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Abstract

We investigate how to prove termination of term rewriting systems by inter-
pretation of terms. This can be considered as a generalization of polynomial
interpretations. A classification of types of termination is proposed built on
properties in the semantic level. A transformation on term rewriting systems
eliminating distributive rules is introduced. Using this distribution elimination
a new termination proof of SUBST from [9] is given.

1 Introduction

One of the main problems in the theory of term rewriting systems is the detection of
termination: for a fixed system of rewrite rules, detect whether there exist infinjte rewrite
chains or not. In general this problem is undecidable ([12, 3]). However, there are several
methods for deciding termination that are successful for many special cases. Roughly
these methods can be divided into two main types: syntactical methods and semantical
methods. In a syntactical method terms are ordered by a careful analysis of the term
structure. A well-known representative of this type is the recursive path order ([5]). All of
these orderings are simplification orderings, i.e., a term is always greater than its proper
subterms. An overview and comparison of simplification orderings is given in [22].

In a semantical method terms are interpreted in some well-known well-founded ordered
set in such a way that each rewrite chain will map to a descending chain, and hence will
terminate. Until now most semantical methods have focussed on choosing the natural
numbers as the well-founded ordered set. The method of polynomial interpretations ([17,
1]) can be seen as a particular case of a semantical method on natural numbers, In this
paper we introduce the notion of a monotone algebra as the natural concept for semantical
methods. Though we focus on ‘pure’ term rewriting systems, the ideas are easily extended
to conditional TRS, typed TRS and TRS modulo equations. We propose a classification
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of types of termination based upon the types of orderings of the underlying monotone
algebras. A lot of remarks and examples are not claimed to be new but are included for
completeness and for illustrating the setting of monotone algebras.

We present a transformation of term rewriting systems eliminating a particular op-
eration symbol. Using the framework of monotone algebras we prove that under some
restrictions termination of the original system follows from termination of the eliminated
system. Since in this construction distributive rules are removed completely it is called
distribution elimination.

As an application of monotone algebras and distribution elimination we give a new
termination proof for the systems studied in [9] and [2]. Our proof is simpler than the
existing proofs and gives a stronger result: we prove that the system is even simply
terminating.

A survey of the theory of term rewriting systems can be found in [6). Overviews of
existing techniques for termination detection of term rewriting systems can be found in
[5, 22]. In the literature termination is also called strong normalization.

2 Term rewriting and termination

First we give some standard terminology. Let F be a set of operation symbols, each
having a fixed arity > 0, and let X’ be a set of variables. Let T(F.AX') be the set of terms
over F and X.

An term rewriting system (TRS) is defined to be a set R C T(F,X) x T(F,X).
Elements (1, 7) of R are called rules and are often written as | — r. The reduction relation
of a TRS R is the relation — 5 on T(F, X) inductively defined by

o [ =g r? for every (I,r) € R and every substitution o;

o f(tr,...,tn) =R f(t1,...,t,...,t,) (only # replaced by t;.) for every f € F with
arity n and all terms ¢,,...,¢, and ti, with ty —pg ).

A TRS R is called terminating (or strongly normalizing or noetherian) if there exist
no infinite reductions of the reduction relation — R-

A partial order on T(F, X) is called a reduction order if it is well-founded and closed
under substitution and context. We say that a reduction order > normalizes a TRS

if I > r for each rewrite rule I — r. This terminology is motivated by the following
proposition.

Proposition 1 A TRS is terminating if and only if it is normalized by a reduction order.

Proof: Assume the TRS is normalized by a reduction order. Then any infinite reduction
chain is an infinite descending chain. Since a reduction order is well-founded, such chains
do not exist, so the system is terminating. -

On the other hand, if the system is terminating then the transitive closure of the
rewrite relation satisfies all requirements of a normalizing reduction order. O
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3 Monotone algebras

In this paper we consider orderings on terms induced by interpretations. The idea is that
each term is interpreted in some well-founded set in such a way that at each rewrite step
the corresponding value decreases. Well-foundedness of the set then implies termination
of the rewrite system. This idea already appears in [20]. It is convenient not to check
decreasing for all (infinitely many) possible rewrite steps, but only for the rewrite rules.
As we saw above, this holds if the implied order on terms is a reduction order. We shall
see that if the interpretation is an algebra, i.e., it can be defined in a compositional way,
and it satisfies some monotonicity condition, then the corresponding order is indeed a
reduction order.

The same requirements already emerged in the particular case of polynomial interpre-

tations ([17, 1]). We shall extend this concept in such a way that it covers all types of
termination.

We define a well-founded monotone F-algebra (A,>) to be an F-algebra A for which
the underlying set is provided with a well-founded order > and each algebra operation
is strictly monotone in all of its coordinates, more precisely: for each operation symbol
f € F and all ay,...,a,,b1,...,b, € A for which a; > b for some / and a; = b; for all
J # t we have

fA(al,.. .,a,.) > f..{(bl,. ..,bn).

Let (A,>) be a well-founded monotone F-algebra. Let 4t = {a: X > A}. We
~ define

¢:T(F,X)x AY — A
inductively by

¢(x7a) = ‘ta’

¢(f(t1’- cotn), @) = fa(o(ty,a),.. - B(ta, a))

forzeX,a: X - A, fe Ft,... t, € T(F,X). If confusion is possible to which
algebra the function ¢ corresponds we write ¢4 instead of ¢. This function induces a
relation >4 on T(F,X) as follows:

t>4t = (Va€ AV:¢(t,a)> ¢(t,a)).
We shall prove that >4 is a reduction order; first we need a lemma.

Lemma 2 Let 0 : X — T(F,X) be any substitution and let o : X — A. Define
B:X — AbyB(z)=d(z%,a) forz € X. Then

¢(t%,a) = 4(¢,8)
forallt e T(F,X).

Proof: Induction on the structure of ¢t. O

Proposition 3 Let (A,>) be a non-empty well-founded monotone F-algebra. Then >4
is a reduction order on T(F,X).



Proof: Irreflexivity, transitivity and well-foundedness of > 4 follow from the correspond-
ing properties of >. We still have to prove the closedness under substitution and context
of >4.

Let t >4 t' for ¢,¢' € T(F,X) and let ¢ : X — T(F,X) be any substitution. Let
a: X — A. From lemma 2 we obtain

¢(t7,a) = ¢(t,8) > o(t',8) = 4(t,q).

The key point here is that B does not depend on ¢. This holds for all a : X — A, so
t? >4 t". Hence >, is closed under substitution.

For proving closedness under context let t >4 ¢’ for ¢,# € T(F,X), and let f € F.
Since t >4 t' we have ¢(t,a) > ¢(t,a) for all @ : X — A. Applying the monotonicity
condition of f4 we obtain

A(f(...,t,...),0Q) = fa(...,9(t,a),...) > falo.. o(ta),...) = d(f(....t,...),0).
This holds for alla : X — A, so

Floti ) >a fl ),

which we had to prove. O

We say that a non-empty well-founded monotone algebra (4, >) normalizes a TRS if
the corresponding reduction order > 4 normalizes the TRS. This terminology is motivated
by the following proposition.

Proposition 4 A TRS is terminating if and only if it is normalized by a non-empty
well-founded monotone algebra.

Proof: Assume the TRS is normalized by a non-empty well-founded monotone algebra.
Then it is normalized by a reduction order. From proposition 1 we conclude that it is
terminating.

On the other hand, assume the system is terminating. Define A = T(F, X), and define
> to be the transitive closure of the rewrite relation. One easily verifies that (A4,>) is a
non-empty well-founded monotone algebra. We still have to prove that | >4 r for each
rewrite rule ! — r. Let o : ¥ — A. Since 4 = T(F,X) we see that a is a substitution.
Then

o(t,a) = t*

for each term ¢, which is easily proved by induction on the structure of ¢. Since | — r is
a rewrite rule, the term I* can be reduced in one step to r*. So

¢(la) = 1 > r* = 4(r,a).

This holds for each @ : X — A, so | >4 r, which we had to prove. O
The way of proving termination of a TRS is now as follows: choose a well-founded poset
A, define for each operation symbol a corresponding operation that is strictly monotone

in all of its coordinates, and prove that #(l,a) >4 ¢(r, ) for all rewrite rules I — r and
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all a: X — A. Then according to the above proposition the TRS is terminating. Often
we choose A to be IN, which is defined to be the set of strictly positive integers. For
example, the system

f(f(z,9),2) = f(z, f(y,2))

is proven to be terminating as follows. Choose (4,>) = (IN,>) and fu(z,y) = 2z + y.
Clearly f4 is strictly monotone in both coordinates, and

fa(fa(z,y),2) =4z + 2y + 2 > 22 + 2y + 2 = fu(e, fa(y, 2)

for all z,y,2 € A. Hence f(f(z,y),2) >4 f(z, f(y,z)), proving termination.
By translation the case of

(A,>)=({neN|n>N}>)
for some natural number N is equivalent to (4,>) = (IN,>). If the operations in this
algebra are polynomials, this corresponds to polynomial interpretations.

Some examples

Next we give some examples in which we choose A to be two copies of the naturals: define
A={0,1} x IN and
(a,n) > (bm) < a=bAn>m.

Note that (A4, >) is well-founded poset which is not total. All three examples will be
referred to later in this paper; none of the three can be proved tot be terminating using
a total well-founded monotone algebra..

1. Consider the TRS consisting of the rule:

f(f(=)) — flg(f(=))).

Define
fA(O’n) = (0,71- + 1)7 fA(lan) = (Oan)a

94(0,n) = g4(1,n) = (1,n)
for all n € IN. Both f4 and g4 are strictly monotone, while

fa(fa(0in)) = (0,n+2) > (0,n+1) = fa(ga(fa(0,n))),
fA(fA(l»n)) = (Oan+1) > (Osn) = fA(gA(fA(lan)))

for all n € IN, proving termination.
2. Consider the TRS with the two rules:

flg(z)) — f(f(z)),
g(f(z)) — g(g(z)).

Define
fa(0,n) = (1,2n), fa(l,n)=(1,n+1),
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94(0,n) = (0,n + 1), ga(1,n) = (0,2n).

Both f4 and g4 are strictly monotone, while

fa(9a(0,n)) =

( > 1’2n+1) = fA(fA(()’n))’
fa(ga(1,n)) = (1,4n) >

( >

( >

(

(13n+2) = fA(fA(l’n))a
ga(fa(0,n)) = (
9a(fa(l,n)) = (

for all n € IN, proving termination.

0,n +2) 9a(ga(0,n)),
0,2n +1) = ga(ga(l,n)).

3. Let the TRS consist of the rule:

f(0,1,2) - f(x,z,z).

Define
04 = (Ov]-)q 1y = (131)7
w_ ) (On+m+k) ifa=b
fallemy b (e k) ={ (o H, e

The function f4 is strictly monotone in all three coordinates. For all (a,n) € A we
have

fa(04,14,(a,n)) = (0,3n +2) > (0, 3n) = fal(a,n),(a,n),(a,n)),
proving termination. |

If no confusion is possible, we shall sometimes remove subscripts, so we write f, Gyeo-
instead of f4,g4,....

4 Simple termination

If F is finite it is sometimes convenient to replace the well-foundedness condition in the
definition of a well-founded monotone algebra by a simplicity condition as follows. A
simple monotone F-algebra (A, >) is defined to be an F-algebra A for which the under-

lying set is provided with a partial order > such that each algebra operation is strictly
monotone in all of its coordinates, and

falar,...,a,) > a;

for each f € F, a1,...,a, € A, and 7 € {1,...,n}. The corresponding reduction order
>4 is called a simplification ordering. This definition coincides with that in [6]. These
definitions are motivated by the following two propositions.

Proposition 5 Let F be finite and let (A,>) be a simple monotone F-algebra. Let A’
be the smallest subalgebra of A, i.e., A’ is the homomorphic image of the ground terms.
Then (A’,>) is a well-founded monotone F-algebra.



Proof: The only property to prove is well-foundedness. Assume the restriction of > to
A’ is not well-founded. Then there is an infinite chain

h(to) > h(tl) > h(t2) > h(t3) > ey,

where h is the homomorphism from ground terms to A. The key argument is Higman’s
lemma ([10]), which is a special case of Kruskal’s tree theorem ([14]); the relevance for
termination of term rewriting systems is explained in [6]. Higman's lemma states that
there is some ¢ < j such that ¢; can be homeomorphically embedded in ¢,. Since (4,>)
is a simple monotone algebra and & is a homomorphism, we conclude that h(t;) > h(t;),
contradicting irreflexivity and transitivity of >. O

Proposition 8 Let F be finite and let (A, >) be a non-empty simple monotone F-algebra.
Let R be a TRS such that 1 >4 r for all rewrite rules | — r of R. Then R is terminating.

Proof: Apply proposition 5: A’ is a well-founded monotone algebra normalizing R. In
the case that F does not contain constants. add one dummy constant symbol forcing

A'#£0.0

For a set F of operation symbols we define Emb(F) to be the TRS consisting of all
the rules
flxy,...,2n) —>
with f € Fandi € {1,...,n}.

Proposition 7 Let R be a TRS over a set F of operation symbols. Then the following
assertions are equivalent:

(1) R is simply terminating;
(2) RU Emb(F) is simply terminating;
(3) RUEmb(F) is terminating.

Proof: The implication (2) = (1) is trivial. For proving (1) = (2) let (A, >) be a simple
monotone F-algebra normalizing R. Since we allow equality in the definition of simplicity,
we have to modify A in order to normalize R U Emb(F). Choose

B=A4AxN
having the lexicographic order
(a,k) > (d\ k) &= a>dV(ie=dAk>k).
Define n
fe((a1, k1), ..., (an, ka)) = (falay,...,a,),1 + Z k:).

i=1
Now (B,>) is a simple monotone algebra normalizing both R and Emb(F), proving (2).
The implication (2) = (3) is trivial. Finally, assume that (3) holds. Then according to
proposition 4 there is a non-empty well-founded monotone F-algebra (4, >) normalizing
R U Emb(F). Since it normalizes Emb(F) it is also a simple monotone F-algebra. This
implies (2). O
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5 The hierarchy

Let (A, >) be a monotone algebra. Depending on its properties we propose a hierarchy of
types of termination. If A = IN and > is the ordinary order on IN and f4 is a polynomial for
all f € F, we speak about polynomial termination. If A = IN and > is the ordinary order
on IN, we speak about w-termination. In these cases we may have {n € IN | n > N} instead
of IN, which gives equivalent definitions due to linear transformation. An implementation
based on polynomial termination is described in [1]; a recent extension to elementary
functions in which also exponents may occur is given in [19].

If the order > on A is total and well-founded, we speak about total termination. If
(A,>) is a simple monotone algebra, we speak about simple termination.

The following implications hold, and in this section we prove that none of the impli-
cations holds in the reverse direction:

polynomial termination
= w-termination
= total termination
= simple termination
= termination.

The only non-trivial implication is the implication of simple termination from total
termination. This follows immediately from the following proposition.

Proposition 8 Let (A,>) be a well-founded monotone F-algebra for which the order >
is total on A. Then (A, >) is a simple monotone F-algebra.

Proof: Assume it is not simple. Then there exist f € F,a,y,...,a, € Aandi € {1,...,n}
such that

a; > fA(ala' . -aan)'

Define g : A = A by g(z) = fa(ai1,...,ai=1,2,@it1,...,a,), then g is strictly monotone.
We obtain an infinite chain

a; > g(a:) > g(gl(a;)) > g(g(g(ai))) > -,

contradicting the well-foundedness of (4,>). O

To prove that none of the implications holds in the reverse direction we prove properties
of particular examples.

Proposition 9 The TRS
a(f(z),y) — fla(z,a(z,y)))
is w-terminating but not polynomially terminating.

Proof: Define a(z,y) = y* and f(z) = 3. Then

a(f(z),y) = y= > y*" = f(a(z,a(z,y)))



for all x,y > 3, so the system is w-terminating.
Assume the system is polynomially terminating. Then there exist polynomials a and
f, strictly monotone in all coordinates, such that

a(f(z),y) > f(a(z,a(z,y))) (1)
for all z,y € IN. There exist polynomials p, ¢, r such that

a(z,y) = p(z) + q(y) + zy * r(z,y).

If r # 0 then the degree in z of the left hand side of (1) is smaller than the degree in z of
the right hand side of (1), contradiction, so r = 0. Now (1) yields

p(f(2)) + q(y) > f(p(x) + q(p(z) + q(3))). (2)

Due to monotonicity f,p and ¢ all have degree > 1. Considering the degree in y now
yields that both f and g are linear. Due to monotonicity the leading coefficients of f and
q are both > 1, due to (2) they are not > 1. So

flz)=z4+c¢ and g(z)=z+d
for constants ¢ and d. Now (2) yields
p(z +¢) > 2p(z) + d +c,

which is impossible considering degree and leading coefficient. O

Another approach for proving the non-equivalence of polynomial and w-termination is
the following. For a polynomially terminating term rewriting system R on finite F it is
easy to prove ([18]) that there is a constant C only depending on R such that the length
of a reduction of a term consisting of n operation symbols is bounded by exp(exp(Cn)).

For w-terminating term rewriting systems this property does not hold, as is shown by the
next system due to V.C.S. Meeussen:

ba(z)) — a(a(b(z)))
c(b(z)) — bb(c(x)))
ca(z)) — a(x
d(c(z)) — c(c(d(x)))
d(b(z)) — b(z),

having the reduction

d*(c(b(a(z)))) =~ " (d"(b(a(2)))) =~ " (b(a(x))) —
B (" (a(2)) = 07 (a(@)) = o (077 (2))

of length strictly exceeding the above bound. Hence this system is not polynomially
terminating; w-termination is easily shown by choosing a(z) = = + 1, b(z) = 3z, ¢(z) = 23
and d(z) = 2*. In [18, 11] an example is given that the bound of exp(exp(Cn)) is sharp
for polynomial termination. A smaller example with the same behaviour is given by the
first three rules of the above example; outermost reduction of c¢*(b(a(z))) gives a reduction
length exceeding exp(exp(Cn)) for some C > 0.

9



Proposition 10 The term rewriting system

flg(z)) — g(f(f(=))

is totally terminating but not w-terminating.
Proof: For proving total termination choose A = IN x IN with the lexicographic order
(n,n') > (m,m') <= n>mV(n=mAn >m).

Further define
f(n,n')=(n,n+n") and g(n,n')=(2n+1,n').

Monotonicity of f and g is easily verified; for the monotonicity of f it is essential to choose
this lexicographic order and not the reversed one. Now we have

flgln,n)) = (2n +1,2n +2'+1) > (20 + 1,20 + 1) = g(f(f(n,n")))

for all (n,n') € A, so the system is totally terminating.
On the other hand assume that the systemn is w-terminating. Then there exist strictly
monotonic f,g: IN — IN such that

Vne N : f(g(n)) > g(f(f(n))). (3)
Using monotonicity one easily proves by induction on n that
VneIN: f(n) 2 nAg(n) >n. 4)
Since f is monotonic we have
Vn,m€ N : (f(n) > f(m)=>n>m). (3)

According to (4) the assertion g(n) > f*(n) holds for k¥ = 0 and all n € IN. Assume that
the assertion g(n) > f*(n) holds for some k € IN and all n € IN. Then

Vn € IN: f(g(n)) > g(f(f(n)) 2 FX(f(f(n))) = F(F+ (n));

from (5) we conclude that
Vn € IN: g(n) > f**(n).

Now we have proved by induction on k that
Vn,k € IN: g(n) > f*(n). (6)
If there is some n € IN with f(n) > n then

n < f(n) < f(f(n)) < f(f(f(n))) <---

contradicting (6), otherwise f(n) = n for all n € IN, contradicting (3). O

After a question on the electronic newsnet, the proof of the impossibility of (3) has been
given independently by several people.

10



Proposition 11 The term rewriting system
f(d)
g(a)

is simply terminating but not totally terminating.

g(b) —

Proof: Choose A = T(F) and define
t>t = p(t)> pt),
where 1 : T(F) — IN is defined by
¥(a) = $(b) =0,

P(f(a)) = ¥(g(d)) = 3,
P(f(t)=v(t)+2 forall t#a,
P(g(t)) = v(t) +2 forall t#b.

One easily verifies that (A, >) is a simple monotone algebra, proving simple termination.

Next assume that the system is totally terminating. Then it is normalized by a
well-founded monotone algebra (A, >) such that > is a total order on 4. Totality implies
ag > baVbs 2> ay. Since f4 and g4 are monotone this implies ga(a4) > ga(ba)V fa(ba) >
fa(aa), contradicting the assumption that (A, >) normalizes the TRS. O

The same example is given in [5, 6]. Another way of proving simple termination can
be given by applying proposition 7. Example 2 of section 3 is also simply terminating
and not totally terminating.

Proposition 12 The term rewriting system

f(f(z)) — flg(f(2)))

is terminating but not simply terminating.

Proof: A termination proof was given in example 1 of section 3. Assume it is simply
terminating. According to proposition 7 then the system extended by the rules f(z) — «
and g(z) — z is terminating, which is not true since there is an infinite cyclic reduction

f(f@) = flg(f@)) = f(f(x)) = -

One of the common tools for proving termination of term rewriting systems is the
recursive path order with status ([13, 4]). It can be shown that every TRS proved ter-
minating using this ordering is totally terminating as follows. Consider the equivalence
relation on terms generated by permuting arguments of operation symbols of multiset
status. Now the set of terms up to this equivalence is a total monotone algebra in a
natural way.

11



6 Basic constructions

In order to be able find termination proofs for term rewriting systems by monotone
algebras, it is useful to investigate some basic constructions. In particular for some basic
well-founded sets we should like to have lists of unary and binary functions that are
monotone in all coordinates. By monotone we shall always mean strictly monotone in
all coordinates. In this section we restrict to total orders. The simplest unary function
satisfying the monotonicity condition is the identity.

If a is a binary monotone function, f and g are unary monotone functions and c is
some constant, then

zw— a(z,z), ¢+ a(zx,c), 2 alc,z), fog
are unary monotone functions, and

(z,y) = a(f(2),9(y)), (z,y) a(y,z)

are binary monotone functions.

Natural numbers

Basic unary functions on the natural numbers are: addition by a non-negative constant
(often: 1), multiplication by a positive constant, x — z¢ for a positive constant ¢, and
z — c® for a constant ¢ > 1.

Basic binary functions on the natural numbers are: addition, multiplication, and
(z,y) +— x¥. Multiplication is only monotone for positive natural numbers, exponentiation
only for numbers > 1. Note that some monotone polynomials, like z — 2 — z + 1 can
not be obtained as compositions of these basic monotone functions.

Lexicographic order
If (A,>) and (B, >) are well-founded, then so is A x B with the lexicographic order
(a,0) > (d",V) <= a>dV(a=dAb>).

The lexicographic order on A x B is total if and only if the orders (A, >) and (B, >) are
both total.

Basic unary monotone functions on A x B are

(a,8) = (x(a),9(a, b)),

where x is a monotone function on A4 and z — (a, ) is a monotone function on B for
each a € A; monotonicity in the first coordinate of 9 is not required.
Basic binary monotone functions one 4 x B are

((a’ b)s (a,v b’)) = (X(aa al)a gb(a, a,, b, b,))»

where x is a binary monotone function on A and (z,y) — %¥(a,a’,r,y) is a binary mono-
tone function on B for each a,a’ € A; monotonicity in the first and second coordinate of
® 1s not required.
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Multisets
For any set A define

M(A) = {X : A— IN|#{a € A|X(a) # 0} < oo},

i.e., M(A) is the set of finite multisets over 4. If > is an order on A then an order on
M(A) can be defined as follows:

X>Y <= X#YA(Ma€A:X(a)>Y(a)V(Id'€A:d >anX(d)>Y(a));
this order is the same as in (7). The order (M(A),>) is total if and only if (A,>) is
total; the order (M(A),>) is well-founded if and only if (A,>) is well-founded. This
construction corresponds to exponentiation in ordinal arithmetic as discussed in [15]: if
(A, >) corresponds to the ordinal e, then (M(A),>) corresponds to the ordinal w®.

A basic binary monotone function is the multiset union, defined by

(X UY)(a) = X(a) + Y(a).

Multiset union is associative and commutative. For every a € A the singleton [a] is defined
by [a](a) = 1 and [a](z) = 0 for z # a. Every non-empty finite multiset can be obtained
as a finite multiset union of singletons. The smallest multiset is the empty multiset [], it
is defined by [J(¢) = 0 for all a € A.

Unary monotone functions are obtained by taking union by a constant or union by
itself. Further if f : A — A is monotone, then so is fr:M(A) — M(A), where

F=0, fda)=[fla), fF(XUY)=f(X)Uf(Y).

Not only unary monotone functions can be lifted to monotone functions on multisets.
Write M’'(A) = M(A) \ {[]}, the set of finite non-empty multisets over 4. For every
f: A* — A the function f: (M'(A))* — M'(A) is defined as follows:

f_([all’ [a2]’ o [ak]) = [f(a19a2v <. vak)]v

f_( rl""Xi—l,Y'U Za‘ i+l’°-°Xk) =
f(Xl,...X,'_.l,Y,X,'.,,l,. LX) U f-("l,. . .X,‘-l,Z,XH.l,. Xk)

Intuitively: to compute f(Xi,...Xk), apply f to all possible choices of elements of
X1,... Xk, and collect all results in one multiset. One easily shows that if f is mono-
tone in every coordinate then also f is monotone in every coordinate; here for k > 1 it is
essential to restrict to non-empty multisets. For unary f the function f is equal to the
restriction of f* to non-empty multisets; for a constant ¢ we have & = [].

In the next section this lifting of f to f plays an essential role.

7 Distribution elimination
In this section we introduce a transformation of TRS’s in which a particular operation

symbol is eliminated, and prove that if the eliminated TRS is terminating then the original
TRS is also terminating.

13



Let a be any fixed operation symbol of arity n > 1. A rewrite rule is called a distri-
bution rule for a if it can be written as

Cla(zy...,z,)] = a(Clzi],...,C[za)])
for some non-trivial context C[] in which the symbol a does not occur. For example,

bz, f(a(z,y)) — a(b(z, f(2)),b(z, f()))

1s a distribution rule for a. Problems with distribution rules have been recognized before;
for example in [8] a particular ordering for proving termination of AC rewriting systems
is introduced for systems containing distribution rules.

Write P for powerset. The function E, : T(F,X) — P(T(F,X)) is defined induc-
tively as follows:

E,(z) = {z} for all z € X,
E (f(t1,..yte)) = {f(ug,..., ux) | Vi:u; € Eq(t;)} forall fEF,f#a
Ea(a(ts, ... ta)) = UL, Ea(t;).

Let R be a TRS for which each rule is either a distribution rule for a or a rule in which
a does not occur in the left hand side. Then the TRS E4(R) is defined by

Eo(R) = {l > u|l—r is a non-distribution rule of R for « and u € Eq(r)}.

For example, if R is defined by

fla(z,y)) — a(f(z), f(y))
gla(z,y)) — a(g(x),g(y))
f(f(@)) = flalg(f(x)),g(f(2))))

then E,(R) consists only of the rule f(f(z)) — f(g(f(x))). This system is known to be
terminating; the next proposition states that we can conclude that also R is terminating.
As usual a term is defined to be linear if no variable occurs more than once, and a TRS
is defined to be right-linear if for every rule the right hand side is linear.

Theorem 13 Let R be a TRS for which each rule is either a distribution rule fora or a
rule in which a does not occur in the left hand side. Then

o if E,(R) is totally terminating then R is totally terminating;
o if E,(R) is simply terminating and right-linear then R is simply terminating;
o if E,(R) is terminating and right-linear then R is terminating.

Before giving the proof we give examples showing that the converse does not hold and
the right-linearity requirement is essential. First choose R to be f(f(z)) — fla(f(z))).
Then R is terminating and satisfies the conditions (there are no distribution rules), while
E,4(R) consists of f(f(z)) — f(f(x)) which is not terminating.

14



Next choose R to be:

f(o,1,z) — f(z,z,z)
fla(z,y),z,w) — a(f(z,z,w), f(y,z,w))
f(z,a(y,2),w) — a(f(z,y,w), f(z,z,w))

The second and third rule are distribution rules for a, the first rule does not contain a.
So E4(R) consists only of the first rule, which we proved to be terminating in example 3
of section 3. However, in R we have the reduction

f(0,1,a(0,1)) — f(a(0,1),a(0,1),a(0,1))
— a(f(0,a(0,1),a(0,1)), f(1,a(0,1),a(0,1)))
— a(a(f(0,0,a(0,1)), £(0,1,a(0,1))), f(1,a(0,1),a(0,1)))
e e’

in which the starting term occurs as a subterm. This can be expanded to an infinite
reduction. The original idea of this example is due to Toyama ([23]) in the context
of direct sum modularity; it is known that this non-modular behaviour only occurs in a
system that has both collapsing and duplicating rules ([21]) and is not simply terminating

([16]).
The requirement of right-linearity in the third assertion of the theorem may not be
weakened to absence of duplicating rules: the system

f(O,].,.'L‘,(E) - f(a;,:c,a(O,l),a(O,l))
fla(z,y),z,v,w) — a(f(xvzavaw)’f(yvz’vvw))
f(m’ a(y’ z), v’ w) — a(f(x’ y'« v’ w), f($, z’ l," lv))

allows a similar inifinite reduction, while the eliminated version

f0,1,z,z) — f(z,2,0,0)
f0,1,z,z) — f(,2,0,1)
f(0,1,z,z) — f(x,z,1,0)

f(0,1,z,2) — f(z,z,1,1)

has no duplicating rules and is terminating.

We do not know whether the right-linearity requirement may be removed in the second
assertion of the theorem.

Now we prove theorem 13.
Proof: Let (4,>) be a well-founded monotone algebra for E,(R). Again write M’ (A)

for the set of finite non-empty multisets over A.
We define the well-founded monotone algebra for R to be
B=M(4)xN

where IN consists of the strictly positive integers, with the lexicographic order

(X,k)>(Yym) <= X>YV(X=YAk>m).
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As operations we define

GB((Xl,ml), vesy (‘Yn»nln)) = (U X.',l + Zml)

i:l i=1
and .
fB((Xla ml)’ LR (-Xk’ mk)) = (fTA(-Yla RN ’Xk)9 H m'2)
=1

for all f € F, f # a. Note that these operations are strictly monotone in all coordinates.
Further if (4, >) is a simple monotone algebra then (B, >) is also simple; if (4, >) is total
then (B, >) is also total. We have to prove that for every rule of R the left hand side is
greater than the right hand side, interpreted in B.

Let 8 : X — B be arbitrary, and write ¢5(t,3) = (¢1(t), $2(t)) € M'(A) x N for
t € T(F,X), where ¢p is from the definition of well-founded monotone algebra. By
definition we have

$1(z) = m(z”) forz € X, where 7 : B — M'(A) is the

projection on the first coordinate

¢1(a(t1, cee ,tn)) = LnJ ¢1(t,‘)

i=1

¢1(f(t1,...,tk)) = fA(¢1(t1),...,¢1(tk)) fOI‘fEf,f#(l.

Let C[] be any non-trivial context in which a does not occur. Since
fA(Xla ce Xi-—la Yu Zv -XH-la e Xk) =
fA(Xl, e Xie, Y X, X)) U fa( X, XGo, Z, Xiy1,... Xk)

for all operation symbols f occurring in C[], we see that

n

$1(Cla(zy,...,2,)] = U $1(Clxi]) = ¢1(a(Clzy],.. ., Clza]))-

=1

Since a does not occur in C[], for every term ¢ we have ¢2(C[t]) = c* ¢(t)? for some ¢ > 1
and p > 1. As a consequence we have

#2(Cla(zy,...,2,)] = c*x(1+ zn: é2(z:))?
i=1
> 1+ic*¢2(x,~)”

= ¢3(a(Clz1), ..., Clza])).

As a consequence, for any distribution rule

Cla(zy,...,z4)] = a(C[z4],..., Clz,])

in R we have

Cla(zy,...,z.)] >5 a(Clz4],...,C[z,)).
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Every other rule in R is of the shape ! — r in which a does not occur in /. Choose
s € ¢1(r) arbitrarily. We shall prove that in any case #1(l) contains an element strictly
greater than s.

From the construction of E, we obtain

¢1(r) = U ¢1(u),

u€Eq(r)

which is proved by induction on the structure of r. As a consequence, there is some
u € Eo(r) such that s € ¢,(u). We shall construct o : X — A such that s < #4a(u,a) and
% € ¢1(x); here we need to distinguish between the cases of right-linearity and totality.
For the first case we need to prove the following fact:

Fact. Let t be a linear term in which the symbol a does not occur and let
e € ¢1(t). Define X; to be the set of variables occurring in ¢. Then there exists
a: X, — A such that 2% € ¢;(z) forall x € X, and e = P4(t, a).

We prove this fact by induction on the structure of ¢. For the basis of the induction
the term ¢ is a variable x and we define + = . For the induction step we have t =
f(t1,...,t); then we have

€ € ¢1(t) = gi(f(tr,. .. k) = faldi(ti)e- ... d1(te)).

From the definition of f, follows that there are ¢; € o1(t;) forz = 1,...,k such that e =
fa(es,...,ex). From the induction hypothesis we obtain «; : X;, - A with e; = da(ti,a;)
for ¢ = 1,...,k. Since the term f is linear all Xy, are disjoint. So there exists a: X, — A
such that * = 2% if 2 € X,,. This gives z° € ¢1(z); further we obtain

€= fA(eI, ) aek) = fA(¢A(tlva)v' . 3¢A(tk1 CY)) = ¢A(twa)’

proving the fact.

If E,(R) is right-linear, the term u is linear and we can apply the fact giving a particular
a: Xy — A. By choosing z arbitrarily in ¢,(z) for z € X \ X, weobtain o : X — A
for which 2% € ¢y(z) for all z € X and s = ¢4(u, a).

In the other case we assumed that (A4,>) is total. Then for every * € X the finite
non-empty multiset ¢;(z) has a unique maximum. Define a : X — A by choosing z* to
be this maximum for every 2 € X'. Then one easily shows by induction on ¢ that for this
a we have e < @4(t, a) for all terms ¢ not containing a and all e € ¢,(t); here we use again
that every e € ¢1(f(%1,...,%x)) can be written as faler, ..., ex) for some ¢; € é1(t:)-

In all cases we have constructed some a : X — A for which z° € $1(z) for all x € X
and s < @4(u, ). Since (4,>) is a well-founded monotone algebra for E,(R) and | — u
is a rule of E,(R), we obtain

da(l,a) >.¢A(u,a’) > s.

One easily shows by induction on ¢ that da(t,a) € ¢1(t) for all terms ¢ not containing
a. Since ! is a term not containing a, we conclude that we have found an element da(l,a)
in ¢,(1) which is strictly greater than s. Since this construction can be done for every
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s € ¢1(r), we conclude that the multiset ¢;(!) is strictly greater than the multiset ¢,(r).
Hence

¢s(l,8) > ¢5(r, ).
This holds for all #: X — B, so I >p r, which concludes the proof of theorem 13. O

8 Application to SUBST

Let o and - be binary symbols, A a unary symbol, and 1 and T constants. Consider the
TRS:

Ma)oy = Azo(l-(yo1)))  (Abs)

(z-y)oz — (zo03z)-(yoz)  (Map)

(zoy)oz — zo(yoz) (Ass).
In this section we prove that this system is totally terminating. According to proposition
8 then it is simply terminating, and according to proposition 7 every combination of this
system and rules for which the right hand side can be embedded in the left hand side
is also simply terminating. The system oo in [2] is such a system. Hence this system
is proven terminating by our method. The same holds for the original system SUBST
in [9] if A, F, S, (u,t) is written instead of A, T,1,t - u, respectively, and for the constant
I the same value is chosen as for F. Both systems are developed for describing the
rules for composition, pairing and Currying in the Ao-calculus. This is a refinement of
A-calculus in which substitutions are manipulated explicitly. The rules are necessary for
the propagation of substitution.

We see that the rule (Map) is a distribution rule for the operation ‘-, and that *-’

does not occur in the left hand sides of the other rules. Hence according to theorem 13 it
suffices to prove total termination of the eliminated system:

AMz)oy — Mzol) (Absl)
Az)oy — Mazo(yol)) (Abs2)
(zoy)oz — zo(yoz) (Ass).

As a total well-founded monotone algebra we choose IN x IN x IN, where IN consists of
the integers > 0, with the lexicographic order
(21,22,23) > (y1,¥2,¥3) <= 1> P V(T = A (22> y2 V (22 = y2 A 23 > y3))).

We define the operations in this algebra as follows:
1 =T= (09 010), /\(th?a 173) = (.’l)] + 1az2am3)a

(21,22, 23) 0 (y1,¥2,¥3) = (21 + y1, 21(y1 + 1) + 22 + y3, 223 + y3 + 1).
These operations are strictly monotone in all coordinates.

Let (21,23, 3), (y1,Y2,¥3), (21, 22, 23) € IN x IN X IN be arbitrary. For the rule (Absl)
we obtain

(Tr+n+1L,(x+ 1)y +1) +z2+ys,...)

> (Il'] + 1,2 +.‘L‘2,...)
= /\((l’l,d)g,.’l';;) o] 1)

A(z1,z2,23) 0 (y1,Y2,y3)
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For the rule (Abs2) we obtain

= (m+n+L(@m+D)n+1)+z2+y,...)
> (mi+p+ ot a ety +y2,...)
= M(zy1,z2,23) o ((y1,92,¥3)0 T)).

A1, 22, 23) 0 (Y1, Y2, Y3)

Finally, for the rule (Ass) we obtain

((z1, 72, 23) 0 (31, Y2, ¥3)) © (21, 22, 23)
= (mi+ntz,(@+n)(z+ ) oy + 1)+ z2+y2 + 22,423+ 2y3 + 23+ 3)
> (m+nta,nnita+)+tu(a+1)+zr+y2+ 22,273+ 2ys + 23+ 2)
= (Z1,Z3,73) o ((y1,¥2,¥3) 0 (21, 22, 23)).

This proves that the system is totally terminating. Note that the third coordinate of
IN X IN x IN is only essential for the rule (Ass) in the case of z; = 0.

9 Concluding remarks

We gave a classification of termination of term rewriting systems based upon types of
orderings. The strongest type of termination we consider is polynomial termination:
termination that can be proved by a polynomial interpretation. For the five proposed
levels of termination we showed by very small examples that they are all distinct.

We gave some basic constructions for building domains and corresponding operations
in which terms can be interpreted for proving termination.

We gave a construction of eliminating a particular operation symbol from a TRS and
proved that under some restrictions termination of the original system can be derived
from termination of the eliminated system. It is called distribution elimination since
distributive rules are removed completely.

For a classical example of a TRS of which termination is very hard to prove ([9]) we
gave a simple termination proof using distribution elimination.
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