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Abstract

Recent results [6] have shown that concurrent Logic programming has a very simple model,
based on linear sequences, which is fully abstract with respect to the parallel operator and
finite observables. This is intrinsically related to the asynchronous and monotonic nature of
the communication mechanism, which consists of asking and telling constraints on a common
store. We consider here a paradigm for (asynchronous) concurrent programming, based on the
above mechanism, and provided with the standard operators of choice, parallelism, prefixing,
and hiding of local variables. It comes out that linear sequences still suffice for a compositional
description of all the operators. Moreover, we consider the problem of full abstraction. Since
our notion of observables implies the removal of silent steps, the presence of the choice operator
induces the same problems (for compositionality) as bisimulation in CCS. We show that in
our framework this problem has a simple solution which consists of introducing a semantical
distinction between the various ways in which deadlock and failure might occur. The resulting
semantics is fully abstract and still based on linear sequences.

1 Introduction

The concurrent constraint paradigm [16, 17, 9, 7, 8] represents a considerable improvement with
respect to “classical” concurrent logic languages. The combination with Constraint Logic Pro-
gramming [11] has allowed on one hand to increase the expressiveness, and, on the other hand,
to model in a logical manner the synchronization mechanism [13, 15], thus integrating it with the
declarative reading of the language. Constraint programming is based on the notion of computing
with systems of partial information. The main feature is that the store is seen as a constraint
on the range of values that variables can assume, rather than a correspondence variables-values.
In other words, the store is seen as a (possibly infinite) set of valuations. Constraints are just
finite representations of these sets. For instance, a constraint can be a first order formula, like
{z = f(y)}, representing the set {{y = a,z = f(a)},{y = b,z = f(b)},...}. Constraints are
naturally ordered with respect to (reverse) logical implication. As discussed in [16, 17], this notion
of store leads naturally to a paradigm for concurrent programming. All processes share a common
store, that represents the constraint established until that moment. Communication is achieved



by adding (telling) consistently some constraint to the store, and by checking (asking) if the store
entails (implies) a given constraint. Synchronization is based on a blocking ask: a process waits
(suspends) until the store is “strong” enough to entail a certain constraint. Notice that the exe-
cution of an ask depends monotonically upon the store, which, in turn, is monotonically increased
by the execution of a tell. Since ask and tell are the only actions on the store, the store will evolve
monotonically: the associated constraint is initially true (no restriction upon the possible values
for the variables), and it gets more and more refined in the course of the computation (the set of
possible values for the variables gets smaller and smaller).

We address here the problem of a compositional and fully abstract semantics for concurrent
constraint programming. Compositionality is considered one of the most desirable characteristics
of a formal semantics, since it provides a foundation of program verification and modular design.
The difficulty in obtaining this property depends upon the operators of the language, the behaviour
we want to describe (observables), and the degree of abstraction we want to reach. A compositional
model is called fully abstract if it identifies programs that behave in the same way under all the
possible contexts. A fully abstract model can be considered to be the semantics of a language: all
the other compositional semantics can be reduced to it by abstracting from the redundant informa-
tion. Full abstraction is important, for instance, for deciding correctness of program transformation
techniques.

There are various reasonable observation criteria that can be adopted for concurrent constraint
programming. One may, for instance, consider the sequences of communication actions engaged by
a process, or the sequences of intermediate states of the store, etc. We deal with a more abstract
one: only the final results, together with the termination modes: success, failure, or deadlock
(failure occurs when a process must tell a constraint inconsistent with the store, deadlock occurs
when all processes are stucked on the execution of an ask). This choice is motivated by the fact
that, due to the monotonic evolution of the store, the intermediate states of the computation are
just approximations of the final result.

The main operators of concurrent constraint programming are the communication actions, the
prefixing, the parallel composition, the nondeterministic choice, and the hiding of local variables
[17]. Concerning the control structure, these operators have been regarded just as a particular
case of the classical concurrent paradigms, like CCS and TCSP. As a consequence, the structural
operational semantics and the problems of compositionality and full abstraction have been ap-
proached mostly by the standard methods (failure sets, trees, etc.) of the semantics of concurrency
1,212, 3,4, 8,17, 10, 9).

We think that concurrent constraint languages require a different approach. If we compare
their computational model with the one of CCS and TCSP we see a relevant difference:

the communication mechanism is asynchronous, i.e., the execution of a tell do not need
to synchronize with a (complementary) ask engaged by the environment.

In other words, what a process can do does not depend upon the present behaviour of the envi-
ronment, it only depends upon the store (Zell can always proceed when consistent with the store,
and ask can always proceed when entailed by the store), i.e. the past behaviour of the system.
If we want to describe the semantics via a transition system, a rule like the one of CCS, where
complementary actions synchronize is therefore not needed.

On the other hand, a compositional model can be achieved by making explicit (in the transition
system) the dependency upon the past. This can be done by adding a passive rule that does not
exists in CCS: an arbitrary assumption about a step made by the environment. Arbitrary means
not related to what the process exactly needs to proceed: it can be either more (so allowing it to
proceed), or less (so it can still suspend) or even inconsistent with the constraint that the process
is going to ask [tell] (so to generate failure in the next future). This corresponds to considering all
the possible interactions between the given process and arbitrary environments, and it leads to a
very simple compositional semantics, consisting of sequences of constraints labeled by assume/tell
modes. Notice the contrast with CCS and TCSP, where compositionality requires more complicated
structures containing branching information, like trees or failure sets. Moreover, we don’t need an
interleaving operator to compose these sequences. It is sufficient to pick up the ones that “match”.



Our sequences must not be confused with similar structures (sequences of ask/tell constraints,
input/output substitutions etc.) used in [14, 9, 8, 17]. Those structures are used there to represent
the sequel of actions that a process will engage. There is a basic conceptual difference between an
assume constraint and an ask [inpuf] constraint: the second just represents what a process needs
to proceed, i.e. the minimal assumption that is necessary for the process to go on successfully. As
a consequence, sequences of that kind contain less information and they are compositional only
for the success set [14], whereas failure and deadlock still require some branching information.
In [9] this branching information is given by failure and suspension sets in (8, 17] it is explicitly
represented by a tree-like structure.

A totally different approach has been developed in [18] for the determinate subcase of constraint
logic programming. The basic idea consists of denoting processes as Scott’s closure operators, which
have the nice property of being representable as the set of their fixpoints. The operators of the
language can then be described just as operations on those sets. In particular, parallelism can be
modeled simply by intersection. In the same paper, the authors present an extension of their model
for the indeterminate case. The main criticism to this model is that it abstracts from deadlock
(it is identified with termination). Furthermore, the applicability of their method heavily depends
upon this abstraction: it is not clear how to generalize their approach so to cope with deadlock.

To our knowledge, the first example of a compositional semantics just based on (assume/tell)
linear sequences was given in [5, 6]!. Those works, however, deal with a concurrent logic language,
based on substitutions, which is indeterminate, but with no explicit choice operator (it is “hidden”
in the clause union). The compositionality is treated only with respect to the parallel operator.

The model M we present here, for concurrent constraint programming, is compositional with
respect to all the operators of the language (prefixing, parallelism, choice, and hiding of local
variables). Moreover, the communication mechanism we deal with is more general, since it is
based on constraints instead of substitutions. This model is also more simple and elegant, since
the hiding of local variables is here modeled by the existential quantifier.

Since it is induced by linear sequence, the congruence associated to M is coarser than reactive
equalily (a congruence, on tree-like structures, based on strong bisimulation) [17]. One may believe
that this model, being linear, has good chances to be fully abstract. This is not the case, for the
notion of observables described at the beginning of this section?. The reason is that an assume /tell
sequence contains information about the granularity and the order in which constraints are added
to the store. Because of the monotonic nature of communication, this granularity and this order
cannot be sensed by any context. In other words, it is not possible to define an environment that
accepts only a specific sequence of constraints, and blocks otherwise. In fact after any (logically)
equivalent sequence the reaction of the environment will be the same.

We show that to achieve full abstraction it is sufficient to saturate the denotation S of a process
by adding those sequences which are logically equivalent to some sequence in S for any subsequence
of constraints produced by the same agent (either the process or the environment). A similar
solution was proposed in [6], but the framework we use here (existentially quantified constraints)
allows to express the saturation operator in a far more simple and elegant way. However, due
to the presence of an explicit nondeterministic choice, the application of this operator is quite
delicate in our language, since in the resulting semantics the differences due to silent steps (the
actions that do not modify the store) would be deleted. It is well known that this might cause
the loss of compositionality with respect to the choice operator. It happens, for instance, in
the (weak) bisimulation semantics for CCS, and in the reactive equivalence semantics defined in
(17). Essentially this is because the distinction is lost between a computation that deadlocks
[fails] immediately, and a computation that deadlocks [fails] after some silent steps. They should
be distinguished, since the composition of these computations with a successful alternative choice
gives different results (the second may still deadlock [fail] while the first cannot). In our framework
it is possible to solve the problem in a quite simple way. We just need to introduce a semantical

1The idea of considering arbitrary assumptions (in the framework of substitutions) has been first suggested in
[10] for Flat Concurrent Prolog. However, suspension sets, although not necessary, were still present there.

2It would be fully abstract if we considered a stronger notion of observables based on sequences of ask/tell actions,
similarly to what is done in [18] (for the indeterminate case), but this is out of the scope of this paper.



distinction between two kinds of termination modes, representing the immediate and the not
immediate deadlocks [failures]. This solution we propose is, we believe, applicable in general to
any language based on asynchronous communication.

The plan of the paper is the following. In the next section we introduce some basic notions. In
section 3 we give the syntax of the language, the standard operational model based on a transition
system, and we define the notion of observables ©. Then we present (section 4) a compositional
semantics M that is shown to be correct (with respect to @), and compositional. In section 5 we
present a semantics .4 which is a refinement of M. In section 6 we prove that A is correct and
compositional, and in section 7 we prove that A is fully abstract.

2 Preliminaries

In general, a constraint system can be any system of partial information that supports the notion
of consistency and entailment. We consider here simple constraint systems based on first-order
theories. Our results, however, can be extended to more general settings.

Let Var be a non empty set of variables, with typical elements z,y,z,.... Let £ be a (many
sorted) first-order alphabet (function symbols a,b,...,f,g,..., and predicate symbols, and their
signature). A constraint system I' on (Var, L) is a first-order theory. We say that a formula ¢
is consistent if ' |= 3(4), where 3(¢) is the existential closure of ¢, and that ¢, entails ¢5 if
[' = ¢1 = ¢2. The set of constraints, with typical element ¢, d, ..., is the set of formulas 3X 9,
where ¥ is a quantifier-free formula and X is a set of variables. 3{z}.9 will be denoted by 3z.9
and 30.9 by 9. The variables in the scope of an existential quantifier are local, not visible at the
top-level. Usually T is assumed to be complete with respect to the notions of concistency and
entaiment. In the following we consider I' to be fixed, so we simply write = 3(c) [~ 3(c)] and
= ¢ = d [ ¢ = d] to represent consistency [inconsistency] and entailment [unentailment).

3 The language

In this section we present a language containing the basic features of concurrent constraint pro-
gramming. We define its syntax, its (standard) computational model, and the observation criterium
we consider.

We use A4, B,. .. to range over the set of processes, ¢,u, ... to range over terms in 2, p,q,7,...
to range over procedure names, and X,Y,Z,... to range over subsets of Var. In addition, the
notation ¥ indicates a list of the form (xi,..., xn)-

The processes are described by the following grammar

A ::= Success | Fail | ask(c) —» A |tell(c) - A|A+A|A || A|3X.A|p(i)

Success and Fail represent successful and failing termination. ask and tell are the com-
munication primitives. They are the only actions we consider. The process ask(c) — A waits
until the store entails ¢ and then it behaves like A. The process tell(c) — A adds ¢ to the
store and then it behaves like A. They both fail when ¢ is inconsistent with the store. The
operators || and + are the parallel composition and the nondeterministic choice, respectively. Be-
cause of the asynchronism of the communication, the behaviour of + is something in between the
(global) nondeterministic choice of CCS and the local nondeterministic choice of TCSP. For in-
stance, (tell(c) — A)+ (tell(d) — B) behaves like a local choice when both ¢ and d are consistent
with the store, while (ask(c) — A) + (ask(d) — B) behaves like a local choice when both ¢ and
d are entailed by it. In the other cases, the choice is global (it depends upon the actions made
by the environment). 3X.A is like the process A, with the variables in X seen as local. Finally,
p(?) is a procedure call, p is the name of the procedure, and 7 is the list of the actual parameters.
The meaning of a process is given with respect to a set W of procedure declarations of the form
p(Z£) - A. Given the list of actual parameters £, an instantiation of p(Z) - A is an object of the
form p(t) - A’, where A’ is obtained from A by simultaneously replacing every (occurrence of a)



formal parameter by its corresponding actual parameter, and by renaming all the other variables
so to avoid clashes with £. We denote by Inst(W) the set of the instantiations of the clauses in W.
In the sequel, unless stated otherwise, we assume W to be fixed, so we omit reference to it.

3.1 The operational model and the observables ©

The operational model is described by a transition system T = (Conf,—). The configurations
Conf are pairs consisting of a process or a termination mode, and a constraint representing the
store. The termination modes « are the symbols ss, f and dd, that denote success, failure and
deadlock respectively. The rules of T are described in table 1. For the sake of simplicity, we assume
that the variables which are existentially quantified inside a tell [ask] have different names from all
the others occurring in the process, or introduced during the computation.

We also assume the presence of a renaming mechanism that takes care of using fresh variables
each time an (instance of a) declaration is considered (in R7). For the sake of simplicity we do not
describe this mechanism in T. In the next section (when describing the compositional semantics)
we will show a solution to the problem of renaming. The interested reader can find in [17, 5, 6]
various alternative approaches to this problem.

R1 and R2 indicate that Success and Fail end immediately in their corresponding termination
modes. R3-R6 describe the way in which the communication actions deal with the store. RT
describes the replacement of a procedure call by the body of the procedure definition (in W). R8
describes the first step of a process prefixed by a communication action (g stands for ask or tell).
R is the rule for the hiding: a process A in which the variables X are local (3X.A), first renames
the variables in X by fresh variables in Y, and then it behaves like A[Y/X]. The renaming is
needed in order to avoid clashes with the store and the other variables of A, and it is ensured
by the condition ¥ N var(A4,c) = 8. R10-R14 are the usual rules for the parallel and the choice
operators, where the behaviour of a compound process is described in terms of the behaviour of the
components. Notice that parallelism is described as interleaving. The main rule for + (R11) shows
that the indeteminism of our language is sometimes global, sometimes local. In fact, the decision
taken by the process will be visible to the external environment only if the store is modified (e.g.
if ¢/ is different from c.)

The result of a terminating computation consists of the final store (up to logical equivalence),
together with the termination mode. This is formally represented by the notion of observables.

Definition 3.1 The observables are given by the function
O[A] = {(3X.c,a) | (4, true) —" (a,c)}s,

where X are all the variables in ¢ which do not occur in A, the subscript < denotes the closure
under logical equivalence, and —* denotes the transitive closure of —».

In the following example, we assume the constraint system to contain the standard equality
theory.

Example 3.2 Consider the process A defined as follows:
A = tell(z = a) — ask(y = f(a)) — Success

Starting with the empty store (irue), the process will first tell (add to the store) the constraint
z = a, and then it will block on the erecution of ask, since x = a does not entail y = f(a).
Therefore what we observe out of the ezxecution of A is

O[A] = {{(z = ¢,dd)},
Consider now the processes
B; = tell(y = f(z)) — Success

By = 3z.tell(y = f(z)) — Success



Table 1: The Transition System T

R1
R2
R3
R4
R5
R6

R7

RS

R9

R10

R11

R12

R13

R14

(Success, c) — (ss, c)

(Fail, c) — (ff, c)

(ask(e’), &) —> (ss, c)

(ask(¢"), ¢) — (dd, c)

(tell()), c) — (ss, ¢ A ¢')
(tell(c'), c) | (ask(c'),c) — (ff, c)
(p(@), c) — (4,¢)

(9,¢) — (s5,¢) | e, ¢)
(9= 4,¢) —(4,) [{a,¢)

AlY/X]),c) — (A',cAC
X.A,c) — (A',cAc

(A»C) — (A',c') | (ss, c')

(4] B,c) — (A" || B,¢) | (B,¢)
(Bl A,e) — (B} 4',¢) | (B,¢)

(A, c) — (A, cf) | {ss, )
(A+ B,c) — (A',c) | (ss, )
(B+ A,c) — (A', ) | (ss, ¢')

(A,¢) — (dd,¢) (B, c) — (a,c)

(A ” B’c> - <a)c)
(B A,¢) — (a,c)
{A+ B,¢) — (dd, ¢)
(B+ A,c) — (dd, c)

(Avc)'—’ (ﬁ?c)
(Al B,c) — (ff, c)
(B || Ayc) — (ff, c)

(A’c) —>(ﬂ',c) (B’C) '__'(ﬂ‘vc)
(A+ B,c) — (ff, c)
(B+ A,c) — (ff, c)

ifEc=>¢
iffec=>c
ifE3(cAd)
if e IcAd)

if p(t) - A € Inst(W)

if o' {ff, dd}

ifY Nnvar(A,c) =0

if o € {ff,dd}




The observables are:
O[Bi1] = {{y = f(2),s8)} s,
O[B,] = {(3z.y = f(2),s5)} e,

Let’s now consider the processes Ay = A || By and A2 = A || B2. After the first step of A and
the ezecution of By, the store is z = a A y = f(x), which entails y = f(a). Therefore A; can
successfully terminate:

OI[AI]] = {(3 =a Ay= f(z)’ss)}¢’

This is not the case for Az, since afier the first step of A and the ezxecution of Bs, the store is
z=a A Jz.y = f(z), which does not entail y = f(a). Therefore A2 will still deadlock:

O[Az] = {(z =a A Jz.y= f(2),dd)}.

4 A compositional semantics based on sequences

We define here a compositional model M based on sequences of interactions between a process
and an arbitrary environment. These interactions are constraints labeled by a (assume) or ¢ (tell).
An assume constraint represents an action performed by the environment, while a tell constraint
represents an action performed by the process itself. We use £ to range over {a, t}. These sequences
encode also the hiding of local variables, by means of existential quantifiers. This will allow to
model compositionally the hiding operator, and to express in a more elegant way the saturation
procedure so to achieve full abstraction.

A sequence s = c%!-.... c{» (where each ¢; can be of the form 3X.c) has to be interpreted as
a conjunction, where the scope of an existential quantifier is the whole subsequence that follows
(nesting of local environments). Formally:

Definition 4.1 We define
o Estore(A) = true () is the emptly sequence)
o Estore((3X.c)t-s) = AX(c A Estore(s))

Furthermore, in order to describe the basic computation steps (in particular, the check for
entailment), we need to define the store resulting from a sequence of interactions. This is just the
conjunction of all constraints where all the quantifiers are dropped.

Definition 4.2 We define

Store(A) = true
Store((3X.c)-s) = c A Store(s)

For technical convenience we introduce the following notions:
Definition 4.3 Given a sequence s we define

o FV(s), the free variables of s (the global variables),

e BV (s), the bound variables of s (the local variables),

o BVY(s) [FV!(s)], £ € {a, t}, the bound [free] variables of s occurring in constraints labeled by

£. The local variables introduced by the process itself are given by BVt(s) and those introduced
by the environment by BV 3(s),

e var(x), the variables of the object x (process, sequence ...).



Table 2: The Transition System 7"

RY

R2'

R3

R4/

RS/

R6'

RT

RS’

RY9'

R10'

R11/

R12

R13’

R14/

R15/

(Success, s) —» (ss, s-truet)
(Fail, s) — (ff, s)
(ask(c), s) — (ss, s-truct)
(ask(c), 5) — {dd, )

(tell(c), s) — (ss, S'C't)

(tell(c), s) | (ask(c), s) — (ff, s)
(p(f),s) - (A’s'tmet)

(g,8) — (ss,s') | {a,s)
(g - A’s) —w (AH’I) l (a, 3)

(A[Y/X),s) — (A, s.ct)
(3X.A4,s) — (4, 5-(3¥.0)")

(A,8) — (A',s-ct) | (ss,5-ct)

(All B,s) — (4" || B,s-c") | (B,s-c")
(Bl 4,5) — (B || 4',5:ct) | (B, s-ct)

(4,8) — (A',5-c!) | (ss,s-ct)
(A+ B,s) — (A',s-¢%) | (ss,s-ct)
(B+ A,s) — (A, s-ct) | (ss,s-ct)

(4,s) — (dd,s) (B,s) — (a,s)
AT B8 — (=9)
(Bl A,5) — {ars)
(A+ B, s) — (dd, s)
(B+ A, s) — (dd, s)

(A»s> — (ﬂ',s)
(Al B,s) — (f, s)
(B ” A’s) ——»(ﬂ',s)

(A,s) — (ff, s) (B,sl—» ({ff, s)
(A+ B,s) — (ff, s)
(B+A4,s5) — (ff,5)

(A,s) | (ss,8) — (A,s-cB) | (ss,s-cB)

if |= Store(s) = ¢

if [£ Store(s) = ¢

if k= 3(Store(s-c)),

k= Store(s-c) & Store(s-c’), and
BV(d)Nvar(s) =0

if £ I(Store(s-c))

if p(t) :- A € Inst(W)

if o € {ff, dd}
ifY N Var(A,s) =0

if BV(c)Nwvar(B) =9

if a € {f, dd}

if FV(c)n BVY(s) =0,
BV(c)Nwvar(A,s) =0, and
k= 3(Store(s-c?))




To define the compositional semantics we use a transition system 7" (see table 2). The config-
urations are pairs (A, s), such that Store(s) is consistent.

The difference with the transition system T consists mainly in rule R15, which models the
interaction with the environment. Note that a process A is not immediately affected by actions
made by the environment (only its future behaviour will depend on them). An arbitrary constraint
can be added (by the environment) consistently to the store without changing the state of A. In
other words, A can make an arbitrary assumption about the store. However, as the local variables
are hidden from the environment, assumptions involving local variables are not allowed. Formally
this means that the free variables of an assumption may not occur in the scope of the bound
variables introduced by the process itself, i.e., FV(c) N BVt(s) = 0, where c is the assumption
about the environment, and s represents the store. The other restriction BV (c) N var(4,s) = 0
ensures the absence of variable clashes between the local variables of the environment and the
variables of the process.

The other rules correspond to the rules of T. In rule R5’ the possibility of adding to the
(sequence representing the) store a constraint ¢’ equivalent to the constraint ¢ to be “told” allows
to abstract with respect to the syntactical form of ¢. Moreover, it allows to rename the variables
of ¢ with respect to s, and this will turn out to be convenient to express the saturation procedure.
In rule R10’ the condition BV (¢) N var(B) = 0 allows to avoid clashes between the local variables
of A (the ones explicitly hidden by an existential quantifier, and the ones introduced by renaming
the clauses of the program) and the variables (local and global) of the other processes (B) in
the environment. Notice that this also model a renaming mechanism (for the variables in the
declarations) which always uses fresh variables.

The correspondence between T and T is expressed by the following lemma.

Lemma 4.4 The rules R1'-R14’ of T' mimic the rules R1-R14 of T, in the sense that if
(A,s) — (4',§)

is a R’ transition step in T', then
(A, Store(s)) — (A’, Store(s"))

is a Ri transition step in T.

Proof Immediate by case analysis of the rules in 7”. ]

The semantics M, based on the transition system 7, delivers sets of sequences of assume/tell
constraints, ended by a symbol a € {ss,ff,dd, L}. The symbol L stands for unfinished. It is
introduced in order to associate a non empty semantics to infinite processes. In fact, even if we
are interested only in finite computations, this is necessary for modeling failure compositionally.

M[A] = {s'ss | (A, true) —" (ss,s)}
U {s-ff |(A, true) —* (ff,s)}
U {s-dd |(A,true) —* (dd,s)}
U {s-L |(A4,true) —* (4’ s)}

The observables can be obtained from M as follows. We pick up only the sequences entirely
composed by tell constraints and ended by ss,ff, or dd. This amounts to requiring that each
constraint we observe has been really produced by the process, and that the computation has
reached a final state. Then we abstract from the particular order in which the constraints have
been produced, and from the syntactical form of them. This is described by the operator Result,
defined as follows:

Result(S) = {(Estore(s),a) [s-a€ S A s=ct.....ct A a€ {ss,f,dd}}.

n

Theorem 4.5 (Correctness of M) O[A] = Result(M[A]), o



Proof Let A be a process and let s.a € M[[A] such that s contains only tell constraints and o #1.
Then there exists in 7" a derivation of the form

(4,2) = (Ao, 50) — ... (Ai,8) — ...(An,5,) = (a,3)

such that « € {ss, ff, dd} and the rule R15' is never used.
By lemma 4.4, there exists in T a derivation

(A, true) = (Ao, Store(so)) — ... (A;, Store(s;)) — ... (An, Store(sn)) = (a, Store(s)).

Therefore (3X.Store(s), a) € O[A], where the X is the set of variables in s not occurring in A.
The rest follows from the observation that 3X.Store(s) = Estore(s). a

4.1 Compositionality of M

The operational semantics above defined is compositional with respect to all the operators of the
language: —, ||, + and 3X. The corresponding semantic operators ~», ﬂ, +, and 3X are defined
in below. .

To define ~» and ||, we first define the corresponding partial and nondeterministic operators
(still represented by ~» and ﬂ) on sequences, then we extend them to sets.

tell) Prefixing the action tell(c) to a process A corresponds to picking up sequences representing
computations of A in which ¢ (or an equivalent constraint) is already assumed (initially, i.e.
before any tell action), and to replacing the assume mode by the tell mode. A sequence
containing an initial constraint inconsistent with ¢ will produce a failure. Sequences of
assumptions ended by L are not affected. Formally:

let s = d%.....d3.

¢ /8 it

ect~vsd®sa=5c"5a if k= Store(s-ct) e Store(s-c’t) and

FV(¢)NBV(s)=BV(/)NFV(s') =8
ectussa=sff iffE 3(Store(s-ct))
ectusl=s1
ask) Prefixing the action ask(c) to to a process A corresponds to picking up sequences representing
computations of A in which c is already assumed and the result is a sequence in which the

assumption is replaced by true' (cfr. R5’). A sequence containing initial assumptions which
do not entail ¢ will give a deadlock. The other cases are the same as for tell. Formally:

Let s = d2.....42.

3~ 5-c3.5'-a = s-truet-s'-a if |= Store(s) = ¢

8~ s5-8'-a=s-ff if & Store(s-c?)
o c®~s.8-a=s-dd if |5 3(Store(s-c?)) and £ Store(s) = ¢

e ct~rsl=s1

e C

e C

Parallel composition) The operator ﬂ, first introduced in [10], allows to combine sequences of
assume/tell constraints that are equal at each point, apart from the modes, so modeling the
interaction of a process with its environment. It is similar to the (more popular) interleaving
operator, the difference is that it applies to sequences containing already all the informa-
tions concerning the way in which processes interleave (the assumptions specify “where” and
“what”). Hence the application of ﬂ amounts to verify that the assumptions made by one pro-
cess are indeed validated by the other process (i.e. it tells or assumes the same constraints).
In the positive case, the elements of the resulting sequence are labeled by tell whenever they
are labeled by tell in at least one of the two sequences, by assume otherwise (a constraint is
produced by a pair of parallel processes whenever it is produced by at least one of the two).
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® 5 -alﬂsz-az = 82-6!1“31 ‘a2

e c?.g -alﬂc‘-sz-ag = c‘-(sl-alﬂ32-a2)
. aﬂss =a

o ofiff =1

ddjjdd = dd

o Ljjl=1

Since arbitrary assumptions can always be made, it is sufficient to consider the cases listed above,
and to leave ~» and || undefined on the sequences of different kind. The extension of these operators
to sets is defined in the obvious way:

¢ MS:{C ~sa| sa €S}
A~ S={c?~s0a]| sacS)
S1ﬂ52 = {Sl'alﬂsz'az | s1-01 € S1 A s2-a7 € S5}

We now define the semantics operators 4 and 3X corresponding to the choice and the hiding.
It is more convenient to define them directly on sets.

Choice) Let S; and S; be sets of sequences representing the computations of two alternative
processes A; and A. Apart from the cases of deadlock and failure, an alternative choice
can always be selected, therefore the successful and unfinished computations of A; + A,
are just given by the set union. Concerning failure and deadlock, observe that the successful
execution of an action is made visible by telling a constraint. Therefore, when a tell constraint
is present, the alternative can be selected (i.e. when the store entails the asked constraints
and when it is consistent with the constraints to be told, then the choice is local). We
have the set union again. On the other side, sequences consisting of assume constraints and

ending in failure and deadlock, are present in the result only if they are present in both sets.
Formally:

51-7-52 = (51 Uss Sz) U (51 Uﬂ' 52) U (51 Udd 52) U (Sl Uy 52)

where
S1Uss S2 = {s-ss| s-ss€ S;US,}
S Uﬂ' Sy = {3~ff| s-fes; USQ}TU
{s-ff| s-F €SI NSa}4
S51UgqS2 = {s-dd| s-dd€ S;USz}ruU

{s'dd| s-dd € S; NS} 4L

{s:dd| s-dd € S; As-ff € Sp}4U

{s-dd| s-dd € S2 As-ff € S;},L
S51UL S, = {S-J_I s-1le s USz}

here St denotes the subset of sequences of S in which there occurs a tell constraint, and S,
denotes the subset of sequences of S which consists only of assume constraints.

Hiding) Let [X/Z,Y/X] denote the simultaneous substitution of the free occurrences of a variable

of Z by its corresponding variable of X, and a variable of X by its corresponding variable of
Y.

e 3,X.5= {3Y(s[X/Z,Y/X}-a)| s-a €S, ZNvar(A) =0, and Y Nvar(s-a) = 0}
o For s = d2.....d? we define Y (s-ct-s'-a) = 5-3V.ct s a if Y N FV3(s.s') =

11



The renaming substitution [X/Z,Y/X] avoids variable clashes between occurrences of the
local variables X belonging to different local environments. Some global variables Z of the

computation s are interpreted as occurrences of variables of X belonging to a different local
environment.

By induction on the length of sequences, and by case analysis, we have following theorem

Theorem 4.6 (Compositionality of M)

M[tell(c) — A] = ¢t ~ M[A] M[A|| B] = M[A]M[B] M[3X.A] = 3, X.M[A]
Mlask(c) — A] = c® ~ M[A] M[A+ B} = M[A]+M[B]
Since M is compositional, the equivalence relation associated to it, defined as
Ay oy Ag iff M[A] = M[A,]
is a congruence:
Corollary 4.7 If A; =~z Az and By 254 By then

tell(c) — A Ry tell(c) — Aq A ” B; = Ag ” B, 3X.A; =p 3X A,
ask(c) — Ay mpm ask(c) — As Ay + By =p Ax + By

Proof Standard. 0O

The congruence above defined is not able to identify processes having the same final results
(observables), but it is large enough to capture equivalence of processes that react (stepwise) in
the same way to any environment (taking silent steps? into account). This notion of equivalence,
in concurrent constraint languages, has different properties than the corresponding notion in CCS
(modeled by strong bisimulation).

Example 4.8 Let A; and A3 be defined as follows:

A; = (tell(true) — tell(c;) — Success)
+
(tell(true) — tell(c2) — Success)
+
(tell(true) — tell(cz) — Success)

and
Az
Az = (tell(true) — tell(c;) — Success)
+ true true
(tell(true) — ( (tell(c2) — Success)
+
(tell(cg) — Success) ) ) ) c3

Assume ¢y, c2 and c3 to be pairwise inconsistent. The behaviour of Ay and A, with respect io an
arbitrary environment will be exactly the same, at each step, and indeed A; ~p Aa. In CCS,
where communication is synchronous, these processes can be distinguished by an environment B
that accepts (at the second step) ¢y or c2 (only). In such a situation, A || B can fail (it happens
when Ay follows the third branch), while Az || B cannot. This discrimination power of CCS en-
vironments, based on the ability o “lake decisions together”, is reflected by strong bisimulation.
A, and A3 indeed are nol strongly bisimilar (they are not even bisimilar). On the contrary, in

3In this framework, a step is silent if does not modify the store (like, for instance, tell(irue)).
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concurrent constraint languages, where decisions are taken asynchronously, either the process or
the environment chooses without taking the other into account. Therefore, also Az can bring to a
failure by choosing cs.

As a conclusion, ~a is coarser than the congruence based on strong bisimulation (reactive
equality, [17]), and, we think, more appropriate for concurrent constraint.

However, one may argue that this notion of equivalence is too fine and that it would be more
interesting, for instance, to abstract from silent steps or, even, from intermediate steps (i.e. to
identify processes that give the same final results).

In the next section we introduce a semantics A that is

e compositional,
e correct, i.e. it does not identify processes which have different observables

e fully abstract, i.e. it identifies processes that give the same observables in any context.

5 A fully abstract semantics

The operational semantics defined in the previous section is not fully abstract with respect to the
observables. Like in CCS, silent steps cause unnecessary distinctions, but this is only part of the
the reason. More generally, the problem is that sequences contain redundant information about
the order and the granularity in which constraints are added to the store.

Example 5.1 Let By and B; be defined as follows:

B,
(43} c1 ACy
B, = (tell(c;) — tell(cz) — Success) €2
+
(tell(c; A c2) — Success)
and B,
By = tell(c;) — tell(cz) — Success
c1
C2

Of course, By % B, but still, in every contert, they will produce the same final results. This is
because of the monotonicity of communication: we cannot define an environment that accepls both
¢1 and ca and not ¢y A cy.

In general, the reaction of a process to a certain sequence of actions will only depend upon
the (logical) final content of the store. Therefore, we must eliminate distinctions between logically
equivalent subsequences. One way to do this is to saturate the sets of denotations by adding, for
any sequence s, all the ones that differ only for a logically equivalent subsequence (C1). This
operation, however, is not enough. In M a sequence can occur only together with all the possible
interleavings with arbitrary assumptions. Therefore, also for the new sequences introduced by C1
we must add all possible interleavings (C2).

13



Table 3: The saturation conditions

C1 ifsiocf...ch-s3-0 € S and |= Estore(s;-c} ...ck-s;) < Estore(s, db .. dL-sg)
then s,-d{...d%, 2.0 € S

C2 ifs1-52-a € S and |= Estore(s; -s2) & Estore(sy -c-s3) then s;-c®.s9-00 € S

Definition 5.2 Given a set of sequences S, the saturation of S, Sat(S), is the minimal set which
contain S and satisfies the conditions C1 and C2 of table 3.

Sometime it will be convenient to apply the saturation operator also on sets of sequences s
(without termination mode), with the obvious meaning.

Remark 5.3 The conditions C1 and C2 preserve the meaning of a sequence. Namely, if s.a €
Sat({s'.a'}) (abbrev. Sai(s'.a’)), then |= Estore(s) < Estore(s') holds.

Remark 5.4 The saturation operator is idempotent, namely
Sat(Sat(S)) = Sat(S).

We want to define the fully abstract semantics by applying the saturation operator to the
semantics M. However, as the closure under the conditions C1 and C2 abstracts from silent steps
we loose the compositionality with respect to the choice operator. Our solution to this problem
consists of introducing the termination modes ff ., dd, and L,. The termination modes ff, and
dd, are intended to describe computations in which the process immediately fails and suspends
respectively. A sequence ending in L, will correspond to an unfinished computation in which the
process has not performed any step. We introduce the new termination modes by the following
modification of the operational semantics M:

M, [A] = {s:ss | (A, true) —* (ss,s)}
U {sff [(A true) —* (ff,s)}r
U {s-fF, |(A, true) —* (f,s)}4
U {s-dd |(A,true) —* (dd,s)}r
U {s-dd, |(A,true) —* (dd,s)},
U {ssL |(A, true) —* (4", s)}r
V)

{s:L, | (A, true) —* (A',5)}4
The semantics A is defined as follows:
A[A]) = Sat(M,[A))

In the following two sections we prove the correctness, the compositionality, and the full abstraction

of A.

6 The correctness and compositionality of A

The equivalence defined by A is still stronger than the equivalence induced by ©. In fact, the
observables can be derived from A, by application of the operator Result.

Lemma 6.1 Result(M,[A]) = Result{(M[A])

Proof The operator Result picks up only the sequences with constraints annotated by tell, and
for these sequences the definitions of M, and M coincide. m]
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Theorem 6.2 (Correctness of A) Result(A[A]) = O[A]

Proof Immediate by lemma 6.1 and remark 5.3. a

Now we consider the compositionality of A. To this purpose, we define the new semantics
operators ~,, ||,, and ¥,.
The operator ~+, on sequences is a slight modification of the operator ~». It additionally

transforms the termination modes ff,, dd, and L, into ff ,dd and L, respectively, and it introduces
immediate failure and deadlock.

let s = d2-....d3.

o ctrs, 508 q, =5t 5 if k= Store(s-ct) & Store(s-c’t) and

FV()NBV(s)=BV(<)NFV(s') =0
for a, =ss,ff,,dd,, L,, and a = ss, ff, dd, L

ectu 58 a=sM, if ¥ 3(Store(s-ct))
o ct s, si,=s-1,

a

o c?~ s:c? 5 a=s-truet-s.a if E Store(s) = ¢

for o, =ss,ff,,dd,, 1,, and a = ss,ff,dd, L
e c?~ 5.8’ a=sff, if £ Store(s-c?)
e ¢~ 55 a=sdd, if | I(Store(s-c3)) and [£ Store(s) = ¢
et~ sl,=51,
The parallel operator ﬂ‘ is defined as the operator || plus the following:
o ffjla=1, a€{ff,dd,L,)
o ffa=f,a¢c {ss,f,dd, L}
dd,||,dd, = dd,

dd,[[,a = dd||e, a € {ss, fF, dd}
L, Le=1,

L, L=1

The extension on sets of ~», and ||, are defined as usual.
The new operator +, is defined as follows:

Syi-‘Sz = (51 Uss Sz) U(Sl Uﬂ" 52) ) (51 Udd, Sz) U (51 U, 52)
where S; Ugs S; is the same as before, and

S Uﬂ" S = {sﬂ"l 8~ff€S1USz}U{S-ﬂ',,| s-ff, €54 ﬂSg}
S1Ugq, S2 = {s-dd| s-dd€ S; USp}U{s-dd, | s-dd, € S; N Sz }U
{s-dd. | s-dd, € S; As-f[, € S2}U{s-dd, | s-dd, € Se As-f, € 51}
51Uy, S = {S.LI s- 1€ S, USz} U {S-.L,I sL,eSiN Sz}
By induction on the length of the sequences, and by case analysis we have the following

Lemma 6.3 (Compositionality of M,)

M.[tell(c) — A] = ct ~, M,[A] M,[A] B] = M, [A]j M. [B]
M, [ask(c) — A] = ¢ ~, M,[A] M, [IX.A] = 3, X M, [4]
M. [A+ B] = M,[A]+.M.[B]
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We show now the compositionality of .A.
Theorem 6.4 (Compositionality of .4)
Altell(c) — A] = Sat(ct ~, A[A]) A[A|| B] = Sat(A[A]jj,.A[B])

Alask(c) — A] = Sat(c® ~, A[A]) A[3IX.A] = Sat(3, X.A[A])
A[A+ B] = Sat(A[A}4.A[B])

Proof We prove these results separately by the following lemmata.
Lemma 6.5 A[tell(c) — A] = Sat(ct ~, A[A]).

Proof By definition of A and the compositionality of M, it is sufficient to prove Sat(c ~
M, [A]) = Sat(ct ~, Sat(M, [AD).

C) Trivial.

D) We show that ct ~, Sat(M [AD C Sat(ct ~, M, [[A]) We treat the following case: Let
5= s8¢t 82 o € ct ~s, Sat(M,[A]) , with s; = d2.....d3, such that |= Estore(s; -ct) &
Estore(s;- o't ) and s1-¢'?-s3-a € Sat(s' a) where s'-a € M [[A] It is not difficult to see that
s1-¢®.sa e M, [A]. Sowehavesl AN ca € ct~, M, [A]. As s;-¢/2-s5- a € Sat(s') we
thus can infer that s;-¢'*-s;-¢%50.0 € Sat(ct ~+, M,[A]), from which we derive by C1 that
s=s-ctsac Sat(ct ~, M,[A]).

The case s = s;-ff,, with s; = d®....-d2, such that s;-s; € Sat(s') and }& Estore(s; -c?),
where s’ € M,[A], is treated similar. ]

Lemma 6.6 Afask(c) — A] = Sat(ct ~, A[A]).
Proof Similar to the proof of the previous lemma. ]
Lemma 6.7 A[A + B] = Sat(A[A]+.A[B]).

Proof By the definition of A and the compositionality of M, it suffices to prove that Sat(Sat(M, |[A]|)+L
Sat(M,[B])) = Sat(M,[A}+.M,[B]), the proof of which is straightforward.

Lemma 6.8 A[3X.A] = Sat(3, X .A[A]).

Proof By the definition of A it suffices to prove Sat(34X.Sat(M,[A])) = Sat(I4 X .M, [A)).
Let s’ € Sat(s), with s € M,[A]. It follows that s'[X/Z,Y/X] € Sat(s[X/Z,Y/X]) (Z N
var(A) = 0). Furthermore, it is not difficult to see that s’ [X/2,Y/X] € Sat(s[X/Z,Y/X]) implies
3y (s'[X/Z,Y/X]) € Sat(3Y(s[X/Z,Y/X])). So we have 3,X. Sat(M,[A]) C Sat(I,X .M, [A]),
and thus

Sat(3, X .Sat(M,[A])) C Sat(3,X .M.[4]).
The other inclusion is immediate. m]
Lemma 6.9 A[A || B] = Sat(A[A}j|,.A[B]).
Proof By definition of A and the compositionality of M, it suffices to prove
Sat(Sat(M,[A))]], Sat(M.[B])) = Sat(M,[A]jj, M.[B])
To prove this it is sufficient to show that

Sat(M,[A])],Sat(M.[B]) C Sat(M,[A])]|, M.[B])
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Let syo) € M,[A] and s;a3 € M, [B]. Furthermore let s{a; € Sat(s1a1) and shas € Sat(szaz)
such that s}-a}|,s5-a2 is defined. We prove by induction on the number of applications of C1-0O,

the saturation condition C1 for £ = O, that s} -a,||,s}-a2 € Sat(M,[A}jj, M.[B]). Note that this
indeed suffices because M, is closed under C2 and the following version of C1

C1l-I s;-c8... caszaeS:slcl c’a szaES
if |= Estore(sy-c?-...-c2-5;) & Esiore(31 BB s

m

It is not difficult to see that we may without loss of generality restrict ourselves to modular
sequences, namely, to those sequences s such that for every two distinct constraints ¢ and ¢’ of s
we have BV(c) NFV(c) =0. (Modularize the derivations of 57 and s} from sy, s, respectively,
prove that & -a,][,5 3 s € Sat(M, [[A]||‘M [B]), where § and &, are the modularizations of s; and
s2. Then, as s, - 01”‘82 ag € Sai(5) - 0’1"‘32 agy), we are done).

The case that the number of applications of C1-O equals zero follows immediately from the
closedness of M, under C1-I and C2.

For the sake of a smooth presentation let’s introduce the notation s = s’ for the derivability
of s’ from s by one application of an arbitrary saturation condition.
Now let

t t
s =>* su-cf-. . .-C£-812 = 811'0'1-. . .-c’m-312 =>* 3'1

where s1;¢’ f .. .c’,t,.-slz =" s} consists only of applications of C1-I and C2. We have
sl_suclda dalct -5'19

where the input constraints are introduced by C2, s;; =* s{; and s;3 =* s, both derivations
using only C1-T and C2. (The slightly more general case that some of the d;’s introduced are ac-
tually sequences of input constraints can be treated in the same way, but requires a more elaborate
notation which might obscure the underlying idea.)

So we have

| @ a0y a8 m-1_ 48 4
32 —821-Cl'd1 ’02'...'dfn_l 'Cm's 22

such that s'1,||s’2; and s'y2||s'22 are defined.
Define

™ =s'11-cf~...-c£-df da -1 812
It is not difficult to see that s; =* ry, where the number of applications of C1-O is one less than
that in s; =* s}: 81 2* s11-ch...chos1p 2 84, cboo . elosly 7 s el et dR ~d3_, -8,
Furthermore let

_ e .8 a gt ™
ro = 8'91:c .. e edyt d‘ -5’99

Again it is not difficult to check that s, =* s’ =* r, , with the same number of applications of
C1-0 as in the derivation sy =* s5.

So we are now in a position which allows us to apply the induction hypothesis: rl-alﬂ‘rg-ag €
Sat(M.[A]}|, M.[B]))- : )

Finally, we have r1-ay||,r2-a2 =* s} ai|,s5 a2, which we leave the reader to verify. m]

]

By theorem 6.4 we have that the equivalence relation associated to A, defined as
Ay A Az lﬂ' .AIIAlll = .AIIAz]

is a congruence:
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Corollary 6.10 If A} ~4 Az and By =4 B, then

tell(c) — A1 A tell(c) — A2 Al ” Bl ~yq Ay ” B2
ask(c) — A; ~4 ask(c) - A2  3IX.A; ~4 IX A,
Ay 4+ By =4 Az + B,

Proof Standard. O

Processes A; and A; of example 4.8 and processes B; and B, of example 5.1 are equivalent
(A1 ~4 Az and By =4 B;). In the following section we prove that x4 is the coarsest equivalence
that preserve the five operators described above, and that is correct w.r.t. the observables.

7 The full abstraction of A

In this section we prove the full abstraction of .4 with respect to our observation criterium. The
basic lines of the proof are the following. Given two processes A;, A, with a different semantics
A, we build a context that is able to “detect” this difference at the observational level.

An important simplifying observation is that we can restrict ourselves to modular sequences. (A
sequence s is modular if for every two distinct constraints c and ¢’ of s we have BV (¢)NFV(c) = 0.)
Note that the constraint associated with a modular sequence s can be obtained by simply taking the
conjunction of the constraints of s. Now if A[A;] # A[A;] then there exists a modular sequence
s, such that, say, s-a € A[41]\ A[A;]. This can be seen as follows: Let s'-a € A[A;] \ A[Az]. Let
s be obtained from s’ by replacing every constraint ¢ of s’ = s;-¢t-s, by a constraint equivalent to
Estore(sy-¢t). It follows that s is modular and furthermore that s-a € Sat(s"-a) by only applications
of C1, so we have also that s'-a € Sat(s-a). It follows that s-o € A[A;] \ A[42].

To build up the distinguishing context we will follow different strategies, depending upon the
kind of termination mode (immediate or not immediate).

For the sequences ending with the not immediate termination modes (ss, ff,dd and L) the
definition of the distinguishing context is uniform, in the following sense: given a modular sequence
s-a we define a contert C(s-a) || [] such that the process C(s-a) “recognizes” s-a. Next we prove
that every other sequence s'-a recognized by C(s-a) that gives the same result must generate
s-a by application of the saturation operator. Then we reason by contradiction: given a sequence
s-a in the semantic difference (say, s-a € A[A1] \ A[A3]), if the process C(s-a) doesn’t induce a
difference in the observables, then there exists an other sequence s'-a (s'-a € A[A3]) recognized
by the process that produces the same result. But, since A is closed, the presence of s'.a implies
the presence of s-a, and this contradicts the assumption.

Definition 7.1 Let s be a modular sequence. We define the process C(s-a) by induction on the
length of s.

e C(ss) = C(ff) = C(dd) = Success, and C(L) = Fail,
o C(c?-s-a) = ask(c) = C(s-a),
o C(ct5-a) = tell(c) — C(s-a).

‘The following proposition states that a process C(s-a) recognizes the sequence s-a. Namely,
C(s-a) generates 5-&, where 5 denotes the “mirror” of s, i.e. ¢.s = ct.5 and ct-s = ¢2.5, and

&z{ ss if a € {ss,ff,dd}

ff otherwise.

Proposition 7.2 For any modular sequence s-a we have 5-a € A[C(s-a)].
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Proof Let s’ be the sequence obtained from § by adding after every assume constraint of 5 truet.
It is straightforward to prove that s’-@ € M[C(s-a)]. Furthermore, we have by applications of C1
that 5 € Sat(s). So by definition of A we conclude that -a@ € A[C(s-a)]. o

We show now that the process C(s-a) induces s-a, in the sense that if C(s-a) interacts with
a sequence s (i.e., for some o’ we have 5 -a’ € A[C(s-@)]), which gives the same result as s, i.e.,
= Estore(s) <> Estore(s'), then s can be obtained from s’ by applying the saturation operator.

The next lemma actually shows that & is in the saturation of 5. The final step is then made
by the mirroring lemma (cfr. lemma 7.4).

Lemma 7.3 Given a modular sequence s-a, for every s'-a’ € A[C(s-a)] such that |= Estore(s’) <
Estore(5) we have s' € Sat(3).

Proof By definition we have A[C(s-a)] = Sat(M[C(s-a)]). Therefore, by remarks 5.3 and 5.4,
it is sufficient to prove that, for s'-a’ € M[C(s-a)] with |= Estore(s') < Estore(5), we have
s' € Sat(3).

Let §'.a’ € M[C(s-a)] such that |= Estore(s’) <> Estore(5). Let n be the length of 5. It is not
so difficult to see that there exists a computation

(Ao, sp) —* ... —* (Ai,s}) —* ... —" (An, s3,)
such that sj = A, s}, = 5/, Ag = C(s-a), and

A, = Success if a € {ss,f,dd}
= Fail otherwise

Let 50) denote the suffix of 5 starting from its (i + 1)** element. We prove that st-50) € Sat(5)
for 0 < i < n. We proceed by induction on i.

¢ = o) Obvious, since s§) = A and 59 = 3.
i + 1) By the induction hypothesis we have

s;-5%) € Sat(3). (1)
There are two cases

Case 1: 5(9) = ¢#.5(+1) In this case A; equals ask(c) — Ai41. So we have
(Aiy 8i) —" (Ait1, 84)
where

I _ . a8 a t
s"+1 — s‘-'cl '...‘Ck'tme

with
= Store(sj-c®-....cf) = c. (2)
Next note that

= Estore(s’) < (by hypothesis)
Estore(5) < (by 1 and remark 5.3)
Estore(s}-5())

from which we derive

k= Estore(s}-cf-...-cf-c®-50+1)) & Estore(s}-c?-...-cf-59) & Estore(s}-59) (3)
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Therefore, since s.cf-.. ..cf-¢2.50+1) € Sai(s}-5()) (by 3 and C2), and Sat(s}-5%)) C Sat(5)
(by 1 and remark 5.4), we obtain

si-cB....-cB-c?50+) ¢ Sat(s) @)
Now we can apply C1, using 2, thus obtaining

si-cd.. . cf-50+D € Sat(s)-cd-. . ..cB.cB.504D), (5)
We conclude

szi+l),§(i+l)

sjecd... e 50+ € (by5)
Sat(s}-cB-....c-c3.50+1)) C (by4)
Sat(3)

Case 2: 5() = ct.5(+1) In this case A; equals tell(c) — A;41. So we have
(A"’s;) —* (Ai+1’s:’+l)
where

' A a. .t
S.'+1 = s"'cl ‘evtCpeC

Similarly to the previous case, we have
= Estore(s)-c®.....cf-ct.50+1)) & Estore(s}-c?-....c2.51) & Estore(s!-5()) (6)

therefore, since s}-cf-...-c2.ct-50+1) ¢ Sat(s!-5)) (by 6 and C2), and Sat(s}-5%) C Sat(5)
(by 1 and remark 5.4), we obtain

si-c@... @b -50+D g Sat(5) (N

Therefore we can conclude

sé.'+1)'§("+1) ‘ =
stocd...-cdct.si+)) € (by7)
Sat(3).

D

Lemma 7.4 (Mirroring lemma) Let s and s' be modular sequences. If s' € Sat(s), then 5 €
Sat(5'). (As usual, 5 and 5 denote the mirror of 5, &', respectively.)

Proof First note that without loss of generality we may assume that s’ is obtained from s by
a derivation consisting of modular sequences (take a derivation of s’ from s and “modularize” all
its sequences). So it is sufficient to show that for any set of sequences S, if Sat(S) = S, then S
satisfies the following property:

C3  s;-ct-s3-a € Mod(S) = s;-53-a € Mod(S)
if |= Estore(s,-s3) & Estore(s; 'Ct'82).

Here Mod(S) denotes the set of modular sequences of S. We then can proceed by induction on the

number of applications of the saturation conditions C1 and C2, making use of the fact that C1

mirrors itself, in the following sense: if s’ is derived from s by one application of C1 then 5 can be

derived from & using C1 again. In the same sense an application of C2 can be mirrored by C3.
We prove C3 by induction on the length of ss:

20



s2 = A) In this case we just apply C1.
89 = c’l~s§) We consider the cases £ = I and £ = O separately.

£=0) By C1 we have

51 -ct-c't-s’z-a € Mod(S) = sl-c't-ct-s'z-a € Mod(S)

The induction hypothesis then gives us
51 -c’t~sf_,-a € Mod(S)
£=1I) By C2 we have

s1-ct-c®.8)-a € Mod(S) = s, 2.t ¢ sh-a € Mod(S)

An application of C1 then gives us
s1-¢2.ct-sh-a € Mod(S)

By induction hypothesis we obtain
81-¢'%. 54 € Mod(S).

Now we are ready to prove the main theorem

Theorem 7.5 (Full abstraction of A) For arbitrary processes Ay, Az such that A[A,] # A[A1]
there ezists a contezt C[] such that O[C[A,]] # O[C[A2]].

Proof Assume s-a € A[A;]\ A[A3]. As explained above we may assume without loss of generality
that s is modular. We treat first the case that s = s-cts3, such that j£ Estore(s;) < Estore(sy-ct).
Note that this implies that o € {ss, ff,dd, L}. Let A = C(s-a), and let

a=] if a € {ss, f, dd}
~ 1 £ otherwise.

By proposition 7.2 we have -@ € A[A], therefore

Result(s-af[s-@) € Result(A[A || A1])e = O[A )| A4].
Assume now that

Result(s-f|5-G) € O[A || As] = Result(A[A || Azl)/e
By the compositionality of .4 and remark 5.3 it follows that there exist s'-a' € A[W5; A;] and
§-a" € A[W; A] such that

Resuli(s'- o' -a”) = Resull(s-ajjs-a). 8)
Without loss of generality we may assume that s’ is modular. We have

k= Estore(5') <> Estore(s'||5') & Estore(s||5) & Estore(s),

so by lemma 7.3 we have 5 € Sat(5). An application of lemma 7.4 then yields s € Sat(s’).
Therefore s-a' € A[A:] holds. By definition of M, and A, and the assumption that s = s;-ct-s,
such that & Estore(s;) < Estore(s; -ct), it follows that s-L€ A[Ws; A;]. Furthermore we observe
that, by the above mentionated assumption about s, by definition of @, of the process C(s-a), and
by 8, we have o/ = a if @ #1. (Note that the assumption about s excludes the possibility that
a € {ff,,dd,, L,}, because the process C(s-a) requires the environment to produce the constraint
c.) So we conclude s-a € A[A,], and this contradicts our initial assumption.

Next we treat the case that s is not of the form s-ct-s3, such that j= Estore(s;) < Estore(sy-ct).
It follows that we may assume without loss of generality, using the saturation conditions, that
s = c¢®.a, for some constraint c. We distinguish the following cases:
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o = ss) This case is treated as above.

a =1,1,) It is sufficient to consider the case that c® L€ A[A,]\ A[A2], because the case ¢ L,€
A[A1] \ A[A2] does not occur. Let C[] = tell(c) — ((Fail || [ ]) + Success). It is not
difficult to show that (c, ff) € O[C[A,]]\ O[C[A2]]-

a =f,dd) Let C[] = tell(c) — ([ ] + Success). It is easy to show that (c,a) € O[C[A:]]\
O[C[A]].

a =ff,,dd,) First we consider « = ff,: Let ¢’ be such that |£ ¢ = ¢’. Let C[] = tell(c) —
(((tell(true) — Fail) || []) + ask(c’)). It follows that {c,dd) € O[C[A;]]\ O[C[A:]].

Next, we consider a = dd,: So let ¢-dd, € A[A;]\ A[A¢] First we note that ¢3.dd ¢ A[A,],
because when a process immediately suspends this means that it cannot perform any step.
If on the other hand we do have ¢2.dd € A[A3] we proceed as in the previous case. So
suppose now that c?.-dd ¢ A[As]. Let C[ ] = tell(c) || [ ]. We then have (c,dd) €
O[C[A.]]\ O[C[A.]].

8 Conclusions and future work

We have presented a fully abstract semantics for concurrent constraint programming which is fully
abstract with respect to finite observables and the operators of choice, parallelism, prefixing and
hiding. It would be interesting to extend our results to a notion of observables that includes infinite
behaviours.

We are currently investigating the possibiity of giving an axiomatization (in the style of Process
Algebra) for the equivalence induced by our compositional models.

Another topic of future research is the development, in our semantics framework, of some tool
for the static analysis of programs (in particular, deadlock analysis).
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