. We assume the reader
to be familiar with the Hoare-style of program specification. Pre- and postconditions will
be labeled by “pre:” and “post:”, respectively.

(We write iﬁ» J to denote that j is reachable from ¢ in G , and ii: 7 likewise to denote
Ol

that j is reachable from 7 in G.,,.)

3.1 Edge insertions

Suppose (i,j) € Eolq and (¢,j) is inserted in Goia. Then we have Gpew =< V, Eqq U
{55} >.



Lemma 3.1 Let Gy =< V, Elyy >, (i,5) € Eljy and Gy, =< V, EgaU{(5,7)}). Then
fork,meV,

k—=sm <= kmv(k-5iA J—m).
new old old old
k=i < k2.

new old

j—m &= j-t.m.
new new

Proof Trivial. O
We now present procedure insert*, that satisfies the specification
{M = Mg A M* = M3 A M(3, 5) = 0}
insert*(i, 5)
{M = Moo A M* = M3,,)
The procedure is given in Figure 1. The predicates Py and R(i) occuring in the subsequent

procedures will be stated afterwards. The procedure uses two auxiliarly colours (red and
blue) to colour nodes. Initially all nodes are assumed to be neutral, i.e., not coloured.

We will now argue that the procedure insert* satisfies the specifications.

Procedure insert* operates in the following way. First, M is adjusted to record the inserted
edge. By Lemma 3.1 it is easily seen that M* only needs to be updated if ﬂ(i-;—‘{ 7), i.e.

O
M*(i,5) = 0. If this is the case, M* is updated per row, i.e., by handling M*(k,.) for
each k (line 4). By Lemma 3.1 it follows that row M *(k,-) only needs to updated if
k—;—;i A ﬁ(k-’i';»j), e, M*(k,i) = 1 A M*(k,5) = 0. Procedure insert* performs this
0. O

update for any given k by first colouring j red (line 6). At this moment (line 7) condition
Py holds, where P, is given in Figure 2. For each k, R(k) denotes the predicate.

VM (k,m) = 1 4= k=—sm].

Py indeed holds at line 7 of the procedure, since j is the only red node at this moment
and there are no blue nodes. )

Lemma 8.2 {Po} adapt*(k) {P, A there are no red nodes}.

Proof. It is readily seen that P, is an invariant of the do-loop of procedure adapt*.
Moreover this loop terminates, since at every pass of the loop a red node [ is coloured blue
and M*(k,l) := 1. Note that a node m can only become red if M*(k,m) = 0 and that an
entry of M* is never changed from 1 to 0, hence blue nodes cannot turn red again during
the call of adapt*(k). O

Lemma 3.3 PyA there are no red nodes —> R(k).



Figure 1: Procedure insert*.

(1) procedure insert*(i,j);{pre: M = My, A M* = M34;p08t : M = M., AM* = M.}

(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)

M(i,j):=1;
if M*(i,7)=0
— for k:=1tondo
— if M*(k,j)=0A M*(k,i)=1
— colour j red;
{Po}
adapt*(k)
{PoA there are no red nodes }{R(k)}
discolour all (coloured) nodes
fi {R(?) holds for 1 < i < k}
rof {R(¢) holds for 1 < i < n}
fi

(15) procedure adapt*(k) {local to procedure insert*}

(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)

{Po}
do there are red nodes
— let | be a red node;

{Po Alis red}
M*(k,1) := 1; colour ! blue;
for all m € S(I)
— if M*(k,m) = 0— colour m red fi
rof

{Po}
od

{PoA there are no red nodes }




Figure 2: Condition Fo.

) For all nodes m the following conditions hold.
Pyo: Node m is red, blue or neutral; node j is red or blue.
Py, If m is red, then

M*(k,m)=0A —.(k-—i—;m) A k->m.
(o)

new

Py a: If m is blue, then
M*(k,m)=1A ﬁ(k-—l*?m) A kn—:w»m.

Py s: I m is neutral, then
M*(k,m)=1+<= k%irm.
Ol

Py 4: If [ is a blue node, then
(I,m) € E,,, <= (m is blue or red) v k—ﬁ»m.
[+)

Figure 3:

01 Node m is either blue or neutral; node j is blue.

0,2} If m is blue, then
M*(k,m)=1Ak——m
new
0.3 If m is neutral, then
M*(k,m)=1<+= kﬁm.
[+

0,41 If I is a blue node, then
(I,m) € E e, = (m is blue ) v k—;ld+m.




Proof. Suppose “PyA there are no red nodes” holds. Hence we have for all nodes m
assertion P} (cf. fig. 3).

To prove R(k) we need to show that M*(k,m) =1 < kn—:'}m for all nodes m. Let m be
a node.

(=>) Suppose M*(k,m) = 1. By P, we have k—m V k—m. Hence k—m (By prop-
new ol new

erty 3.1).

(<) Suppose by way of contradiction that k-:-rm A M*(k,m) = 0. Then it follows from

P, that m is neutral, ﬂ(kT;m) and m # k Lemma 3.1 yields that ]—a»m Therefore

there is a path from j to m in G 4. Consider such a path. Since j is on this path, there
is a blue node on it (by Py;). Now let I be the last blue node on the path. Since m is

neutral, / has a successor ' on the path that is neutral. Therefore P(;A yields k—i:»l'. Since
O

l'ﬁ»m this implies k—;—':m and hence M*(k,m) = 1. Contradiction. D
o. O

Observe that procedure adapt*(k) in fact employs a kind of search strategy on the graph,
starting at j, for finding the nodes m for which M*(k, m) needs to be updated.

Theorem 3.4 Procedure insert*(i, j) satisfies the following specification:
{M = Myg A M* = My A M(i, j) = 0}
insert*(s, j)

{M = Mnew A M‘ = Mr:ew}

Example 8.5 Let Gy be given by Figure 4 ( not including edge (1,2)). Suppose edge
(1,2) is inserted using procedure insert*. The algorithm ‘searches’ for node pairs (k, 1) for
which M*(k,l) must be increased to 1. Now adapt®(1) starts the search in node 2 and
first node 2 red, then node 4 and 5 and finally node 9. Note that the outgoing edges of a
node m are only traversed if m is red and therefore if M*(I,m) is changed from 0 to 1.

3.2 Edge deletions: an algorithm for the acyclic case

Suppose (i,j) € E_, and suppose (i,j) is deleted from G_;. Then we have G, =<
V, E_4\{(%,7)} >. For convenience, we state the converse of Lemma 3.1.

Lemma 3.6 Let Gl =< V, El}4 >,(4,7) € E})y and Gy, =< V,E;;\{(¢,5)} >. Then
fork,meV:

k——m <= k-—>mvV (k—»z A j—m)

old new new

ki = ki

old new

]—-»m ~ J—»m
old new

Henceforth in this section, we assume that G is acyclic.



Figure 4:

. ------- //1.
3\.9

We now present procedure delete*, satisfying the specification
{M = MugAM*=Mya AN = NygAM(5,5) = 1}
delete*(%, 5)
{M = Mpew AM* = M3 AN = Nnew}

The procedure is given in Figure 5. The predicates Q¢ and S(k) are stated afterwards.
The procedure uses one auxiliarly colour (red) to colour nodes. Initially all nodes are
assumed to be neutral, i.e. not coloured.

We discuss the algorithm and argue in support of its correctness.
For k € V, let I(k):

\'Y:[M"(k,m) =1<= kx“;m]
VIN(k,m) = #{(1,m) € Eyqlt31)]

At the invocation of the procedure delete®, Y[I (k)] holds. In the algorithm, first M (and

hence S and P) is adjusted to record the deletion of edge (%, 7). ( This does not affect I(k)
for k € V because M* and N are still “old”). Like in the procedure insert* , we update
M*(k,-) and N(k,-) for each row k separately, for k from 1 to n. Because edge (i,7) is
removed, this edge cannot contribute to N(k, j) anymore for k& with k—-;i;i: hence for such

()
k, N(k,7) need to be updated. On the other hand, by Lemma 3.6 it is seen that the rows
M*(k,-) and N(k,-) need to be updated for such k only. This gives rise to the guard in
the if-statement of line 4 and to the statements in line 5 and line 10.

We now distinguish two cases, according to the inner if-statement in line 4-11.

o If N(k,j) = 1 A I(k) holds (cf. line 4), then N(k,j) is decreased and j is coloured
red (line 5-6). From Lemma 3.6, k——i and G,  being acyclic, it easily follows that

Qo holds at line 7, where Qo is given in Figure 6.

10



Figure 5: Procedures for edge deletion.

(1) procedure delete*(, j){pre: M(¢,j) = 1}
(2) M(i,7) := 0; {I(k) holds for k € V'}

(3) fork:=1ton

4) — if M*(k,i)=1— {I(k) A M*(k,i) =1}

(5) if N(k,j)=1— N(k,j):=N(k,j) -1
(6) colour j red;

(7) {Qo}

(8) adjust*(k)

(9) {@A there are no red nodes}{So(k)}
(10) [ N(k,5)>1— N(k,j):= N(k,5) — 1 {So(k)}
(11) fi fi

(12) rof

(15) procedure adjust*(k) {local to procedure delete*}

(16)  {Qo}

(17) do there are red nodes

(18) — let mg be a red node; {Qo A mg is red }

(19) M*(k,mo) := 0;

(20) discolour myg

(21) {Qo}

(22) for all m’ € S(myo)

(23) — N(k,m')= N(k,m') - 1;

(24) if N(k, m’) = 0— colour m' red fi

(25) rof

(26) {QuHQ)

(27) od

(28) {QoA there are no red nodes }

11



Figure 6: Condition Q.

Qo

Qo,1:

Qo,2:
Q0,3!

For all nodes m the following holds.

M*(k,m) =1 ¢= k=—mV §d '[l—'>m]

N(k,m)= #{(lvm) € EnewlM.(kal) =1}

If m is red, then
kﬁmAN(k,m):OAk#m
(o)

At this point (line 8), procedure adapt*(k) is called. In Lemma 3.8 it will be shown

that {Qo}adjust*(k){QoA there are no red nodes} holds. It is easily seen that we
have

Qo A there are no red nodes = Sp(k),
where Sg(k) is given by

V[M‘(k, m) =1 <= k—m)]
m new
VIN(E,m) = #{(1,m) € Epeylk=1}].
Therefore So(k) holds in line 9.

If N(k,j) > 1AI(k) holds (cf. line 10), then in G ;4 there are at least two edges that

are incoming to j and reachable from k. Hence there is a node I # i such that (,5) €

Ega A k—%l. Because | # i and G4 is acyclic (and hence a cycle j—I—mnew;
O.

does not exist), this implies (,7) € E, ., A kﬁl (by using Lemma 3.6). Therefore

we have kl—li:-)m = k—;-;m for all m. This yields that after decreasing N(k, 5),
w o
condition Sp(k) holds.

We have now established the following result.

Theorem 8.7 Procedure delete*(%,j) satisfies the following specification

delete* (3, 5)
{M =M, AM* =M, AN = Ny }.

We are left with the task to prove lemma 3.8.

Lemma 3.8

{Qo} adjust*(k) {Qo A there are no red nodes}

12



Proof. Suppose Qo holds at line 16. First we prove that Qg is an invariant of the do-loop
of adjust*(k) in line 17-27. At line 18, Qo holds and my is red. Therefore, Qo holds in
line 21, where @, is given below. (Note that indeed “'(ki;mo) holds at line 21, because
at line 18 we have that N(k,mg) = 0 A Qo2 A k # mo holds, and because there is a path
in G, from k to mg (k # mo) only if there is a path from k to some predecessor of my).

Qo,:

Q0,1
Qo2
Qo3
Q0,4

For all nodes m # mg the following two conditions hold.
M*(k,m)=1< k-n—;—;m v ,.edz[ln—:;m] % moﬁ'-:m
N(k,m)=#{(,m) € Ene,,lkn—:'}l V3 red 1:[1';:—31] \ mo;i-;l}
Qo3

M*(k,mq) = N(k,mg) =0A k%{mo A —-(kn—:w»mo)/\

A4 red l[ﬂ(l;:;?WO)]

It is easily seen (by using that G, is acyclic) that Qf holds at line 26 (where @ is given
below). Indeed, since Qg , directly follows from Qg and since Qg ,, Qg 3 and Qg 4 follow
from Qg 2, Qo3 and Qg 4 by means of the statements in line 22-25 and the acyclicness of

Gold .

",
hE

" .
0,1°

" _.
0,2-

”_.
0,3*

Q 6’,45

For all nodes m # mg the following conditions hold.

M*(k,m) =1 <= k—m V 3peqi[l—m]
new new
v

[m'—m)]

m’:(mo vm')eEnew new

N(k,m) = #{(1,m) € Epeylk=o1V 3 rean[l'=51]
v3 [m'=1]}

m’:(mo,m')GEnew new

Qo3 N Qb4

If (mo,m) € E,,, then N(k,m)= 0 <= m is red.

We now prove that Qo follows from Qg. By QSA, Qg,z and G, being acyclic we have for
all m with (mg,m) € E_,,:

misted V k-mv 3 [I'->m]
new red I’" new

V. Ji(mo,m') € Epey A’ # mAm'Zam]. (1)

new

13



Therefore, we have for all m with (mq,m) € E_,,

(2)

misted V k=smv 3 [lI'=>m)]
new red I’ new

To see this, let A be defined by

A= {m|(mo,m) € E,.w Amis not red A ﬂ(k;:';»m) A Vred ,,[—-(l'-mi'v»m)]}.
By (1) and the definition of A we have

J [m' # mAm'm).
meA m'eA new
Since G, is acyclic and V is finite, this implies that A = @. Hence (2) holds.

Finally, from (2), Qg,nQS,z and Qg,s it follows that Qo holds at line 26. This yields that
Qo is an invariant for the do-loop.

Furthermore, in each pass through the loop a red node my is discoloured and M*(k,mo)
is set to 0, which implies (by Q¢ and since M*(k,mg) is never set to 1 ) that mg will
never be red again. Therefore the do-loop terminates. This yields that at line 28:

Qo A there are no red nodes left.

O

Example 8.9 We illustrate procedure delete*(,j). Let G4 be given by Figure 7. We
have N, )4(1,2) = N_4(1,3) = N 4(1,4) = 1 and N ;4(1,5) = N_4(1,6) = 2. Suppose edge

Figure 7:

T~y >e >
/“6\.8

(1,2) is deleted by means of procedure delete®. The algorithm ‘searches’ all node pairs
(i,3) for which M*(i, j) must be decreased to zero, and adjusts matrix N correspondingly
at the same time. Procedure delete*(1,2) decreases N(1,2) by one, yielding N(1,2) = 0.
Therefore it follows that there is no alternative way from 1 to 2 and hence procedure
adjust*(1,2) is called. It sets M*(1,2) to 0 and decreases N(1,3) and N(1,4) by one,
since the edges (2,3) and (2,4) do not contribute to N(1,3) and N(1,4) respectively any

14



longer. Since this gives that N(1,3) = N(1,4) = 0 (there are no alternative paths),
M*(1,3) and M*(1,4) are set to zero. Therefore N(1,5)and N(1,6) are decreased by two
and one respectively, yielding N(1,5) = 0 and N (1,6) = 1. The algorithm stops by setting
M*(1, 5) to zero and by leaving M*(1,6) unchanged (since N (1,6) = 1 finally implies that
there must be an alternative path from 1 to 6). (Hence N (1,7),N(1,8), M*(1,7) and
M*(1,8) remain unchanged too.)

Example 8.10 We illustrate why procedure delete* works on acyclic graphs only. Let
G4 be given in Figure 8 and suppose edge (1,2) is deleted. Note that Ny4(1,2)=2.

Figure 8:

2
o—Pbo ®3

Procedure delete*(1,2) decreases N(1,2) by one, yielding N(1,2) = 1. Therefore it stops
without changing M*(1,2), etc. This is because node 2 and node 3 are strongly connected

in G, i.e. 2—;;»3-%2, and hence it seems by means of N(1,2) that there still is an
0. Ol

alternative path from 1 to 2 (via 3) after deleting (1,2). This obviously is not the case.

In the ultimate algorithms that will be presented in sections 6 and 7, we will therefore
use some information about the number of edges incoming to an entire strongly connected
component (cf. Def. 4.5) that are reachable from another strongly connected component.

(Le., we have to eliminate the interior edges of a strongly connected component in our
calculations.)

4 Transitive reduction and the component input matrix

We employ the notion of the transitive reduction of a graph as given by Aho, Garey
and Ullman([1]). We only state some appropriate definitions here. For a more thorough
treatment of transitive reductions we refer to [1).

We first give the definition of transitive reductions for acyclic graphs, and state some
properties of it.

4.1 Transitive reductions of acyclic graphs
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Definition 4.1 Let G be an acyclic graph, G =< V,E >. A transitive reduction G~ =<
V,E~ > of G is a graph with a minimal number of edges satisfying G* = (G~)*.

It follows from the next lemma, that the transitive reduction of an acyclic graph is unique.

Lemma 4.2 Let G =< VE > be an acyclic graph and let G- =< V, E- > be a transitive
reduction of G. Then

E- = {(k,m) € ENVi{k-=>I A(l,m) € E = k = I]}

Proof Let G and G~ be as given above.
(C) Suppose (k,m) € E~. Then k # m (since otherwise deleting (k,m) from E- would
result in a smaller graph with the same transitive closure, which violates the minimality

condition). Hence, by Definition 4.1, we have k—t»m. Let I be a node such that k—;-»l —m

[to prove: k = I]. Suppose k # I. Since G is acyclic, we have I # m. Moreover, because

of G* = (G™)* we have k—+-+lat+m. Since G~ is acyclic, this yields that a path from k
G— -

to I cannot contain the edge (k,m). Similarly a path from I to m cannot contain (k,m).

Therefore there exists a path in G~ from k to m, not using edge (k,m). Hence, deleting

(k,m) from E- would not affect the transitive closure, which contradicts the minimality

condition for E~. Therefore we have

‘y’[k_;_w\(z,m)e E=k=1

Finally, since k—;—>m, there exists an [ with k—c';»l —-m which yields that (k,m) € E.
(2) Suppose (k,m) € E and Y[(k—;»l A (I,m) € E) = k = l]. Suppose (k,m) ¢ E~ [to

prove: contradiction]. Since G is acyclic, we have that k # m and hence k—Gi+m. Because

of (k,m) ¢ E~, there exists a node ! such that k—I—+m and k # I # m. Therefore we
G- G-

have k%»l —;—>m. Because G is acyclic, this implies that k—'é—»l’ <™ holds for some node

U',I' # k. This contradicts our assumption. O

Corollary 4.8 Let G =< V, E > be an acyclic graph. Then there is precisely one graph
that is a transitive reduction of G.

Because of Corollary 4.3 we henceforth speak of the transitive closure of an acyclic graph
G, denoted by G—.

Lemma 4.4 Let G =< V, E > be an acyclic graph. Then for G- =< V, E~ > we have

E- = {(k,m)€ E|N(k,m)=1}
= {(k,m)eV x V|N(k,m)= M(k,m) =1}

Proof By Lemma 4.2 and Definition 2.1 the assertion easily follows. O
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4.2 General Graphs

We introduce some notions for graphs.

Definition 4.5 Let G be a graph. The (strongly connected) component C(k) of k is given
by
C(k):={me Vlk—;am A m—é—»k}.

The leader L(k) of component C(k) is given by L(k) = minC(k).

We generalize L in an obvious way for node pairs (k,m) € V2 by L((k,m)) = (L(k), L(m)).
The following property is trivial.

Property 4.8 Fork,m € V, the Jollowing assertions hold.
(a) C(k)n C(m) = BV C(k) = C(m)
(6) L(k) = L(m) <= C(k) = C(m) <= k € C(m)

(c) N(k, m) = N(L(k)vm)

Definition 4.7 Let G =< V,E > be a graph. The condensed graph G¢ =< Ve, E¢ > of
G is given by

Ve = LV)= {L(k)lk € V)
B¢ = LE)\{(x,x)|x € V<)

{(5,1) € VEX V| #£ p A kegl(“)mg@m, m) € E]}

The weighted adjacency matriz M¢ of the condensed graph G¢ is the V| x |V¢| matriz
given by

Me(k, u)

= #{(k;m)€ Elk€ C(k)Am € C(n)} form,p€Ve,x# p
Me(k,k) = 0

fork e Ve

The arrays P° and S¢ of predecessor-sets and successor-sets w.r.t G° are the |V|—arrays
defined by

P()) = {x € V|(x, ) € E)
SA) = {r € V|(A, 1) € E°}
for X € V¢ and P<()) and S°()\) are empty otherwise.

Note that V¢ is in fact the set of leaders, and that there is an edge from one leader « to
another p in G* if there is an edge from the component C(x) to the component C(u).

For convenience we state the following property.

Property 4.8 Let G =< V,E > be a graph and let G° =< V¢, E¢ > be its condensed
graph. Then the following properties hold:
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(a) For k,u € V¢ we have
(K 1) € E° <= M%(k,p) >0

(b) For k,p € V¢ we have

kGC(n)mGC(u)[k?m = K'?”]

(c) For k,u € V¢ we have . .
n?u <~ K—G?u ’
(d) G¢ is acyclic
(e) If G is acyclic, then G° = G.
We now introduce the component input matrix N¢.

Definition 4.9 LetG =< V, E > be a graph and G¢ =< V¢, E > be its condensed graph.
The component input matriz N° of G is the integer |V¢| x [V¢| matriz, given by

Ne(k,p) = #{(I,m) € E|l € V\C(u) Am € C(1) A K-é*l}
for k,p e Ve,
We can consider N°(k, u) to be the number of edges (in G) incoming to component C(u)

from the outside, that are reachable from component C(x). Note that N °(k,&) = 0 for
K€ Ve,

Consider the following example.

Example 4.10 Let G be given in Fig. 9 Then V¢ = {1,2,3} and C(1) = {1},C(2) =

Figure 9:

‘._»2./ %
~a\

o
4

{2},C(3) = {3,4,5}. Now we have e.g. N(1,2) =1 and N(1,3) = 3 while N¢(1,2) = 1
and N¢(1,3) = 2, since only the edges (2,3) and (2,4) contribute to N¢(1,3). Moreover,
note that N¢(3,3) = 0.
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Property 4.11 Let G be a graph and let G¢ be its condensed graph. Then the following
holds for k,u € Ve,

Ne(g,p) = E M*(k, \YM<(A, p)
aeVe

Proof. By Definition 4.9, Property 4.6.a and Property 4.8.b we have

Ne(k,p) = #{(I,m)€ E|L(l)# pAm € C(p) A r—L(1)}

= > #(Im)eEleCA\AmEeC(u)AN# B AK-Zs2)
reVe

= Z M*(&, A)Me(A, 1)
reVe

a

We want to express N° in terms of N. Therefore, we first introduce a simple notion.
Definition 4.12 Let G be a graph. The array e° is the |V|-array given for m € V by

e’(m) = #{(l,m) € E|L(l) = L(m)}.

Hence, e°(m) is the number of edges incoming to m, that are within the component of m.
In the following properties we refer to an arbitrary graph G =< V, E >.

Property 4.13 For m € V we have N(m,m) = e(m).
Property 4.14 For k,m € V the following holds: k—;-»m = N(k,m) > e°(m).
Property 4.15 For k,u € V° the following holds.

Ne(s, 1) = { Emec(N(x,m) = e(m)) if x-2op

0 otherwise

Proof In the proof of Claim 7.9 a more generally valid equality is proved. We therefore
refer to that proof. OO

Property 4.16 For k,u € V¢ the nezxt equivalence holds.

n-—é—»u < N(k,p) 2 1VK=p.

4.3 Transitive reductions of general graphs
For a general graph, its transitive reduction is defined through the transitive reduction of

its condensed graph (representing the connection structure between components) and by
means of a special graph representing the reachability structure within the components.
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Definition 4.17 Let G be a graph, G =< V,E > . The component-representation graph
(CR—graph) G of G is given by G =< V, E® >, where E consists of those nodepairs
that are obtained in the following way:

o if {h1, -+, hi} is a strongly connected component with k > 2 and hj <hjp1(1<j5<
k), then (hj, hjz1) € B for1 < j < k and (hg,hy) € E°".

o if {h1} is a strongly connected component, then E contains no edges w.r.t. h;.

The component-representation graph G is the graph in which the strongly connected
components of G are represented by single cycles. Notice that for k,m € V with L(k) #
L(m) we have (k,m) ¢ E°. For convenience, we introduce the following notation.

Notation 4.18 Let G =< V,E > be a graph and let G =< V, ET > be its C R—graph.
Let A be a |V| x |V| matriz with values in {0,1}. Then we write A ~cgr G iff for all
(k,m) € (V x V)\(V x V¢) the equivalence A(k,m) =1 <= (k,m) € E holds.

Since by Prop. 4.8 the condensed graph of a graph is acyclic, we are able to define the
notion of a transitive reduction in the following way.

Definition 4.19 Let G be a graph. Let G° =< V¢, E° > and G =< V,E" > be
its condensed graph and its component representation graph respectively. Let (G°) =<
Ve,(E€)~ > be the transitive reduction of the (acyclic!) condensed graph. Then the
transitive reduction G~ of G is defined as G~ =< V,(ES)~ U E™ >. The adjacency
matriz of G~ is denoted by M~

It is easily verified (by Property 4.8.e) that Definition 4.19 is an extension of Definition 4.1

Example 4.20 The transitive reduction of the graph drawn in Figure 10 is drawn in
Figure 11. '

Figure 10:

> o > o7

T
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Figure 11:

Finally, we state some properties and a lemma that is an extension of Lemma 4.4. From
Lemma 4.2 and Property 4.8.c and d, the next corollary follows easily.

Corollary 4.21 LetG =<V, E > be a graph. Let(G)~ =< V¢,(E°)~ > be the transitive
reduction of its condensed graph. Then

(B)™ ={(x,n) € ENyevelr—sAA (A, 1) € Ec = X = &]}.

Lemma 4.22 Let G =< V,E > be a graph. Let (G¢)~ =< V¢,(E)~ > be the transitive
reduction of the condensed graph of G. Then the following equality holds

(E€)™ = {(k,p) € V° x V[N(5, ) = M*(x, 1) > 0}.
Proof Let (k,u) € V¢ x V¢, Then we have

> M*(k, A)M(A, p) = MS(k,p) > 0 <= (k,p) € E°AVAch[n—;>,\/\(z\,u) € E° = A =k].
AeVe

Hence, by Corollary 4.21 and Property 4.11 the equality easily follows. O
By Definition 4.19, Notation 4.18 and Lemma 4.22 the following corollary holds.

Corollary 4.23 Let G~ =< V,E > be a graph. Then M~ satisfies the following condi-
tions.

1. M~ ~cp G

2. M=(k,p) = 1 <= T\ cye M*(K,A) - Me(A, ) = M(k,p) > O for all (k,p) €
Ve x Ve,

Moreover, every n x n matriz A with entries from {0,1} that satisfies these two conditions,
is equal to M.
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5 The General Problem

Let G, 9 =< V,E_ 3 > be a directed graph, and let n = #V and V = {1.--n}. Let

Goa =< V,E3q > and Gy =< V,E3; > be the transitive closure and the transitive
reduction of G4 respectively.

Suppose G4, G5)q and G, are represented by the matrices M, M* and M ~, correspond-
ing to M)y, M54 and M. Let P and S be arrays of sets corresponding to P,y and Syq.
Moreover, for each k € V, an additional subset of S(k) is related to k, being the set of
all successors of k that are in the same component, i.e. {m € Soq(k)|Lota(k) = Loja(m)}.
We will not make the manipulations with this set explicit. We also assume the presence
of the following information.

First we have matrix N corresponding to N1q- For representing the condensed graph G,
we have sets V¢ and arrays L, C, P¢, $¢ and ¢ corresponding to V354, Lotd, Cotdy PSay SSiq
and €S, respectively, where C(A) is an ordered list defined for A € V¢ only and where
P°(X) and S°(X) are sets (for A € V) (cf. Definition 4.5 and 4.7). Moreover we have matrix
M¢ corresponding to Mg, (i.e. M€ is a n x n— matrix such that for Ky € Ve, Me(k,p) =

MGq(k, u) and Me(k, ) = 0 otherwise).

We assume that sets are implemented by lists and n— arrays with the appropriate cross
pointers (where needed), unless stated otherwise. For convenience, we need some auxiliary
sets (being empty outside the procedure) and an n—array NC with associated list, record-
ing the entries of NC that are not equal to —1 (with NC =—1 outside the procedures
insert and delete, i.e. NC(k)= -1 for k € V).

Moreover, we assume that an alteration of M results in a corresponding alteration in
P and S, and similarly for M¢, P¢ and S¢, and for ¢ and S (w.r.t. successors in the
same component.) We therefore do not explicitly state alteration and conditions w.r.t.
P, S, P° and S°. (However, we do make an exception in the procedures joincomponents
and resetcomponents).

It is easily seen that the space complexity of the above quantities is O(n?).

Suppose an edge (i,5) is inserted to or deleted from Gq, resulting in the new graph
Gpew- The problem is to update all the above notions such that these will correspond
to the new graph G,,,. In Section 6 procedure insert is presented for updates in case of
edge insertions, and in Section 7 procedure delete is presented for updates in case of edge
deletions.

6 Edge insertions

Suppose (4,5) & Egq and (i,7) is inserted in G,;. Then we have G, =< V, E U
{(3,7)} >. Below we present procedure insert(i, ;) for performing the task described
in Section 5 for the above insertion. Comments and a correctness proof are given in
subsection 6.2, while the complexity is computed in subsection 6.3.
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6.1 Procedure insert (3, )

Procedures insert (¢, ), adapt(x) and joincomponents(j) are given in figures 12,13 and 14.
The operation of procedure insert(%, ) on the acyclic graph G¢)4 can be compared to the
operation of procedure insert*on an acyclic graph; i.e. it handles components (component
leaders) like insert*handles nodes. In addition, it handles nodes of a component together
(cf. Property 4.8.b or Property 4.6). However, insert(i, j) is more complicated because of
the possibility that components are joined and hence the (heavy) changing of the condensed
graph.

6.2 Correctness proof

We now argue that procedure insert(,j) performs the task described in Section 5 for
inserting the (new) edge (¢, 7).

Suppose we have a state as described in Section 5. Then procedure insert operates in the
following way. First M is adjusted, and Li := Lg4(j) and Lj := Laa(j). If Laa(i) =
Loid(7), then ¢ and j belong to the same component. Therefore, inserting (i, j) does not
cause any changes in the condensed graph. Hence, G¢,, = Gold Therefore M—, M€, L
and C do not need to be changed. Moreover we have by 4 2-—-—)] and by Lemma 3.1 that

Grew = Ggq- Therefore, M* does not need to be changed “either. In this case, line 3-6
is executed. Hence e° is adjusted in line 3 and N is adjusted in line 5 according to its

definition. Therefore, all entities refer to G,.,, at line 6, and hence RR holds, where RR
is given below.

RR: V=V AC =CnowAL=LpewAe =eSe, AM =M AM*"=M: AN=
Noy AM- =M AM=M,,.

If Loid(3) # Loid(7), then line 8-28 is executed. In this case a new component may arise.
This is actually the case if jj»i, since then Ly4(i) # Loig(j) implies that ﬂ(i—f; j) and
O. O

since insertion of (%, j) then yields i—j ;E:i (by Lemma 3.1). This is recorded at variable

newcycle in line 8. Since Lyg(?) # Loid(j) and an edge from ¢ to j is inserted, the number
of edges from Coid(i) to Cpew(j) must be increased by one. Since, as we saw above, a new
component may arise and hence we may have V3, # V5, we introduce the intermediate
generalized adjacency matrix Mg, by

Mi‘ixt(k’ m)

MGq4(k, m) for (k,m) # (Li, Lj)
M&4(Li, L) + 1.

Hence we have Mg, (x,u) = #{(k,m) € E |k € Coa(k) Am € Cqq(u)} for k,pu €
Viiar & # b

Now, I(x) holds at line 10 for all k € V§,, where I(k) is given below.

I(k) is the conjunction of the following clauses.

I()(K) : K€ oldAVc—Vo‘idAC=ColdAL=deAec=egldAM—NCRGoldAMcz

23



Figure 12:

Procedure insert (i, 5);
M(i,5) := 1; Li:= L(3); Lj := L(j);
if Li = Lj— adjust ec;

fork:=1ton
— if M*(k,i)=1— N(k,j):= N(k,j)+14
rof{ RR}

0 Li#Lj

— newcycle:=[M*(j,1) = 1;]
Me(Li, L) := Me(Li, Lj) + 1;
{(Vn 1k eVe:I(xk)}
for all k € V°©
— {I(x)}
if M*(k,i) = M*(x,5) = 1
— for all k € C(k)— N(k,j):= N(k,j)+ 1 rof;
ifk# Link# Lj—M~(x,Lj):=01
{R(x)}
| M*(k,i) = 1A M*(s,j)=0
— {I(r) A J(K)}
for all k € C(k)— N(k,j):= N(k,j) + 1 rof;
if k = Li—M~(Li,Lj):=1 fi;
colour Lj red;
{P,} adapt (k){P; there are no red leaders };
{R(x)} discolour all coloured nodes;
| M*(k,i)=0
— skip {R(x)}
fi {R(k) is established}
rof; {(Vk:k € V°: R(x))}
if newcycle — joincomponents(j){RR} fi
fi {RR}
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Figure 13:

1 procedure adapt(x);{local to procedure insert}

2 {P~}

3 do there are no red leaders

4 — let A, be a red leader;

5 {Py A ), is a red leader }

6 colour A, blue;

7 for all (k,1) € C(x) x C(A;)—M*(k,l) := 1 rof;
8 for all I € C(),)

9 — for all m € S(I)

10 — for all k € C(k)— N(k,m):= N(k,m)+ 1
11 rof rof rof;

12 for all p, € S¢(A,)

13 — if M*(K,p0) = 1— M~ (K, 1) := 0

14 | M*(x,p,) = 0— colour u, red

15 fi

16 rof; {P,}

17 od;

18 {P1A there are no red leaders}

25



Figure 14:

v W =

W ~1 3

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27

procedure joincomponents (5);

*A = {l e V|M*(l,5) = M*(j,1) = 1};
*A, 1= min A;
* set M~(k,p):= 0 for k,pu € V¢ with k € A\ € A by enumerating all edges;
set M°(k,p) := 0, Pé(x) := S°(K) := D,e(k) ;=0 for k,pu € VS, k€ V,
by enumerating all edges.
xforallk eVenA
— set M~ (ky,kz) := 0 for k;, k2 € C(x) by traversing
the ordered list C(x)
rof;
* for all l € A— L(l) := A, rof
*C(Ap) := A
* adjust M, P¢, S¢ e° and S (cf. section 5) by enumerating all edges;
* adjust Ve: Ve = (Ve\ AU {A};
* adjust M~ (w.r.t GS,) by traversing the ordered list
(%)
* adjust M—(,,-) for u € V<, as follows:
apply a breadth first search w.r.t. G¢,,, (by means of
E*) starting at ), to detect
those u € V., that are reachable from
Ao in G§,,, by the direct edge (A, #) € EE,,, only;
for such leaders, set M~ (Ao, 1) :=1;
* adjust M~(-, Ag) for pu € V<, as follows:
apply a backward breadth first search w.r.t. GS.,,
(by means of E€) starting at A,
to detect those u € V° from which A,
is reachable by the direct edge (u, A,) only;
for such leaders u, set M~ (u, ;) :=1
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M AM =M,

(k) : keCYd(n)\'Y:[M (k,m) = 1 <= k—om]

V  VIN(k,m)= N y(k,m)]

k€Cod(rk)™

Iy(k) : for all 4 € V§, the following holds

M=(r,p) =1 Y M*(5,)MGy(p) = MGy(s,p) >0
reVia

Now M*,M~ and N are adjusted in the for-loop given in line 11-27: this is performed
per row « for each k € V§, separately. Meanwhile, V¢,C, L and e€ refer to the old graph.
We distinguish three cases, according to the if-statement in line 13-26.

Case 1 k-4 A K—j.

old old

By Lemma 3.1 it is easily seen that M%,(x,-) = Mz, (x,-), which yields that M*(x,-)
does not need to be updated. Because of the insertion of the (new) edge (i, j), and because
no—';iri holds, N(k,j) needs to be increased by one for all k¥ € Coia(x) (cf. Definition 2.1

and Property 4.8.b).

Moreover, because of the adaptations of M¢ and N(x,-) we must have M~ (s, Lj) = 0 if
L(4) # k # L(j). (cf. Corr. 4.23). Since in this case line 14-16 is executed, and hence all
the above updates are performed, it is seen that at line 16 condition R(x) holds, where
R(k) is given below.

R(k) is the conjunction of the following clauses.

Ro(kK) : KEVGAVE=VSAC=Coa AL =LagAe® =efy

Riw) =V VIM*(k,m) = My (k,m)]

k€Cora(s)™

Ro(x) = N VIN(k,m) = Nogu(k,m)

Ry(x) 1 Y IM-(rw) =1 3 M (s, )M\ 8) = Miy(s 1) > 0]
ueV AeVe

2 —(k—1i).
Case (n—l—;z)

Then by Lemma 3.1 we have that M24(K,+) = M2ey(k, ). Moreover, Nyjy(K, ) = Nyew(5, )
holds. Therefore, condition R(x) holds. (In particular, R3(x) holds, because, among oth-
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ers, Mg(K,+) = ME,(k,-) holds as a consequence of ﬂ(no—’;;»i).) Since in this case line
24-25 is executed, R(k) holds at line 25.
Case 3 n-;:—n' A ﬂ(n—(;—>j).
In this case, line 18-23 is executed. Now, at line 18 | (k) A J(x) holds, where J(k) is given
b

’ J(K): -(n-ﬁLj)An:I:LiAM‘(n,Lj): 0.

(Since M—(k, Lj) = 0 follows from ﬂ(K'%;Lj) =0).
O.

Therefore, P; holds at line 22, where P is stated in Figure 15 . (In P, a leader is called
to be neutral, if it is neither red nor blue). Remark that P, ; holds for 4 = Lj, because

J(x) yields that ~(k—= Lj) and K——Li—+i—sj—3 [ j. Furthermore P, 6 holds, because
old old old mew” g]d

of the definition of Mg, and because M- (%, Lj) = 0 holds at line 18. Finally P, ; holds
by means of Property 4.8.b. Lemma 6.3 will state that the following specification holds.

{P1}adapt(x){P; A there are no red leaders}.

Hence, at line 23, (P; A there are no red leaders) holds. Now consider conditions Py 3, Py 3, Py 4P 5
and P, ; respectively. Then by Property 4.8.b these conditions correspond to Py 1, Po2,Po 3, Pos
and Py o respectively (cf. Section 3, Figure 2) if the condensed graph G¢ is substituted in

Py and if Property 4.8.c is applied. Therefore Lemma, 3.3 yields

P, A there are no red leaders = “;VI’IC[M *(Kop)=1< NE"]'

By using P, 7 this establishes Ry(k). This yields together with Py g that Ry(x) holds.
Finally, Ro(x) and R3(k) follow from Py and P, g. Therefore R(k) holds at line 23.

Combining the three above cases yields that R(x) holds at line 26. Moreover, it is seen
that the validness of I(x") or R(x') for &’ # & does not change during a pass of this loop
(w.r.t. &)(cf. procedure adapt). This yields that we have at line 27, that

Vis e ve: r(x)]

holds. At line 28 two cases are distinguished. If no new cycle has arisen because of
the insertion of (,5), then all components remain the same. Therefore we find

Vncewa Cola = Crew; Lotd = Lyew, €51d = €5ew and Miixt = MgeW'

C -
old =

Therefore in Rg(k) all subscripts ‘old’ and ‘int’ can be replaced by ‘new’, and it follows
that M*, M~ and N are adjusted property, and that RR holds.

If a new cycle has arisen because of inserting (¢, 5), then newcycle = true, and procedure
joincomponents(5) is called to adapt Ve, C,L,M* and ¢°, and to adapt M~ as well (since
C changes). We consider this procedure now: it is given in Figure 14.

In line 2 and 3, A = {l € V|j =51 Al->+5} and Ag = min A is established.
new new

Property 8.1 1. V&, = (V54\A) U {Ao}

2 Cueula) = A = U eys,nn Cot)
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Figure 15:

P, is the conjunction of the following clauses.

P, K € V5a A Lowa(j) is red or blue A
V°=V:1d/\C= C'ou/\L=Lou/\e°=e§14

AM™ ~cRrGog A M= MG AM = M,,,

For all leaders u € V§, the following clauses hold.
Pg: If p is red, then

M*(k,4) = OA ~(k—u) A K—ps
Pig: If i is blue, then

M (6, 0) = LA ~(x—Sop) A 5 o
P4 If 4 is neutral then

M*(g,p) =1 < n—j:u

Py If A € V54 is a blue leader, then
Mg, (A, ) > 0 = (u is blue or red) v n—o—;‘:u
Pg: M=(r,p) =1 = ¥ ey, M* (5, YMG(A, ) = MG (5, ) > 0
Py For all k£ € Co4(k) and m € Coa(p)
M*(k,m) = M*(x, 1)
Pg: For k € Cog(k) and m e V

N(k,m) = #{(l,m) € Ey, | M*(k,I) = 1}
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3. Cnew(n) = Cdd(ﬂ) Jor s € Vocld\A

Proof :
By Lemma 3.1 we have for x € V3§, that

Cod(k) C{m e V|n;—:m—m}.

new

We prove that Cp4(k) = {m € V|n;f:m;—2;n} for k € V54\A. Suppose Coia(k) # {m €

V|k—sm—k} for some k € V5,. Then there is an mg such that
new new

N;f‘-:mo A mo;—:;m A (ﬂ(no—;;mo) v —-(moo—;m)).

Hence, Lemma 3.1 yields

K i— j —Mg V Mg —— i — j — K.
old mew” old old mew" old

Since ni: mo A mon—;’m, this establishes that xk € A. Hence, Coa(k) = {m €

Vln—:-rm;:;m} for k € V§4\A. By the definition A and Ao, and by Definition 4.5 and

new
Definition 4.7, the remainder of assertion follows. O

In line 4-9 all nonzero entries in M¢ and those entries of M~ concerning some node in
A are reset to zero, as is seen as follows. For x,u € V§4,k # p we have by R3(x) that
M~(k,p) > 0 (and M(x,p) > 0) holds, only if there is at least one edge in Eyey from
Coid(K) to Cog(ps). Therefore, enumerating all edges (like in line 4-5) yields the claimed
result w.r.t. VS;. The other nonzero entries of M~ concerning nodes of A are related
to G, (since M~ ~cgr G4). Therefore these entries can be set to zero by using the
structure of G}, (cf. Definition 4.17). In line 10-13, L,C, M®,e° and V© are adjusted. It
is easily seen that afterwards V¢ = VS, , L = Lpew,C = Crew, € = €5y and M° = Mg

new

is established. In line 14-15, M~ —values are updated w.r.t. GS,,, as far as Cpew(XAo) is
concerned. Since in procedure joincomponents, M~ is changed w.r.t. A only, we have by

Prop. 6.1 that afterwards M~ ~cg G holds.

By Corollary 4.21 it follows that in line 16-27 M~ (Ao, ) and M~(:, Ag) are adjusted such
that afterwards M~ (Ao, #) = My (o, ) and M~ (i, Ao) = Mo (1, Ag) hold for u € V&

new*
The above considerations yield that after execution of joincomponents(j) in line 28 of
procedure insert(%, j), the following holds.
Firstly we have V¢ = VS . L = Lpew,C = Crew, € = €y and M¢ = Mg,,. Moreover,
since M* and N have not been changed by joincomponents(j), it follows from Vc [R(x)]

x€Vold

that M* = M., and N = N, .
Furthermore, it is stated above, that M ~(Xg, ) = Mw (Ao, ) and M~(:, Ao) = My (-, o)
holds for the new leader Ao and that M~ ~cg G, We now prove that M~(x,u) =
Mz, (k,p) for &,u € VS, \{Xo}. By Prop. 6.1 we find that (V§g\A) U {Xo} = Vi&w
and hence that VS, \{Ao} = V54\A. Now.note that for k,p € V£, \{Xo}, procedure
joincomponents has not changed M~(k,u). Furthermore we have by Prop. 6.1 and
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Ve \ {20} = V54\A that M (&, ) = MS,,(k,p) for such k and u. Therefore we have
for such x and g (by using R(x) and M* = M}.,).

M-(k,u)=1

= 3 MK ANML(A )= MG (K,p) > 0
reViq

= 3 M, M \p)+ Y Mk, A)ME(Ap) = ME(k,p) >0
AeVGa\a reanViy

=Y MU )My ) + M (5, 20) M (R0, 1) = Micu () > 0
AGV:CW\{Ao}

= D Mi (K, MM (X 1) = Miew (s, ) > 0
reVe

new

Indeed, since it is easily verified that Mg, (Ao, #t) = X5 ¢ AV Mg (A, p) holds and since
[0
the definition of A yields that M}, (K, Ao) = M. (k,A) for A € VG4 N A.

ol
By combining the previous results concerning M~ and by using Corollary 4.23, we find
M- =M,

new'*

Conclusion: condition RR holds at line 28 of procedure insert(s, 7).

By the above three case analyses it follows that RR holds at line 29. This proves the
following theorem.

Theorem 6.2 Procedure insert(i, j) updates all information summarized in Section 5 cor-
rectly for inserting the new edge (i, j) in the graph G 4.

We are left to prove the following lemma.
Lemma 6.8 The following specification holds:
{P1}adapt(k){ P, A there are no red leaders}.

Proof

We first show that P; is an invariant for the do-loop of line 3-17. In line 4-6, a red leader
Ao is chosen and Ag is coloured blue. Notice that Ag # x because of P; 3 and n—i;m. Now,
the invariant P; is “repaired” in line 7-16 as follows. In fact, only P; 3 and pgssibly Py
are violated at this moment, because of the change of Ao from red to blue. In line 7, P; 3
is repaired, which possibly causes the violation of P; ¢ and P, g. In line 8-11, P; g is re-
established. Therefore, only P; 5 and P, ¢ still need to be repaired. Apparently, conditions
P, 5 and P, ¢ can only have been violated for u € V¢ with Mg,(Xo, #) > 0, since the only
changes made thus far, relevant for P, 5 and P, g, are the change of colour of A and the
change of M*(k, o) from O to 1. Therefore P, 5 and P; ¢ are re-established in line 12-16
by considering every pg € S£,(Ao) and by distinguishing two cases.

() po € S5e(Ao) A M*(k,p0) = 1. By M*(k,p0) = 1 and by P, 4 it follows that Py
holds for A = Ao and p = po. By M*(k,Xo) = 1, MZ, (Ao, 10) > 0,A0 # K and
M*(k,k) = 1, we have ¥, ye M*(K, A\) M5 (X, o) 2 MG(Ao, po) + MO(K, o) >
M¢(K, o). Therefore, after setting M~ (k, po) := 0, Py g holds for u = po.
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(b) po € S§(Mo) A M*(k, uo) = 0. Because of Py and P, 4 we have ﬂ(ﬁ—)ﬂo) Since

n—n\o and Mg, (Ao, o) > 0 we ha.ve n—»uo Therefore, colouring o red (line 14)
causes Py 5 to hold for A = Ag,u = Ilo wh11e other valid conditions remain valid
(particularly P, 3). We show that P, ¢ holds for u = pgy. Since ﬂ(n—mo) holds, we

find MGqy(x,no) = 0. We again distinguish two cases.

o Mga(k, po) = Mg, (K, u0) = 0. Since Py g holds at line 4 we have M~ (k, o) = 0.
Therefore Py g holds at line 13 too.

® Mg4(K,p0) = 0 A M (K,0) = 1. We show that this case cannot occur by
denvmg a contradiction. We must have k = de(z) and po = Lya(j). Since
K=o A -(n—n\o) holds, Prop. 3.1 yields that ]—k-ln\o and hence uo——n\o

new
By wo € S t('\o) and Ao # Kk = Lyq(i) we find o € Sqg(Ao) and hence
po——Ao—po. However, Mg # po (since M*(k,X0) = 1 and M*(k,p0) =
O

0), Ao, so € ES4 and G5y, is acyclic. Contradiction.

By the above cases analysis it follows that P, ¢ holds for p = pg.

From a) and b) it follows that P; holds at line 16. Therefore, P, is an invariant of the
do-loop in line 3-17. Finally, the loop terminates, since at each pass of the loop a red
leader is coloured blue and no blue leader is ever coloured red. Therefore the following
holds at line 18:

P; A there are no red leaders.

O

6.3 Complexity

We consider the time complexity of a number q of consecutive insertions of edges in a
graph Gold =< V,E;q >, resulting in a graph G,,, =< V,E,, >. (Hence procedure
insert is performed g times). Let n = #V,e,4 = #E,); and epey = #E,.,. We refer to
the result graph after ¢ inserions by G; =< V, E; >. (Hence, Go = G4 and G,=G

new)'
We compute the cost of ¢ insertions by considering the total net costs for q insertions for
each of the three procedures separately (i.e., for insert, adapt and resetcomponents). That
is, each invocation of procedure adapt or joincomponents is charged to procedure insert
for an amount of O(1) only. All costs exceeding an amount of O(1) for the execution of
procedure adapt or joincomponents are charged to these procedures themselves.

Finally, we compute the cost starting from the assumption that couloured nodes are
recorded in sets that represent the colours (cf. Section 5 for the implementation of sets).

6.3.1 Analysis of procedure insert
In line 23 all coloured nodes are uncoloured. We charge the cost of discolouring a coloured

node to the cost of colouring a node. Therefore the cost of colouring a node is increased
by 0(1).
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Obviously, in this way each execution of procedure insert is charged for O(n) time. Pro-
cedure insert is called ¢ = €,e — €.)q times. Therefore the total net costs for ¢ insertions
charged to procedure insert is O(n - q) = O(n - €,y )-

6.3.2 Analysis of procedure adapt

Consider the processing of a red leader \¢ during one pass of the do-loop ( line 3-17) in
procedure adapt. Such a pass contains the execution of some simple statements (line 3,4
and 6) of O(1) time. (The coloured nodes can be recorded in sets).

Moreover it contains the execution of 3 for-loops (line 7 and 8-16). Because x € C(x) and

Ao € C(Xo), the costs of the simple statements do not exceed the costs of the first for-loop
(line 7) in order.

By the definitions of $¢()\g),C(Xo) and S(I) for I € C(Xo) it follows that the cost of
the third for-loop (line 12-16) does not exceed the costs of the second for loop (line 8-
11). Therefore it suffices to consider the complexity of the first and second for-loop only.
Suppose red leader ) is processed in a call adapt(x) during the tth insertion of an edge
(1 <t < q). Because of Py 2 and Py 7 we havein line §

M*(k,m)=0.
k€Cqi.y(x) meCe—y(u)

Therefore, in each pass of the for-loop in line 7 a M*—value is increased from 0 to 1.

Since no procedure decreases a M*—value from 1 to 0, a M*—value can be increased in
the for-loop of line 7 only once during all executions of procedure adapt. Therefore this
for-loop costs O(number of increases of M*) = O(e} — €§) for all executions of procedure
adapt together. (Where e} = #E3 and €§ = #E5 ).

Now consider the second for-loop during the processing of Ao in adapt(x). Since Ag €
Ct_l(Ao),Kf € Cg_l(n) and (#S(l) =0 = #Cg_l(Ao) = 1) forl € Cg_l(/\o), we find
that apart from an amount of O(1) cost (that can be charged to the first for-loop), the

costs of this for-loop is bounded by the number of executions of the statement N (k, m) =
N(k,m)+ 1 in line 10. Since we have that

z NO(k’ m) 2 0
k,m

and

ZNq(k,m) <n-e

km

(by the definition of N), and since N —values are never decreased in the procedures, it
follows that the total costs of the second for-loop is O(n-e,) for all executions of procedure
adapt together . Therefore we conclude that the total net costs for ¢ insertions charged
to procedure adapt are O(e} — €5) + O(n - €g) = O(n - €g) = O(n - €pey)-

6.3.8 Analysis of procedure joincomponents

We derive a bound for the costs of a single execution of procedure joincomponents, say
during the t*» insertion.
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The statements in line 2, 3, 6-9,10, 11, 13 and 14-15 can be performed in O(n) time.
(Indeed, line 6-9 can be performed in O(n) time, since the ordered lists C (k1) and C(k,)
are disjoint for k; # k3. Moreover, A can be implemented by a set (by means of an
ordered list and an index-array) in O(n) time.) The statements in line 4-5 and 12 can
be performed in O(n + ¢;) time. Finally, the statements in line 16-21 and 22-27 can be
performed in O(e;) since #E§ < #E; and since the breadth first searches start in A only.
Hence, one execution of procedure joincomponents takes O(n + €new) time.

Property 6.4 Let nY5, be the number of nodes that are contained in the non-trivial com-
ponents of G, (i.e. a component with at least 2 nodes). Then procedure joincomponents
can be called at most n3¥S, — 1 times during the insertions from G g t0 Gpew-

Proof

Graph Gy, contains at least n — nZ¥, + 1 (possibly trivial) components (i.e., containing
at least one node), since the nS¥, nodes contained in the non-trivial components form at
least one component, and since the other n —n<¥, nodes form n— ng¥, components. Every
time that procedure joincomponents is called starting from G 14) the number of (possibly
trivial) components decreases. (Since at least two ‘old’ components are joined to one new

component.) Therefore procedure joincomponents can be called at most n¥s, — 1 times.
0

Hence, the total net costs for g insertions charged to procedure joincomponents is O(nc¥, -

new
(enew + n)) = O(n : enew) (Since ncngcw < enew)'

6.3.4 Complexity for ¢ insertions

By combining the results of subsections 6.3.1, 6.3.2 and 6.3.3, we have proved the following
theorem.

Theorem 8.5 For a number of q consecutive edge-insertions procedure insert takes O(n -
€new) lime, where e, is the number of edges in the result graph.

Remark that all entities can be intialised for G4 by just starting from the empty graph
< V,9 > and building G4 by edge insertions. This takes O(n - e,q) time starting from
entities with initial values zero. (Moreover, this initialization cost can be incorporated
in the complexity considerations of procedure insert by imagining that Gy =< V,2 >.)
Since the space complexity of the information is O(n?), we have proved the following
theorem.

Theorem 6.6 The initialization of the information summarized in Section 5 takes O(n-
€qq + n?) time, where e )y is the number of edges in the initial graph.

7 Edge deletions

Consider the problem description of Section 5. Suppose (¢,j) € E_ 4 and (3, 5) is deleted
from G,4. Then we have G,., =< V,E_4\{(i,j)} >. Below we present procedure
delete(%, j) for performing the task described in Section 5 for the above deletion. Comments
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and a correctness proof are given in subsection 7.2, while complexity is computed in
subsection 7.3.

7.1 Procedure delete(s, j)

The procedure delete and its subprocedures are given in Figure 16-25. In these procedures

the colours (white, grey, black and purple) of nodes on the one side and the marking of
nodes on the other side, must be distinguished.

The symbols A and v denote the “conditional and”(cand) and the “conditional or”(cor)
operator respectively.

7.2 Comment and correctness proof

The operation of procedure delete(i, j) on the acyclic graph G¢,,, can be compared to the
operation of procedure delete* on an acyclic graph; i.e., it handles components (compo-
nentleaders) like delete* handles nodes. However, delete (3, j) is more complicated because
of the possibility that components fall apart (cf. line 4 and line 13) and because of the
need of limiting the number of calculations in procedure adjust ( in particular w.r.t. N¢—
values). The former case is tackled by using a set NEW, that records the leaders of the
newly formed components. The transitive reduction w.r.t. these leaders is adjusted only
at the end of the procedure. The latter case is tackled by computing N°¢—values only
when they are needed and by applying a kind of backward search strategy in procedure
delete, using white, grey, black and purple leaders. Generally speaking, the black leaders
are leaders that have been processed already, whereas grey leaders must still be processed,
white leaders might be processed and purple leaders need not to be processed at all. This
enables the use of an array h(k : 1 < k£ < n), where h(x) is a black successor leader
of k € V¢(k # L(%)), by means of which the number of calculations of N°—values can
be reduced. However, we only record computed N°¢-values temporary, since recording
computed N°¢—values does not decrease the order of time complexity while it causes more
convenience in our considerations.

We now prove that procedure delete(i,j) performs the task described in Section 5 for
deleting the (old) edge (¢, 7)

We first prove that RR holds in line 9 and that T'T holds in line 15, where T'T is given
in Figure 26. Note that RR denotes the condition we want to establish with procedure
delete (i,7). (RR is stated in subsection 6.2)
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Figure 16:

(1) Procedure delete(s, j);
(2) M(i,7) := 0; Li := L(¢); Lj := L(j);
(3) for all k € V—N(k,j) := N(k,j) — M*(k,1) rof

(4) if Li = Lj— continue:=componentsbreak

(5) l Li # Lj— continue:= (M¢(Li, Lj) = 1)

(6) £

) if - continue

(8) — if Li £ Lj— M¢(Li,Lj) := M°(Li,Lj)— 1] Li = Lj—e(j) :=€(j) -1 £
(9) {RR}

(10) [} continue

(11) — if Li # Li—s M*(Li, Lj) := M—(Li, L) := 0; NEW:=2;

(12) colournodes {T'T'}

(13) | Li = Lj— resetcomponents {T'T}

(14) fi;

(15) {TT}

(16) do there are grey leaders

17) — let Ko be a grey leader; mark Lj; neutralNC;

(18) {Q1 A TT(ro)}

(19) adjust(ko);

(20) , {Q1 A TT(xo) A there are no marked leaders }

(21) if M*(ko,Lj)=0— for all ¢ € P°(xo) with ¢ white
(22) — colour ¢ grey; h(u) := Ko
(23) rof

(24) fi;

(25) colour kg black {T'T}

(26) od;

(27) {TTA there are no grey leaders }

(28) if NEW # @— adjusttransitivereduction { RR}

(29) | NEW = @— skip {RR}

(30) fi; {RR}

(31) discolour all leaders { RR}

32) £

(33) {RR}
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Figure 17:

(1)
2)
®)
@
(5)
6)
(™)
®
©)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)
(23)
(24)
(25)
(26)
(27)

Procedure adjust (ko);

{Q 1A TT(Ko)}
do there are marked leaders
— let v be a marked leader;

dismark »; {Q;}
if Ko #Li A M*(h(lio),l/o) = 1— skip {Ql A TT(K())}
| ko = Li ¥y M*(h(ko),10) =0
— if valueNC(xo,10) > 0
— {Q1ANC() > 0}
if value NC(ko, 9) = M°(Ko, 1) A Ko  NEW Au & NEW — M~ (Ko, 1t) =1
| valueNC(ko, v5) > M(ko, 1)V Ko € NEW vu € NEW — skip

ﬂ{Q1 A TT(K())}
[ value NC(xo,v0) =0
— {Q1ANC(n) =0}
disconnect (ko,vo);
for all ng € C(vp)
— for all n’ € S(ng)

— for all k € C(ko)
— N(k,n'):= N(k,n') -1
rof rof rof;
for all uo € S°(vp)\{ko}— mark yo rof;
for all uo € S¢(vp)— decrease NC(vp, po) rof
{@1 A TT(ro)}
fi fi;

{Q1 A TT (o)}
od;
{Q1 A TT (ko)A there are no marked leaders }

Figure 18:

function componentsbreak;

{ detects whether the deletion of edge (¢, ) with L(¢) = L(j)
causes a burst in the component of 7 and j }.

* if 1 # j then apply a depth first search within component C(L(7)), starting at ¢,

to detect whether this component falls apart in new components;
if it does, componentsbreak := true, otherwise false;

* if 1 = j then componentsbreak := false.
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Figure 19:

Procedure colournodes;
for all Kk € V¢— if M*(k,Li) = 0— colour s purple

rof;

| M*(k,Li) = 1— colour k white
fi

colour Li grey

Figure 20:

(1) Procedure resetcomponents; {L(i) = L(j); (13) holds}

(2)
(3)
(4)
()
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)
(18)
(19)
(20)
(21)
(22)

*

set M~(ky,kz) :=0 for kq,ky € C(L(%)) by traversing

the ordered list C(L(%));

set M~ (L(3),p) := M~ (u, L(¢)) := 0 for p € V°

set M(k, ) := 0, Pé(k) := S°(k) := @ (by removing

the elements) and e®(k) := 0 for k,u € VS, k € V,

by enumerating all edges in E .,

apply a depth first search inC(L(%)) to determine

the new components arisen from the breakage of C(L(%));
adjust C, L and V* according to these new

components { then C = Cpew, L = Lpew and Ve = V<, }

{(cf. [4]) }

NEW:= {) € V.| M*(4, A)= M*(A,i) = 1}; Li:= L(i); Lj := L(5);
{ NEW is the set of leaders of the newly formed components }
set M¢, e, P° andS¢ according to Mg, , € ey

Pg,. and S, by enumerating all edges in

Enew

adjust M~ w.r.t. G, by traversing the ordered
lists C()) for A € NEW

colournodes

colour Lj black

{TT}
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Figure 21:

(1)
(2)
(3)
(4)
(5)
(6)
(7)
(8)
(9)
(10)
(11)
(12)
(13)
(14)
(15)
(16)
(17)

Procedure adjusttransitivereduction
* for all Kk € NEW
— apply a breadth first search in GS.w starting at «,

to detect those u € V&, that are reachable
from & by the direct condensed edge (k,u) € ES,,

only;
for such u set M~(k,u) := 1; for other uevVe,,
M=(r,u)=0

rof
* for all u € NEW
— apply a backwards breadth first search in G¢

new
starting at u, to detect those x € VS,
from which u is reachable by the direct condensed edge
(x,n) € E,, only;
for such «, set M~ (k,u) := 1; for other x € Ve o
M=(k,u)=0
rof

Figure 22:

Procedure disconnect(x, v);
for all k € C(x)
— for all n € C(v)— M*(k,n) := 0 rof
rof

Figure 23:

Function value NC(x, v);
ifNC(v)=-1 — NC(v):= > necw)(N(k,n) — e(n))
INC(r)>0 — skip
fi;
valueNC(k,v) := NC(v)
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Figure 24:

Procedure decrease NC (v, p);
if NC(p) = —1— skip
I NC(p) 2 0— NC(u):= NC(u) -~ M(v, p)
fi

Lemma 7.1 Condition RR holds in line 9 and condition TT holds in line 15.

Proof

Suppose all information is related to G4 at line 1 (cf. Section 5).We consider procedure
delete up to and including line 15. For the input G 14> two cases need to be distinguished.
We shall show that in both cases either line 9 is reached and RR holds, or line 15 is reached
and T'T holds.

Case a:

Edge (%, j) is not interior to any component. Then we have

Loid(i) # Lotd(5), MGq(Lotd(i),Lota(5)) > 0 and V&, = VS4»
Crew = Coldy Lnew = Loig and €hew = €514 (3)

In the following (of this case) we write L instead of Log or Lyew. We also have

Mzew(k,m) = MGq(k, m) for (k,m) # (L(i), L(j))
Mzew(L(3), L(5)) = MGa(L(3), L(4)) - 1. (4)

We again distinguish two cases.

o MS4(L(3), L(5)) > 1. Then ME,,(L(%), L(5)) > 0 and hence in&:j. By Prop. 3.6 this

gives Mgq = My, Consider Cor. 4.23 for M. By using (4), MZ., (L(i), L(j)) >
0, M3q = Mg, and Colg = Cieyw, We find ( by using Cor. 4.23 again for M, ) that

old = Mpew. Therefore, only M, M¢ and N need to updated (cf. Lemma 2.3) in
this case. It is easily seen that in this case the update is properly performed by the

algorithm, by executing line 2,3 and 5-9. Hence, in this case line 9 is reached and
RR holds.

o MG4(L(2), L(4)) = 1. Then MZ,, (L(), L(j)) = 0, and apart from M, M¢ and N, M*
and M~ may need to be updated. In this case the algorithm performs line 2,3,5 and
10-12. Now, condition T'T holds in line 12.

Figure 25:

Procedure neutral NC; _
for all k € V with NC(k) # -1— NC(k) := —1 rof;
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Figure 26:

TT is the conjunction of the following clauses.

T1!

Tz:

For all leaders «, u €
T3 :

T4Z

T5:

Ts!

T7:

Tu :

Ve=VEwAL=Lpew AC = Cpewy A M® = MS,, A €€ = €y
AM =M, ,AM~ ~cr G,

Li = Lpew(i) # Lnew(3) = L(j) A Li is black or grey
A(LjZ Li = Lj is black) A NEW = {) € V5| Lj—22-"5Li}

new

Ve.w the following clauses hold.

Kk is black, grey, white or purple. Moreover
nﬁ:Li <= & is black, grey or white

If k is black or purple,then

M*(k,p) =1 n;&;u

If  is grey or white, then
M*(k,pu)=1 <> k—>puVv Lji-—>p
new new

If k is black, then
€ P¢y(K) A M*(k,Lj) = 0 == u is black or grey

If k is grey and & # Li, then
h(k) € S5, (k) A h(k) is black

For all k € C(x) and m € C(u)
M*(k,m) = M*(k,u)

For all k € C(k) and m € C(p)
N(k,m)={(I,m)€ E__ . |M*(k,l)=1}

If k is black or purple, then
M=(k,p)=1<+=> TaeVe M* (8, )Mo (A 1) = Mg (K, ) > 0
Ak € NEW Ap € NEW

If  is grey or white, then
M_(R’ ﬂ) =1l E,\GV‘: M*(K7 A)MSCW(A’ M) = chxew(K" ”’) >0
Ak € NEW Ap & NEW Ap # Lj.
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Consider line 12. We show that T'T holds. Because of (3), line 11 and line 2,
T, and the first conjunct of T; hold. (Notice that M~ ~cp Gyey holds because
of M~ = MJ;,Cold = Cnew and Cor. 4.23.) By Lemma 3.6, i € C(L(¢)) and
j € C(L(5)), we find for k,m eV

k:’fgm NEES kn—;:m v (kn—;:L(i) A L(j)n—:;m). (5)

Hence, the execution of procedure colournodes at line 12 causes T3 and the sec-
ond conjunct of T3 to be true, where procedure colournodes is given in Figure 19.
(Remark that M* = M?, at line 1 and that M* is not changed in line 2-12.)

Since L(i) # L(j) and (i,j) € E,, we have -w(L(j)—;Ti»L(i)) and hence (by (5))
ﬂ(L(j);i:L(i)). Therefore we find by means of line 11 (yielding NEW = @), that
T, holds entirely. Conditions T4 and T follow by means of (5), T3 and M* = Mgy4.

Conditions Ts, Ty and Ty hold trivially, whereas Ty holds because of line 3 and
Lemma 2.3. Finally, we have for ,u € V54 (by Cor. 4.23 and M* = M3,.)

Moa(, p)=1< E M* (5, \)MG4(A, p) = gld("’”') > 0. (6)
2eVia

For purple leaders k, T3 and T yield M*(x, L(#)) = 0. Therefore (6) and (4) give
that T1o holds, since M~ = M, holds at line 1, L: is not purple (w.r.t. line
11) and there are no black nodes. For white and grey leaders s, T3 and Tj yield
M*(k, L(i)) = 1. By means of (6), (4) and line 11 (yielding M~(L(%), L(j)) = 0 and
NEW = @) it is seen that T3; holds. Hence we may conclude that TT holds at line
12. Therefore, in this case line 15 is reached and T'T holds.

Case b
Edge (4,7) is interior to component Cod(Lola(:)). Then Loga(i) = Lad(j). Deletion of
edge (i, 7) may cause that ~(i——j) and hence it may cause that component Coa(Loia(?))

ne
falls apart. (I.e. Cnew(Lnew(?)) # Cold(Loia(3))). In line 4 procedure componentsbreak
(cf. Figure 18) computes whether this is the case or not, and returns value true or false
respectively. (Indeed, since there is a path from i to j iff there is a path from 7 to j within
the component.) We again distinguish two cases.

e The deletion of (i, j) does not break the component. Then we have Gj.,, = G5)4) Cnew =
Coldy MEew = M&q and in—;; j. By Lemma 3.6 we therefore find that Mg, = Mj4
holds. By Coig = Crew and GSy = GS.y, Def. 4.16 yields that M, = Mg, holds.
Therefore, only M, N and e° need to be updated. The algorithm performs this task
in line 2, 3, 4 and 8 and finally terminates in line 9. (Since, in this case Li = Lj and
componentsbreak = false.) Hence, in this case line 9 is reached and RR holds.

o The deletion of (i, j) breaks component Cod(Loid(1)) into pieces. Then we must have
—-(i-ljvrj) A (];:;n) Hence we can write

Lnew(i) # new(i) A Lnew(i) = Lncu(i). (7)
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In this case, the algorithm performs line 2, 3, 4 (yielding continue = true) and 13
(executing procedure resetcomponents). In Claim 7.2 it is stated that T'T holds
in line 13 as a postcondition of the call of procedure resetcomponents. (Procedure

resetcomponents is given in Figure 20.) Therefore we may conclude that in this case
line 15 is reached and T'T holds.

Claim 7.2 In the above case, TT holds as a postcondition of the call of procedure
resetcomponents in line 183.

Proof
The situation in this case is illustrated by Fig. 27. We first derive some properties

Figure 27:

L—boj
Cold (Lold (1)

G \
old @ new @

for this situation. Define

o— c . % * . . 8
NEW :={) € Ve li-oAsi) (8)

Then the following property holds.

Property 7.8 1. V&, = V5,U NEW; Vian NEW= {Ly4(%)}
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2. UxeNEW Crnew(k) = Coa(Laa(i)) 2 NEW
3. Cnew(r) = Copa(k) for k € VS, \ NEW.

Proof This is actually the reversed version of Prop. 6.1, where A = |J.engw Crew(%)
and (hence) NEW = V& _nA. O

Property 7.4 Fork,m € V such that k # Coa(Lowa(2)) and m ¢ Cod(Loa(?)), the
Jollowing equivalence holds.

(k,m) e E"ﬁdR < (k,m) € ECR

new:*
Proof This follows by means of Prop. 7.3.3,7.3.2 and Def. 4.17. O
By Lemma 3.6, by i € Chew(Lnew(?)) and by j € Cuew(Lnew(j)) we havefor k,m € V:

k—;:m <= kﬁm Y (kﬁv»Lnew(i) A Lnew(j);:—':m) (9)

Hence it follows by (7) that we have for A € V¢

.
new °

A= Loew(i) <= A== Loew(i)- (10)
old new
and similarly
Ln"(j):;?'\ = Lnew(j);%v»)\. (11)

Since ¢, Loew(4), Lnew(7) € Cora(Lola(i)) we have iT;»me(i)ﬁme( j );‘d»i.
By combining this with the definition of NEW we find
NEW = (X € Vol Lnew(i) oA 2 Luen(i)}.
and by (10) and (11) we can write
NEW = {} € Vil Lon (1) =22A=5 Lnen (). (12)
Finally we state a property for M~ w.r.t. K,u € VS \ NEW,

Property 7.5 For \,u € View\ NEW the following holds

Maa(r,p) =1 3" M35, \MS, (A 1) = ME, (K, 1) > 0.
Aevlfew

Proof By Prop. 7.3 it follows that Mg, (k,u) = MGq4(k, u) for k,u € VS, \ NEW.
Therefore we have for «,u € VS, \ NEW (by using Prop. 7.3, Cor. 4.23 and p ¢
NEW)

Maa(sp) =1 < > M3a(k, \)MG4(A, 1) + MGa(5, Laa(i)) ME4(Lora(i), 1)

AeVia\Laa(i)}
= M§q(s,u) >0

A Z M:ld('cv A)'Alliew(A’ /‘) + E M:ld(n7 A)MSGW(A7 /")

reVE \NEW reNEW
= Mgy (k1) >0

=Y MEg(s, MM (M p) = ME(k, 1) > .
AeViiew
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Indeed, since it is easily seen that

Mgld(LOId(i)’ "") = Z Mxﬁew(A’ l‘)
»eNEW

and
Maa(k, Laa(?)) = Mj4(k,A) (A € NEW)
hold (cf. Prop. 7.3 and (8) respectively). O

We now show that T'T holds at the end of line 13, by considering the execution of
line 2 and 3 and the execution of procedure resetcomponents at line 13.

By line 2 and 3 it follows that at the beginning of line 13, the following holds

Ve = ocld A L=Lold/\C=ColdAMc=Mgld/\€°=egld

new

YVIN(k,m) = #{(l,m) € BpelM*(k,)=1}].  (13)

Now consider the execution of procedure resetcomponents at line 13. (Procedure
resetcomponents is given in Figure 20.) Then (13) holds at line 1 of this procedure.

We prove that T'T holds at line 22. By line 8-14 the following is established for line
15-22: '

Li Lnew(i) # Lnew(j) = LJ A
Ve = VE,ANC =Cpew AL = Lyew A
NEW = {\e V,fewle-neL‘v»A-—*—»Li}. (14)

Indeed, since (7), (8), M* = MJ, and (12) yield the required information. (Note that
the set NEW used in procedure resetcomponents does correspond to the set NEW
defined above indeed.) In line 2-4, all M~ —~values concerning a node in Coa(Lod())

are set to zero. (Remark that the structure of G, is used. Cf. Def. 4.19 and
Def. 4.17. Therefore

M-(I,m)=0 ifle Cold(Loa(i)) vm € Cold(Lora(?))
M-(l,m) = Mo(I,m) ifl¢g Cod(Laa(?)) Am ¢ Cora(Loia(?)) (15)
holds at line 5-17. By Prop. 7.3.2 we have UkeNEW Crew(k) = Cora(Lowa()). There-

fore it is seen by (15), Prop. 7.4 and Def. 4.17 that the statements in line 18-19
establish

and for k,pu € V&,
M~=(k,p) = 0 if ke NEW v pue NEW
M~(k,u)= Mj4(k,p) otherwise (17)

at line 20-22. Moreover, by line 5-7 and line 15-17
Mc = Mxtx:ew A ec = egew (18)
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is established at line 18-22.
Finally, it follows by (13) that

M*= M:ldAM = Mnew A
YVIN (k,m) = #{(1,m) € EpenlM~(k,1) = 1}] (19)

holds at line 22, since M*, M and N are not effected by line 1-22.

By (14), (16), (18) and (19) it follows that T} holds at line 22. By (14) and line 20-21
we find that T, holds in line 22. Line 20-21, M* = M}, (cf. (19)), (10) and (7) yield
T3. Since by line 21 we have that Lj is the only black leader, (11) and M* = Mjj4

yield T4 for black leaders. Conditions T3, (9), M* = M}, and line 20-21 therefore

yield T; and T at line 22. Furthermore, Tg,T7 and T3 hold trivially, whereas Ty
follows by (19).

Finally, note that Lj € NEW. Therefore we have for u € V¢

UENEWAu#Lj<— png NEW
and hence, (17), Prop. 7.5 and M* = M}, yield conditions Tyo and Ti;.

[+)

Conclusion: T'T holds at line 22 of procedure resetcycles, called in line 13 of proce-
dure delete.

Therefore we have shown that in this case, T'T holds at the end of line 13 of procedure
delete. O

Lemma 7.8 At line 27, the following condition holds: TTA there are no grey leaders.

Proof By Lemma 7.1 we have that T'T holds at line 15. We prove, that TT is an invariant
of the do-loop in line 16-26.

Suppose we have at line 16: “T'TA there are grey leaders.” It is seen that there are no
marked leaders at line 16. (Since leaders are only marked in line 17 and line 19 and since
it will be proved that there are no marked leaders at line 20. In fact, this could have been
part of the invariant of the do-loop.) In line 17, some grey leader k¢ is taken and Lj is
marked, while NC is set to —1 by procedure call neutral NC (cf. Figure 25). It follows,
that @; A TT(ko) holds at line 18, where TT' (ko) and @, are given below. (Note that
TT(ko) equals T'T except for k = Ko, i.e. except for k = kg w.r.t. T3 up to and including
T11). Indeed, since ko # Lj follows from ko being grey and Lj being black or purple (cf.
T, and T3). Hence, Q1 follows by using T3. Moreover, conditions Q1 2,Q13,Q1,4, Q16
and @;,7 can be obtained by means of T, T5,T1;,Ts and Ty respectively.

In Lemma 7.8 it is stated that the following specification holds:

{Q1 A TT(ko)} adjust (ko) {Q1 A TT(kg) A there are no marked leaders}

Therefore
Q1 ATT(Ko) A there are no marked leaders (20)

holds in line 20. In line 21-24, all white predecessor leaders of k¢ are coloured grey and
their h—values are adapted, if M*(ko,Lj) = 0. In line 25, &g is coloured black. Since (20)
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Figure 28:

Q1 is the conjunction of the following clauses.

Qi Ko #LiAmeLLin ‘\,f;"[u marked == Lj =24 A p # o]
AKp is grey
Q1,2 If ko # L, then h(ko) € S,y (Ko) and h(ko) is black
The following clauses hold for all leaders y € V-

Q1,4 M- ('50, /“) =1<4= EAEV:”, M‘(KO, A)A{[x(:ew(Av ”’) = Mﬁew(ﬂo, /") > 0A
# is not marked Ao, u ¢ NEW

Qs NC(u)=~-1vNC(p) = LaeVe,, M* (Ko, \)MZ., (A, 1)

Q16 For all ko € Cpew(Ko) and m € Crew(n)

M*(ko,m) = M*(xo, 1)

Q1,7 For all kO € Cnew(KO) and m € Cnew(”)
N(k07m) = #{(I’m) € EnewIM*(k’ l) = 1}

TT(ko) is the conjunction of the following clauses:

e T3 A T3 holds

o for all leaders , u € VS, with k # ko the clauses T3 up to and including T}, hold.
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holds in line 20 and because of line 21-25, it follows that T'T holds in line 25, which can
be seen in the following way. Firstly, the colour changes from white to grey in line 22 does
not affect the validness of T'T(xo) for k # Ko. It is readily verified that TT(ko) holds in
line 25. Because kg is coloured black in line 25, T3, T, Ts, T; and Ty; hold for k = Ko too
(note that [ € P, (ko) => ¢ is not purple] holds, because Q1,1 and ¢ € Pg,, (ko) imply
<p;:—wyLi). Moreover, Ty, Tg, Ty and Typ hold for x = ko because “Q; A there are no marked
leaders” holds at line 20: these conditions are obtained by means of @, 3,Q1,6, Q1,7 and
Q1,4 respectively. Therefore, T'T holds in line 25. This yields that T'T is an invariant of
the do-loop in line 16-26. Since each time line 17-25 is executed, a grey leader is coloured
black, and since a black leader never changes its colour again, the do-loop terminates.

Therefore we conclude that the condition “ TTA there are no grey leaders” holds at line
27. O

Lemma 7.7 Condition RR holds at line 30-31.
Proof By Lemma 7.6 we have that
TT A there are no grey leaders (21)
holds at line 27. We first prove that (21) implies (22):
T A M*=M: AN=N,

new

A V V M- , — Ml.l_ew K,
"evxfew\NEWueVlfew\NEw[ (&, ) (k)]
A NGNVEWMG;Zcew[M (k) = M= (p,K) = 0] (22)

Suppose (21) holds. By T} it follows that M*(k,u) = Mz (k,u) holds for k,u € V<

new
with & being black or purple. Now suppose x is white. Then T3 gives k— Li. Consider

a path from & to Li in G¢,,,, and let X € VS be the first black leader on that path.
(Such a X exists since Li is black (cf. T3).) Then A # k, since k is white. Since the
predecessor leader of A on that path is not black, it follows by T that M *\Lj) =1
and hence by T4 that An—;:Lj . Therefore we have nn—:;Lj . Combination with Ty yields

that M*(k,p) = My, (k,u) for p € VS,. Hence M*(k,pu) = M2, (k,u) holds for all
Kyt € Vifew- By Ty this yields M* = M2... Moreover, we find by Ty and Def. 2.1 that
N = N, holds.

new

Now, let k,u € V£, be such that x,u ¢ NEW. By Tyo and Cor. 4.23 it follows that
M~(k,u) = M, (x,p) if & is black or purple. Condition Tj; and Cor. 4.23 yield that
M~ (K, pu) = Mz, (k,p) holds if  is white and u # Lj too. Now suppose & is white and
p = Lj. By T1, we have M~(k,p) = 0. Like before there exists a black leader A € V¢

new

that satisfies k~—A——>Lj and k # . Since Lj = p and u ¢ NEW we have -w(LjﬁLi)

new new

and hence Lj is purple (cf. T3). Therefore A # p. Since k # A # u, nn—:‘:)\i;u and G¢

new
is acyclic, there exists a leader g € VS, that satisfies nﬁn\o A (Qo, i) € ES.\ A K # Ao
(Indeed, since the predecessor leader of 4 on a path from & to p via A must satisfy k # Ao
because of the acyclicness of Gg.,). By Cor. 4.21 this yields that (x,u) ¢ (ES,, )~ and
hence that Mz, (k,x) = 0. Since M~(k, u) = 0 holds, this yields M~ (k, u) = M3, (K, 1).
Conclusion: M~(k,pu) = Mg, (k,u) for k, u € VS, \ NEW.
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Finally, Tyo and T3, imply that M ~(k,u) = 0 for k,u € V&, with x € NEW u € NEW,
Hence, (22) holds at line 27.

By the conditional call of procedure adjusttransitivereduction in line 28 (where the pro-
cedure is given in Figure 21) and by Cor. 4.21 it follows that at line 30

M~(k,p) = My (K, p) (23)

holds for all k,u € VS, satisfying K € NEW vu € NEW. Since line 28-29 only effects
M~ (k, u)— values for such x and p and since (22) holds in line 27, this yields that RR
holds in line 30. O

Lemma 7.8 The following specification holds.

{Q1 A TT(ro)}adjust(ko) {Q:1 A TT(xo) A there are no marked leaders}

Proof Consider procedure adjust(kg) with precondition Q; A TT(xo) (cf. Figure 17). We
prove that Q3 A TT(ko) is an invariant of the do-loop in line 3-26. Since it is readily seen
that TT(ko) holds at each line of the procedure, we only concern about Q;. Suppose Q;
holds in line 4 and vy is a marked leader. Then dismarking v establishes Q) at line 5,
where Q) is given below.

Q, consists of the clauses TT(ko), ko # Vo,Ljivwo and Q,; for i = 1,--.,7, where
Q1; = Quifori#3,4
Q:1,3 D M*(ko,p)=1 Koﬁ;# Vmgw[An—:"}u] \% uon—:w»u
Q1,4 P M~ (ko,u)=1 = E,\erfew M*(KOsA)Mx‘i‘ew(’\7 p) = Mgew (Ko, 1) > 0

A p is not marked A p # vg A ko, u ¢ NEW
for u € V&,
We show that @, A TT (ko) holds in line 25.

We distinguish two cases for the if-statement in line 6-24.

(a) Suppose kg # Lpew(i) and M*(h(ko),v0) = 1. Then Q; => Q, as will be shown
below. We only have to prove that Q; == Q;3 A Q4 for p € V&, Since
M*(h(ro),0) = 1, h(ko) is a black leader and h(ko) # ko (by Q'1,2 = Q1,2),Ty
(w.r.t. h(ko)) yields h(Ko)ﬁ;Vo. By h(ko) € S¢.(Ko) this implies noﬁwo. There-

fore for all u € V&, we have uo;;f:u = Ko;}:ﬂ, and hence Q) 3 => Q3.

By Q'l,4 it follows that Q1,4 holds for u € Vg, if 4 # vp or p € NEW. Therefore
we only need to prove Q4 for the case that u = yy ¢ NEW holds. By Q'1,4 we
have M~ (Ko, %) = 0. From the above consideration, we have no;&h(no);::uo with
Ko # h(Ko), h(ko) € V<., and h(kp) is black. We prove that h(xo) # vo. Suppose
h(ko) = vo. Then 1 is black and hence (by T3 and ko # h(ko) = wo) VoﬁLi.

Moreover, by Q; we find Lj—+yy. Hence Lj—+vpo—>»Li, which contradicts vo &
new new new

NEW. Hence kg # vp. .

Therefore we have noﬁh(xo);:;)m, h(ko) € V&, and ko # h(ko) # vo. Since

Giew is acyclic, this implies that there exists a A9 € V<., such that Koﬁ;/\o A
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(Ao,0) € Efew A Xo # Ko. By Q13 we find M*(ko,Ao) = 1. Hence we have
2 AeVSy M (K0, )Mo (A, 10) 2 M*(50, A0) Mew (o, Y0)+M* (Ko, K0) M,y (Ko, v0) >
Mg ew(Ko,10). Since M~ (Ko, 1) = 0, it follows that Q; 4 holds for this v too.
Conclusion: in this case, @, A TT (ko) holds at line 6 and hence at line 25.

(b) Suppose ko = Li v M*(h(ko), o) = 0. In this case, line 7-23 is performed, starting
by calling function valueN C(ko, o) (which is given in Figure 23).

Claim 7.9 The function calls at line 8, 10, 11 and 13 yield

valueNC(ko,1p) = NC(1p) = Z M* (Ko, \)M(A, vp).

A€ Vncew

Proof
Recall that Q] holds at the moment of calling value NC(kg,p). From function
value N C(ro, 1) and Q; ¢(= Q1,5) it follows that

valueNC(ko,vo) = Y M*(Ko, \)MEey(, v0)

reView
VvalueNC(no, l/o) = Z (N(K'O, n) - efxew(n))'
ﬂecnew("o)
We prove that the right-hand values are equal. By Q;'6(= Q1) and Q'l'-,(= Q17)
we have
Y. M*(ro, \)MEe, (A, v0) (24)

reVe

= Z M*(ko,A)- #{(la") € Ewll € CneW(’\) An € Chew(1o)}
'\Evlfew"\¢"°
= #{(l,n)€ E |l € Vaew\Crew(10) A 1 € Cpew(vo) A M*(Ko,1) = 1}

= Y (#{(,n) € Epy|M*(xo,l) = 1Al € VE} —
ﬂGCnew(VO)

#{(l’ n) € EnewIM*(K'O’I) =1Ale Cnew(VO)})

= Y (N(k0,n) = #{(1,n) € Epen|M*(50,1) = 1 Al € Cpew(®0)}) .
NECnew(o)

By Q'l,3 we have M*(ko,v) = 1. Therefore Q'1,6(= Q1,6) gives M*(ko,l) = 1 for
l € Cpew(vo). Combination with Def. 4.12 gives for n € Chew(o).

e;:lew(n) = #{(l?n) € Enew"l’new(l) = Lnew(n)}
= #{(l,n) € E o, | M*(K0,1) = 1 Al € Cpew(10)}- (25)

Finally, by combining (24) and (25) we find

Y M (ko, M, (M) = Y (N(ko,n) — €en(n)).
reVe n€Chew (0)

new
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This concludes the proof. O

We distinguish two cases according to the guards of the if-statement in line 8-24.
Case (i)
value NC(kg,15) = Z M*(Koy )M (A, 0) > 0 (26)

reView

In this case, line 8-12 is executed and by Claim 7.9 Q; A NC(v0) > 0 holds at line
9. We prove that @, holds in line 12. Since line 10-11 can only effect Ql 4, We only
have to show that Q;3 and Q14 hold at line 12. First we show that Q1,3 holds at
line 9. Because of (26), there is a Ao € VS, with M "‘(no, Ao)=1A (Ao,vo) E E¢...

By Q; 3 we find rco-—n\o V Jarked ,\[r\—>)\o] v VO—MO Since (Ao, 1) € E¢,, and
G¢. is acyclic (and hence Ao # W), this lmphes

*
Ko-:l/o \" Ar?ed ,\[A;-G;)VO].

Therefore, Q 3 yields for all u € V,

new

M*(ko,p) =1 <= Ko— i \" m“éd A[Amu]
Hence @, 3 holds at line 9. Since line 10-11 does not effect Q1,3, it holds at line
12 too. Finally, because Q; .4 holds at line 9 and because of the if-statement in line
10-12 it easily follows that Q; 4 holds at line 12.

Conclusion: Q holds at line 12 and line 25 in this case.
Case (ii)
value NC(ko, 1p) = E M* (Ko, \ )M, (A, 15) = 0 (27)
reVE

new

In this case line 14-23 is executed and by Claim 7.9 it follows that Q; A NC(rp) = 0
holds in line 14. It is easily seen that Qq,2(= Q ,) still holds in line 23. The only line
that involves Q) ;(= Q1,1) is line 21. Therefore it follows that Q1,1 holds at line 23.
The only statement that changes M* is procedure disconnect in line 15 (cf. Fig. 22).
It is seen that it preserves Ql 6(= Q1,6). Therefore @, holds at line 23. Because
of the change of M* in line 15, N is adjusted in line 16-20 while NC is adjusted
in line 22 by procedure call decrease N C(vo, po) (cf. Figure 24). Since Qi 5(= Q15)
and@; 7(= Q1 7) hold at line 14, it herefore follows by line 15, line 16-20, and line 22
that Q5 and Q1 7 hold at line 23 too. Hence, condition Q3 and Q; 4 remain to be
inspected. Consider Q; A NC(vo) = 0 holding at line 14. By Q; 3, condition (27)
yields for \g € V€

K,o—n\o \/ 3 [A—)Ao] \Y V0—>Ao == (Ao, Vo) ¢ E

new

Hence we have (by ko # v and v is not marked)

(ro=Sswo) A= T [Aau). (28)

marked\”™ new
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Furthermore, we have for u € V&, with u # vp:

Vo——p == “oesﬁaew(w)[uo;:p]. (29)
Since (28) holds, it follows by the call of procedure disconnect(xg,¥p) in line 15

(yielding M*(xo,10) = 0) that Q1,3 holds at line 16-20 for u = vy. Because G
acyclic, we can write

few 18
ko € Sﬁew(uo) = —'(I‘OI:T:VO)'

Therefore Q4,3 holds for 4 = v at line 21-23 too. Since Q’1,3 holds at line 14 and
since line 15-20 does not effect Q'1.3 for p # vo(u € V<., ) it follows by (29) and by
line 21 that @, 3 holds at line 22-23 for u # vo. Hence, Q1,3 holds entirely at line 23.
Finally we show that Q; 4 holds at line 23. Consider line 14 again. Since Q'1 holds,
we obtain by using Q,IA’ Ko # vo, M*(ko,0) = 1 and ME, (Ko, ko) = O respectively,
that the following equivalences hold for u € V<., (at line 14):

M=(ko,p) =1 <= Y M*(ko, \)MEy (M p) = ME,, (Ko, 1) > 0
AeVe

new

A p is not marked A p # v A ko, u € NEW
g E M‘(K()’A)Mgew(A’”)'F M‘(M7V0)M§ew(1’0’ ”’)
A€ Vifewi A#Ro A w
+Ml‘1:ew("07 /‘) = Mﬁew("'o’ ”’) >0
A p is not marked A p # v A ko, u ¢ NEW
Ao > M*(Ko, A Mgew(A, 1) + Mgy (Ko, 1)
AeViiew Ao A1
= gew(""'o’ l"’) >0
A pis not marked A # vo A pu & SS.o(v0) A Ko, 4 € NEW
g Z M*(ko, ’\)Mgew(A? n) = M ew(Ko,pt) > 0
'\evlfew"\#“b

A p is not marked A p # voApu ¢SS, (v0)\{Ko} A Ko, ¢ NEW

Since (30) holds at line 14, since M*(xo, ) is not changed for A # v in line 15-22
and by means of line 21, we have that Q1,4 holds at line 23 for u # vp. Since Q'M
and (27) hold at line 14, we have that

M~ (ko,0) =0 A Z M*(Kko, \)ME, (A, 10) = 0 (31)
eV

new

holds at line 14 too. Because M*(ko,A) is not changed for A # (A € VC<.,) in
line 15-22 and because Mg, (vo, %) = 0, it follows that (31) still holds at line 23.
Therefore, Q; 4 holds at line 23 for x = vy too.

Conclusion: @; holds at line 23 (and -hence at line 25 too). Hence, in case b Q,
holds at line 25.
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By the above case-analysis we have that Q, ATT (ko) holds at line 25. Hence, @1 ATT (ko)
is an invariant of the do-loop in line 3-26. Moreover, the loop-terminates. This is seen as
follows. In line 21, unmarked leaders may be marked. However, in this case line 15 has
been executed just before the marking process. Since in line 15 some M *(Ko, Ag)- values
are changed from 1 to 0 and since M *(Ko, Ao)-values are never changed from 0 to 1, this
marking process can be executed only finitely many times. Since each pass of the loop a
marked leader is dismarked, this yields that the loop will terminate.

Conclusion: “Q; A TT (ko)A there are no marked leaders ” holds at line 27. Therefore we
have proved that the given specification holds. O

7.3 Complexity

We consider the time complexity of a number ¢ of consecutive edge deletions from a
graph G,y =< V,E4 >, resulting in the graph G,,, =< V,E,, >. Again we take
n=#V,eqq=#E,4 and e, = #E,.,, and we refer to the result graph after t deletions
by G; =< V, E; >,

Like in subsection 6.3 we compute the cost of ¢ deletions by considering the total net costs
for ¢ deletions for each of the procedures delete (including procedure colournodes), adjust,
componentsbreak, resetcomponents (including procedure colournodes), adjusttransitivere-
duction, disconnect, valueNC and neutralNC. That is, if one of these procedures is called
within an other procedure, the cost changed to the latter is O(1) and the cost charged to
the former is the amount “exceeding” O(1).

7.3.1 Analysis of procedure delete

We split procedure delete into two parts.

(i) Line 1-15 and line 27-33. Obviously, each execution of procedure delete takes O(n)
time for this part. Therefore the total net costs for ¢ deletions changed to this parts
is O(n-q) = O(n - egq).

(ii) Line 16-26 (the do-loop). We again distinguish wish two parts: part A and part B,
where part A is all except the for-statement (line 16-20 and line 24-26) and part B
contains the for-statement only (line 21-23).

(a) For each pass of the for-loop, the execution of part A takes O(1) time. Moreover,
during that pass a grey leader is “processed” and coloured black. Therefore we
charge this O(1) time to the cost of colouring a leader grey. This yields that
for part (7) the cost is augmented by O(1) time for each execution of procedure
delete. (Obviously this does not affect the cost of part (i)). Moreover, each
pass of the for-loop in line 21-23 is charged with an extra O(1) time. This will
be included in the cost of part B.

(b) Consider the t-th deletion of an edge: edge (i, 7). First note that for any k¢ € Ve
the for-statement (part B) can be executed at most once during the execution
of procedure delete(%, 5), since it is only executed for kg € V¢ if K is grey, while
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afterwards Ko is coloured black and never becomes grey again.

In the for-statement, all predecessor leaders ¢ of some kg € V¢ are processed
in O(1) time each. If ¢ is such a predecessor leader of kg, then there is an
edge (f,k) € E; such that L,(f) = ¢ and Ly(k) = ko. Therefore we charge
the above O(1) cost for processing ¢ as a predecessor leader of ko to the edge
(f,k). Hence, the cost of the execution of the for-statement for some kg € V¢
is

O(#{(f,k) € Ex|f € V Ak € Ci(50)}). (32)

On the other hand, by line 21 it is seen that the for-statement is executed for
ko € V€ only if M*(ko,Lj) = 0. By Q13,Q1,6 and Q1,1 we find for such a xo,
that M (xo,5) = 0 A M*(Ko,4) = 1. Since (¢,7) is the edge that has just been
deleted, this yields for such a ko that M (ko,7) = 0 A M} (Ko,7) = 1. Hence
we have for such a kg that

M*(k,j)=0AM*,_,(k,j)=1for k € Ci(ko) (33)

Combining (32) and (33) yields that the total cost of the for-statement for this
t-th deletion is

O(#{(f,k) € EtIM*t(k’j) =0A M*t—l(kaj) = 1})
= OF{(f,k,DI(f,k)E E,ALEV A M* (k1)=0
AM*,_(k,1) = 1}). (34)

Since M,(k,l) < M,_1(k,1) and M*,(k,l) < M*,_,(k—1)for k,1 € V,t > 1,
and since E; C Ep for t > 1, (34) yields that the total cost of the for-statement
for ¢ deletions is

O(#{(fa k,l)Kf’ k) EEANIEVA M*q(kal) =0A M‘O(kal) = 1}) =
O(eqq - 1)-

Conclusion: by (i) and (#7) it follows that the total net costs for ¢ deletions, charged to
procedure delete is O(n - e ,4).

7.3.2 Analysis of procedure adjust

Consider procedure adjust. Except for the for-loops in line 16-22, a pass of the do-loop
costs O(1) time. At each pass of the do-loop, a marked leader is processed and dismarked.
We therefore charge this O(1) time to the cost of marking a leader. Therefore we only
have to compute the cost of the three for-statements in line 16-22, where in line 21 each
marking needs to be charged with an extra O(1) time. Since for each (vp,p0) € ES.,
there exists an edge (ng,n') € E ey With 19 € Crew(vo) and n’ € Cpew(po) (and hence
n' € Spew(no)) the costs of executing the last two for-loops (line 21 and 22) can be charged
to the first for-loop by augmenting the cost of the statement N(k,n') := N(k,n’) — 1 with
O(1) time. Therefore we have to compute the cost of the for-statement in line 16-20 only.
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Consider the for-loop in line 16-20. At each step during the execution of this for-loop,
the value of N(k,n') is decreased for some k,n’' € V. Moreover, we have N(k,n’) > 0
for k,n’ € V and 2kev Xmev N(k,m) < n-e 4. Since the value of N(k,n') is never
increased in any of the considered procedures, the above considerations yield that the cost

of this for-loop is O(n-e4). Therefore we conclude that the total net costs for ¢ deletions
charged to procedure adjust is O(n - e,4).

7.3.3 Analysis of procedure componentsbreak

The depth-first search in procedure componentsbreak can be performed in O(ega 7¢) time,
?vher.e €ga ¢ = mazuevs, #{(k1, k2) € E_4lk1, k2 € Cota(k)} i.e., the maximal number of
interior edges of any strongly connected component. To perform the depth first search in
O(€g1a"°) indeed, it is necessary to use the set of successors of a node that are within the

same component (cf. Section 5).

Procedure componentsbreak is called within procedure delete(t, j) only for edges (%, 7)
that are interior to any component. Hence, it can be called at most €LY times, where
etV = H{(ky, k) € EqalLotd(k1) = Loa(k2)}, i.e., the total number of edges that are
interior to any strongly connected component.

Conclusion: the total net cost for g deletions charged to procedure componentsbreak is

totcyc maxcyc
O(eqa ™ - eqia”7°)-

7.3.4 Analysis of procedure resetcomponents

We consider the cost of an execution of procedure resetcomponents.

The statements in line 2-4, 18-19 and 20-21 can be performed in O(n) time. (For, the
ordered lists C()) in line 19 are disjoint). The statements in line 5-7, 8-14, and 15-17
can be performed in O(n + e,),) time. Indeed, since in line 8-14 the strongly connected
components are determined in O(n+e¢_)y) time and afterwards V¢ and L can be computed
in O(n) time. Then C can be adjusted by traversing array L once in O(n) time. Hence,
the cost of an execution of procedure resetcomponents costs O(n + e,q) time. We need
the following property.

Property 7.10 Let n_j; be the number of nodes that are contained in any non-trivial
component of G4 (i.e. a component with at least 2 nodes). Then procedure resetconipo-
nents can be called at most njj; — 1 times and at most 2n¥; — 1 new components may
arise during the q edge deletions.

Proof Every time that procedure resetcomponents is called, the number of (possibly
trivial) components increases. Since G4 contains at least n—n¥;+1 components (possibly
trivial), procedure resetcomponents can be performed at most ny; — 1 times. Moreover,
only the ng}; nodes contained in any non-trivial component of G,y may be concerned in
new arising components. These n(}; nodes can give rise to at most n¥; new components
in Gy, (compared to G4). Since the components in G;; yield a finer partition of V
than the components of G; (for 0 < i < g), this yields that we can encounter at most
2-ng; — 1 newly arisen components in all graphs G;(0 < i< ¢). O
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By Property 7.10 and by nl¥; < min{n,e, s}, the above considerations yield that the
total net cost for ¢ deletions charged to procedure resetcomponents is O(nfi(n+eyy)) =

O(n - eqq)-

7.3.5 Analysis of procedure adjusttransitivereduction

Consider the cost of an execution of procedure adjusttransitivereduction .(Note that NEW
# @ holds, since this procedure is called at line 28 of procedure delete only.) It is easily
seen that executing this procedure costs O(n + e,),) time for each x € NEW. Since NEW
contains the leaders of the newly arisen components only, we can write that the execution
costs O(n + e, q) time per newly arisen component. By using Prop. 7.10 we find that the
total net cost for ¢ deletions charged to procedure adjusttransitivereduction is o(n; -

(n+eqq)) = O(n - e ).

7.3.6 Analysis of procedure disconnect

Procedure disconnect is only called within procedure adjust viz., at line 15. Since Q'l,3
and Q'1'6(= Q1,6) hold at line 15, it follows that in procedure disconnect M*—values are
decreased from 1 to 0. Since M*—values are never increased in any procedure, this yields
that procedure disconnect costs O(eZq — €fiew) = O(n - €,1q) time, where €34 = #E%, and
€hew = #E;ew'

7.3.7 Analysis of procedure valueNC

Procedure valueNC is called within procedure adjust only (viz. line 8, 10, 11 and 13).
Consider the t-th deletion of an edge, say (¢,3). Then a call “valueNC(k,v)” costs O(1)
time if NC(k,v) > 0 and it costs O(#Cy(v)) time if NC(k,v) = —1. By our definition
of net cost, we charge the O(1) cost to procedure adjust and not to procedure value NC.
Therefore we may say that the net cost of one or more calls “valueNC (ko, )" for fixed
Ko, € V during this t-th deletion, is O(#Cy(v)) time. Since Cy(v1) N Cy(ry) = @ for
v # v, 1,12 € VP, we therefore have: (4++) the net cost of any number of calls of
procedure valueNC(ko,v) for fixed ko € V¢ and for v = Vi,Vg, - Vp € V€ with v, #
v,(1<r<s<p)is O(X1<r<p #Ci(vy)).

We distinguish two cases (according to the second guard of the if-statement in line 6-24
of procedure adjust).

(a) Ko = Ly(i). By (++) we have that the net cost for calling procedure valueN' C(Ko,*)
a number of times during this ¢-th deletion is O(n) time.

(b) Ko # L¢(7). In this case, the following claim holds.

Claim 7.11 If in this case valueN C(ko,v) is called for some v € Vg, then there is
an edge (k,l) € E; such that k € Ci(Ko),1 € Ci(h(ro)) and

meC,(u)[I-tTI)m A —n(l—trm)].
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Proof Note that value N C(xo, ) is called in line 8, 10, 11 and 13 of procedure adjust
and that Q; holds at the time of calling. Since o # Li(i), Q; o(= Q1,2) yields that
h(ro) € S¢(x) and h(ro) is a black leader. Since xq # Ly(%), line 7 of procedure adjust
yields that M*(h(xo),v) = 0. Hence we find by T} that ﬁ(h(no)—%»u). By T; we

have h(fco)—:—>Lt(i) and hence h(no)—:-ri. By Q; we also have Lt(j)—:—u/ and hence
j%w. Since (i, ) is the t-th edge that is deleted, it follows by h(no)—:n', j—:—w
and Prop. 3.6 that h(no)t—*:u. Hence I_‘a(no)t—"'lw A -n(h(no)%»u) holds. Because

h(ko) € S¢(ko), there is an edge (k,!) € E, satisfying k € Cy(xo) and ! € Cy(h(ko)).
This completes the proof. O
By (++) and by the above claim we can conclude: the net cost of any number of
calls of procedure valueNC(ko,v) for fixed xo € V¢ and for a number of v’s with
veVeis

OG#{(k,Lm)ll-2om A ~(1-+m)}) (35)
for some fixed k € Ci(ro),1 € Cy(h(ro)) satisfying (k,I) € E;. Now consider all calls
of valueNC(,v) during the t-th deletion, i.e. for a number of x’s with & € V¢ and
a number of v’s with v € V{£. Since Ci(r1) N Ci(k2) = D if Ky # Ko, K1, K2 € Ve, (35)

yields that the total net cost of any number of calls of procedure valueNC during
the t-th deletion is bounded by

O(#{(k,1,m){(k, 1) € Ee Al-Ssm A ~(1-m)}).

We now compute the cost for all ¢ deletions. By the above case analysis and by an
argument similar to that in 7.3.1 we may write that the total net cost is bounded by

O+ eaia) + O(#{(k,,m)|(k,1) € Eo Al-om A ~(1-Zsm))).

Hence, the total net cost for ¢ deletions, charged to procedure valueNC is O(n-e,y)

7.3.8 Analysis of procedure neutralNC

Consider the t-th deletion. Procedure neutralNC is only called within procedure delete,
viz. at line 17 of this procedure. The first call of procedure costs O(n) time. However,
for each subsequent call only those x € V for which NC(x) # —1 holds are processed (cf.
Section 5), viz. at cost of O(1) time for each such k. Therefore we consider this 0(1)
time to be cost of altering a NC-value that is —1. (Obviously, this does not effect the cost
analysis of the other procedures.) Hence the total costs charged to procedure neutral NC
during this t-th deletion is O(n).

Conclusion: the total net cost for g deletions, charged to procedure neutralNC is O(n-ey)-
7.3.9 Complexity of q deletions

By combining the results of 7.3.1 up to and including 7.3.8 we have proved the following
theorem.
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Theorem 7.12 For a number of q edge deletions, procedure delete takes O(n - e,y +
e’ " - €MIY) time, where e,y is the number of edges in Ga) €557 is the total number
of edges in G 4 that are interior to any component of Goa) €aa )€ is the mazimal number

of interior edges of any component of G4
Moreover, it is easily seen that the following holds.

Lemma 7.18 If the values of breakcomponents can be computed in O(F(Gq)) time for q
edge deletions, then procedure delete takes O(n - eaa + F(G,q)) time for q edge deletions.

8 Conclusion and remarks

By the results in Sections 5, 6 and 7 the following theorem is obtained.

Theorem 8.1 The transitive closure and the transitive reduction of a graph can be main-
tained under edge insertion and edge deletions, together with some auziliary information.
A number of q consecutive edge insertions takes O(n-e,..,) time, where e.,, is the number
of edges in the resulting graph, whereas a number of q consecutive edge deletions can be

performed in O(n - e,y + e:‘l’gcyceﬁ:xcyc) time, where e,y is the number of edges in the

original graph, €34 is the number of edges interior to the original components and each

original component contains at most end ¢ interior edges. Moreover, all information that
must be maintained takes O(n?) space and can be initialized in O(n - e,q + n?) time for a

graph with e 4 edges.

As stated in subsection 7.2, N°—values are only computed (and maintained) when they
are needed. However, if the matrix N° must be available entirely, this can be achieved by
means of some modifications of the procedures presented in Sections 6 and 7, yielding an
extra cost term of O(n - €3)4) in the time complexity of procedure delete. (Note that at
each componentsbreak the matrix N°¢ must be recomputed completely w.r.t. the newly
arisen components.) The arrays P° and S€ are not really necessary for the algorithms,
since P° and S° can be obtained by using P, S and C without increasing the total time
complexity. Similarly e° can be omitted as global information: by Prop. 4.13 it can be
computed in procedure delete by means of N or by means or procedure resetcomponents
(depending on whether a componentsbreak arises or not), without increasing the time
complexity. Finally we remark that the algorithms presented above can be transformed
into algorithms traversing on reduction edges only, yielding some better time bounds.
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