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Abstract

In this paper a model for a relational calculus for distributed program design is introduced. Here,
the distributed programs are compositions of so-called processes.

The construction of the model is guided by desired properties for several forms of composition of
processes, such as sequential composition and feedback.

Functionality (determinism) and totality of processes are defined. After the observation that
functionality and totality are not preserved by the feedback operator the class of causal processes is
introduced. It is shown that causality guarantees the preservation by the feedback of functionality
and totality.

*This research has been supported by the Dutch organisation for scientific research under project-nr. NF 62.518.
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1 Introduction

The task of the axiomatic development of a calculus for program design is threefold: First, the model in
which all relevant calculations can be made has to be determined. Second, the model has to be fixed by
a set of axioms as clear and precise as possible. Third, a complete set of theorems has to be derived from
the axioms, without having recourse to the model, such that designers of programs can perform their
calculations in a clear and compact way.

We face the task of developing a relational calculus for distributed program design. In his pioneering
work Kahn [7] gave semantics to deterministic processes interacting in a network. Since then, a number
of people has tried to extend Kahn’s work to non-deterministic processes. Unfortunately, it is the con-
struction of feedback loops that introduces anomalies (undesired behaviour), as is shown by Brock and
Ackerman [3]. Additional properties involving timing aspects circumvents these problems.

Our approach is different: instead of manipulating the model of Kahn to introduce non-determinism in
the calculus, we start with a well-established relational algebra, and extend this algebra with axioms
and definitions for constructs needed in a calculus for distributed program design. Before doing so,
calculations in the model have to be performed to justify the axioms introducing the new constructs.

In the model, all processes calculate simultaneously throughout time, and communicate with other pro-
cesses in a data-driven, asynchronous nature. Buffering of messages is not assumed: a buffer is just an
ordinary process in some network of processes, and has to be mentioned explicitly. Consequently, if a
process is not ready to accept a message, this message could be lost if there is no adequate buffering.
One has to use protocol schemes to avoid this loss of information.

Processes can be connected in networks of processes using composition constructions. These compositions
describe the topology of the network. The connection therefore represents the flow of data (which
contrasts flow of control).

This paper is organised as follows. In Chapter 2 we present the basic relational algebra. Research in
the field of relational calculi has been intensive, see for example Maddux [8], Schmidt & Strohlein [12]
and Tarski [13]. More specificly, the relational calculus we will use is the one presented in Backhouse
et al. [2]. Consequently, we can use the theorems derived in this calculus. Next, important notions
like functionality, totality and the Principle of Extensionality are introduced. Finally, the feedback
construction is presented. In a (relational) calculus for distributed program design the construction of
the feedback operator is vital. Components in a network, processes, are connected with arbitrary other
components, communicating (asynchronously) with each other. The occurrence of loops is then of course
inevitable.

In Chapter 3 we discuss the specific model we have in mind. The model we propose differs in several
ways from the history model of Kahn: timing of messages plays an significant role in our model, whereas
in the model of Kahn the order of messages is important. On the other hand, the assumptions on the
time domain are very weak, and the assumptions on the message domain are even weaker.

Chapter 4 is the stepping stone in this paper: a first attempt is made to define a new notion dubbed
causality. Its necessity emerged from preservation problems of the feedback operator.



In Chapters 5 and 6, preservation of functionality and totality by the feedback construction is discussed,
and the preservation of causality itself by several important operators from the relational algebra.

The key chapter of this paper is Chapter 7: it presents the final definition of causality, after the preliminary
work in the three proceeding chapters. Because a lot of the hard work has been done in the previous
chapters, Chapter 7 is relatively short.

Finally, Chapter 8 presents a weaker variation of causality which is sometimes sufficient to solve preser-
vation problems.

2 The relational algebra

This chapter summarises the algebraic framework in which the calculations are made. This framework
can also be found in [2]. There are only some minor differences in notations and terminology. All the
proofs given in this chapter can also be found in [2]; the calculations that are shown here merely serve as
illustrations.

In Section 2.1, the relational algebra is presented. As the basic sequential composition we will encounter
the angelic relational composition. However, in implementations the composition tends to be demonic.
When comparing angelic composition with demonic composition, it turn out that the former ‘delivers a
result’ whenever a sensible result exists. However, angelic composition cannot be implemented effectively.
In contrast, the latter is undefined whenever the possibility of failure exists. Then why use the angelic
composition? The reason is that demonic composition does not have calculational properties as nice as
those for angelic composition. Some of the disadvantages are the non-distribution of demonic composi-
tion over disjunction and conjunction (from the left), due to its anti-monotonic behaviour. Moreover,
there are typing problems in using demonic composition. On the other hand, angelic composition has
nice distribution rules with respect to disjunction, and reasonable conditions for the distribution over
conjunction. Furthermore, there is no need for typing considerations when composing two processes
with the angelic composition. Last but not least, angelic composition is easily transformed into demonic
composition by requiring totality of the processes involved.

After introducing the framework, useful concepts, such as functionality and totality, are defined in Sec-
tion 2.2. The concept of functionality (or determinism) is an important one in our calculus: apart from
the fact that most implementations are deterministic, functional processes obey important distribution
laws not satisfied by processes in general. Totality is used to transform the angelic composition of the
calculationally derived processes into the demonic composition of an implementation.

Finally, in Section 2.3 the principle of extensionality is explained and axiomatised.

2.1 The algebraic framework

The framework is a relational algebra (A, C, o, I, v, <, ). It is introduced in four layers, connected by
interfaces.

A model for the axiomatisation is the structure of the set-theoretical relations over some universe. That
is, the objects of A are sets of pairs of elements from the universe. Together with the introduction
of new objects in A and new operators for constructing new objects from old ones, interpretations (or
justifications) in the model are given. In each interpretation the quantification is over all fy g, handi
from the universe. To express that a pair (f,g) is an element of relation R the notation f (R) g is used.
In operational terms this says: for input g (describing a complete input history) a possible output of R
is f (describing a complete output history). In Chapter 3 the elements of the universe are specified more
detailed.

It is the objective that calculations are made only in the algebraic framework, that is, only using the
axioms. However, one may prefer to do the calculations in the model, making use of the interpretations.



2.1.1 Lattice

The first layer is the structure of a lattice. Let A be a set, the elements of which are to be called procs
(from processes). The identifiers P, Q, etc. range over .A. On A the structure of a complete, universally
distributive lattice is imposed:

Axiom 1
(A, B)

is a complete, universally distributive lattice. Here, “lattice” means that the join operator, denoted
by U, and the meet operator, denoted by I, are associative, commutative and idempotent, binary infix
operators with unit elements 1l and TT, respectively.

“Complete” means that the extrema U(P : P€B : P)and N(P : PeB : P) exist for all bags B
of procs.

“Universally distributive” means:

PNnuQ : QeB : Q)

U(Q : QeB : PNQ)

and

PunQ@:QeB: Q)

(@ : QeEB : PUQ)

for all bags B of procs.
Also the ordering 3 will be used, meaning PJQ = QCP.
O

The distributivity properties in Axiom 1 are also referred to as PN is universally cupjunctive and P Ll

is universally capjunctive.

Before continuing, some remarks are made on operator precedence. First, the connectives in the predicate
calculus (=, <, =, V and A) have lower precedence than all the operators in the relational algebra. Next,
the operators in the lattice structure =, C and I all have equal precedence; so do U and M; and, the
former is lower than the latter.

The lattice structure is well-known from the literature. For example, the predicate calculus embeds the

structure. It is called a plat, standing for power set lattice. Calculations in the structure are referred to
by the hint ‘plat calculus’.

The interpretations in the set-theoretical model are:
f(PUQ)g = f(P)gV f(Q)g
f{lL)g = Fulse
f(PNQ)g = f(P)gAf(Q)yg
f{MYg = True

PCQ

V(f.g : f(P)g: f(Qg)

The lattice introduced in [2] is also complemented.



2.1.2 Sequential composition

The second layer is the monoid structure for sequential composition:
Axiom 2
(A, o, I)

is a monoid, that is, o is an associative binary infix operator with unit element I.

The interface with the plat structure is: o is co-ordinatewise universally cupjunctive. That is, for bags B
and C of procs,

(UB)o(LUC) =U(P,Q : PEBAQEC : PoQ)
o

From this axiom, it follows that o is monotonic with respect to C and has 11 as a left and right zero. To
give an illustration of a calculation in the relational algebra the result TT o TT = TT is proved.

Theorem 3
TToTT =TT

Proof by mutual inclusion:

T
3 { 7T is top element of the lattice }
TToTT
3 { TT is top element: TT JI; monotonicity of composition }
IToTT
= { I is identity of composition }
T

]

Sequential composition has a higher precedence than the operators in the lattice structure. So, PN Qo R
is to be read as P M (@ - R).

In the model, sequential composition is the angelic relational composition:
f(PeQ)g = 3(h = f(P)hAK(Q)g)
filg=f=yg

Expressions constructed with sequential composition are to be read from right to left. However, it is only
by defining what is meant by functionality, Subsection 2.2.2, that this direction is ‘formalised’.

2.1.3 Reverse
The third layer is the reverse structure. It is axiomatised as follows:
Axiom 4

(A, °)

introduces the unary postfix operator Y.



The interface with the plat structure is the following Galois connection:
PYCQ = PCQV
The interface with the monoid structure of sequential composition is:

(PoQ)w=Quo P
a

Because reverse is an unary operator, it has the highest precedence of all the operators in the relational
algebra. So, P M Qo RV is to be read as P M (Q o (RY)).

From the interface with the plat structure it follows that Y is its own inverse. Moreover, reverse is
universally cupjunctive and capjunctive. This implies 1LY = AL, TT¥="TT and monotonicity of reverse.

From the interface with the monoid structure of sequential composition it follows that J¥=17I. This is
stated and proved as follows:

Theorem 5

Iv=1
Proof:
Iv
= { I is identity of composition }
IoJu
= { reverse is its own inverse }
Juuvo Ju
= { reverse through composition }
(o Iv)
= { I is identity of composition }
Juv
= { reverse is its own inverse }
I
a

In the model reverse is defined by:

f(PY)g = g(P)f

2.1.4 Split and parallel

The fourth layer is the layer of the projections.
Axiom 6
(4 < )

postulates the existence of two procs < and >». The proc < is called “first”; the proc > is called
“second”. Before continuing with Axiom 6, two binary operators on procs, 2 and ||, referred to by “split”
and “parallel”, are defined as follows:



Definition 7 split and parallel
(1) PaQ £ <voP M >»veQ
(2) PllQ £ (Po<) 4 (Qo>)

(End of Definition 7)

The axiomatisation of the layer is completed as follows:

(1) IJINI

(2) (Pa@Q)U o RaS = PUoRM QYo S
(3) TTok =TTo>»

O

(End of Axiom 6)

The binary operators 2 and || have equal precedence, and higher than all the other binary operators in
the algebra. Parentheses will be used to disambiguate expressions where this is necessary.

The operators split and parallel are monotonic with respect to C because they are built using the mono-
tonic operators o, M and v,

In the model the projections are defined by:

f(<)g = 3(h :: g=(f,h))

f(>)g =3~ g=(h,f))

A less formal definition is:

f<<<)(gah) = f=g
f>)gh) = f=h

Notice that this last definition does not cover the complete set of arguments: nothing has been said about
forms like f (<) g where g cannot be split in two. When it is clear that the argument of the projections
is a pair, the less formal definition is taken.

With the (less formal) definition in the model one can derive the interpretations of 2 and || in the model:

(£,9)(P2aQ)h = f(P)h A g(Q)h
(£,9)(PIQ) (h,3) = f(P)hAg(Q)i

Later in this paper, a slightly more formal notation fag is used for pairs (f,g). Things would get too
complicated, though, to explain the precise motivation for the formal notation already here.

A warning should be made. The parallel composition used in this paper is not similar to operators
used in CSP or in dataflow networks. In those theories the parallel operator expresses (synchronised)
communication of the operands. In this paper the parallel operator expresses computation in parallel of
the operands without (direct) communication.

In fact, all composition constructions presented in this paper express simultaneous computation: all
procs in the system compute in parallel. The kind of composition denotes the way how these procs are
connected.

The following results can be derived from the axioms. They are known as “parallel-split fusion”, “parallel-

parallel fusion” and “computation rules”. The derivation involves elementary relational calculus.



Theorem 8 parallel-split fusion, parallel-parallel fusion

(1) PllQ o RaS = (PoR)a(Q°S)

(2) PllQ o RIS = (PoR) 1 (Q-S)

Proof:

First notice that reverse distributes over parallel, that is:
(PlQ)

= { definition parallel and split 7 }
(KUoPok M>»YoQ o)V

= { reverse through cap 4 }
(Yo Pok)U M (>YoQo>)Y

= { reverse through composition 4 }
KYoPUokiyu »quuo>>uu

= { reverse is its own inverse 4 }
KUYoPlYoLM>»VoQYo»

= { definition split and parallel 7 }
pv || Qu

Then:

PllQo RaS

= { reverse is its own inverse 4 }
(PllQ)v o RaS

= { above: reverse through parallel }
(PUliQV) o RaS

= { definition parallel 7 }
((PU ° <<) a (QU o >>))U o Ra§

= { Axiom 6 }
(Plok)UoRM (QUo>»)Uo S

= { reverse through composition and is its own inverse 4 }
KYoPoR M »Ye@QoS

= { definition split 7 }
(PeoR)2(Q-S)

(]

The computation rules are:

Theorem 9 computation rules split

(1) <oPaQ = PNTTeQ

(2) >oPaQ =QnNTToP

(3) KoPoa@Q =P « TToPETTQ
(4) >o0PaQ =Q « TTePITToQ
Proof:

First the result (I2aTT)Y = < is derived:

(IaTT)"
= { definition split 7 }
(Yol M »uoTT)Y



{ I is identity of composition 2; reverse through cap 4 }
<Yy (>>u ° ']T)u
{ reverse through composition and is its own inverse 4 }
KMATTYe>»
{ Axiom 4: TTY=TT; Axiom 6 }
KN TToexk
{ monotonicity of composition: IC TT = <« C TT o «; plat calculus }
<

Then, the main result is:

<o Pa@
{ above result }
(I2TT)Y 0 PaQ
{ Axiom 6 }
IVo P TTYeQ
{ Theorem 5; Axiom 4: TTv="TT }
PNTTeQ

Continuing with the assumption TTo P C TT 0 Q:

O

PMaTeQ
{ monotonicity of composition: ICTT = P C TT o P; plat calculus }
PNTTePNTToQ
{ assumption; plat calculus }
PMNTroP
{ P C TTeP; plat calculus }
P

In Subsection 2.2.1, the first two expressions of Theorem 9 are further transformed to other, nicer ex-
pressions. Also the computation rules for parallel are given in that subsection.

A thorough exploration of the properties for split and parallel can be found in [2]. There are some minor
differences in the notation, the main one being that in this paper the notation || is used whereas in [2]
the notation x is used.

2.1.5 The Cone Rule and Dedekind’s Rule

An axiom that guarantees, among other consequences, that I and TT differ from LL is the Cone Rule. In
general, the Cone Rule gives a condition to conclude that a proc is not equal to the uninteresting proc

1L

Axiom 10 Cone Rule

a

ToePoTT =T = P£1L

Then, the claimed consequences can be proved:

Theorem 11

1) I#1
(2) T # 1L
(3) <# AL
(4) ># 1L



Proof:

I#1
= { Cone Rule 10 }
TToeloTT =TT
= { Axiom 2: [ is identity of composition }
TTeTT =TT
= { Theorem 3 }
True

And, for all P, by contraposition:

<=1l
= { AL is zero of composition }
<oPal = 11

= { Theorem 9 (1) }
PMNTToel = 1L
= { I is unit of composition; TT is unit of cap }
P=1l
= { Theorem 11 (1) }
false
O

A second axiom that connects the first three layers of the relational framework is Dedekind’s Rule.
Although this rule looks terrifying (there are five free variables), it turns out that this rule is very useful
in calculations.

Axiom 12 Dedekind’s Rule
PoQ 3 RoSNT

PJRNToeSY A Q@ JSNRYT
O

To remember this rule one has to be able to reconstruct its syntactic shape. For example, the first
conjunct of the antecedent is obtained as follows; take the consequent Po@Q J RoS N T, forget about
the right arguments of the compositions (Q and S) and add SV on the right side of 7. The second
conjunct is obtained in a symmetrical way.

In calculations it is often the case that one of the conjuncts becomes trivially true, for example if Q = S.
So applying Dedekind does not really stretch the proofs.

A first formulation of this rule can be found in Riguet [11]. Riguet attributes the rule to Dedekind who
suggested a slightly weaker variation. Although the axiom only contains three free variables, it is less
useful for our calculations, because it strongly tends to widen the proofs. It looks like:

(RNTo8Y o (SN RYT) J RoSNT

The interpretation in the model of Dedekind’s rule, Axiom 12, boils down to the following statement in
predicate calculus:

V(fig.h : F(R)YRAR(SYg A f(T)g : (K = f(PYR AN (Q)g))

V(figh o f(RYAAR(SYgA F(T)g : f(PYRAR(Q)g)

<=

To illustrate the use of Dedekind, an important theorem dealing with distribution of sequential compo-
sition over cap is proved and some corollaries are stated. Notice that until now nothing has been said
about such distributions.

10



Theorem 13 distribution over cap

1) " (PNQ)oR =PoRNQoR « QIQoRoRY
(2) (PNQeTT) e R = PoRMQoTT

Proof by mutual inclusion:

First: notice that the consequent is symmetric in P and Q. So in the antecedent, Q could equally well
have been replaced by P. Then:

(PNQ)°oRC Po-RNQ°R
= { plat calculus }
(PNQ)°cRC PoR A (PNQ)°oRLC QoR
= { monotonicity of composition }
PNQLCPAPNQRCQ
= { plat calculus }

True
And:
(PNQ)oR J Po.RNQ°R
= { Dedekind 12 }
PNQ 3 PNQeReR* A RJRNPYeQoR
& { plat calculus }
Q@I QeRoRY

The proof of the second statement follows the same structure.
i}

Try to prove this result with the alternative formulation of Dedekind. The proof gets wider now!.

Some important corollaries with respect to distribution over split are:

Corollary 14

(1) P2QoR = (PeR)a(QoR) « PO PoRoR'V QJQoRoRY
(2) Pa(QeT) o R = (PoR)a(QoTT)
a

This concludes almost the axiomatisation of the algebraic framework. In Section 2.3 a last axiom called
Extensionality will be added to the set of axioms for relational algebra A. But first, other important
constructions have to be presented.

2.2 Definitions and properties

In this section, additional constructions such as domains, functionality and feedback, are defined and
some of their most important properties are stated.

11t could also be the case that we switched to ‘religion-mode’.

11



2.2.1 Interfaces, domains and typing

In the sequel, procs below I are heavily used. They act like restricted identities, and are called interfaces:
Definition 15 interfaces
P is an interface

Y

PCI
O

Two trivial interfaces are the procs I and L. Identifiers A and B are used to denote interfaces, that is,
ACT and BCI. In the model, interfaces can be interpreted by:

f({A)g= f=yg

These interfaces play the role of restricted identities. A basic and useful theorem about interfaces is:

Theorem 16

(1) A=AnI

(2) A= Av

|(__:lz) Ao(PNQ) = AsPNQ

The proof is omitted, though it is another good example of the usefulness of Dedekind’s Rule 12. Notice
that the third statement of Theorem 16 actually equivales the defining property of interfaces. This follows
by instantiating P and @ both to I. Some straightforward corollaries of the theorem are:

Corollary 17

(1) A=A-A

(2) AeB=BsA=ANB

(3) Ao (PNQ) = AoP N AoQ
O

The ‘least’ left and right interfaces of a proc occur frequently in calculations. They are called left and
right domain and are denoted by P< and P>, respectively. The domains are defined via the following
Galois connection:

Definition 18 domains

Left domain:

P<CQ = PC (QNI)oTT
Right domain:

P> =(Pv)<
0

12



From the defining Galois connection it follows that the domain operators are universally cupjunctive,
which implies 1l <=1l>= 1l and monotonicity of the operators.

Moreover, the left and right domain functions have a closed form. The following theorem states these
forms. The proof is omitted.

Theorem 19 domains ezplicitly

P< = PoTTNI and P> =INTToP
O

Notice that domains are interfaces. This is, among other useful properties, formally stated as follows:

Theorem 20

(1) P<CTI and P>C1J

(2) P<oQ = PoTTNQ and PoQ> = PN TTQ
(3) P<oP=P and P=PoP>

(4) A<=A>=A  forall A

O

It is a straightforward exercise to derive the interpretation of domains in the model. From Theorem 19
one can conclude for the left domain:

f(P<)g = 3(h = f(P)h) A f=g
To introduce a more familiar way to express the type of a proc the following definition is given:
Definition 21 typing

PeA~B = AcP=P A P=Po-B
a

In the model, the conjunct A+ P = P reads:
f{PYg= f(A)f

An appealing example of typing is:
PeP<~P>

which follows from Theorem 20 (3). P< and P> are the smallest interfaces such that typing is correct.

Other ways of typing could have been:
AoP=AoPoB =PoB

which is a weaker formulation than Definition 21. The disadvantage is that this definition only gives
limited typing information: only in the presence of interface A one can remove B from Ao PoB. An
even weaker formulation is:

AoPoB = PoB

13



This alternative definition comes very close to conventional typing. It is, however, a highly asymmetric
one, which is inconvenient in a framework which is closed under reverse, Axiom 4.

There are a number of equivalent formulations for typing a proc. The only reason for choosing the
formulation given in Definition 21 is that it allows the designer to apply the rule of Leibniz, which is
easier to use than, for example, monotonicity.

Theorem 22 other formulations for typing

The following four statements are all equivalent:

(1) P=AoP A P=PoB
(2) PC A-TToB

(3) P=A-PoB

4) P<CAAP-CB

Proof by mutual implication:

P=AcP AP=P-B
= { plat calculus }
P=Ao(PNT) A P=(PNTT)B
= { Corollary 17 (2) }
PMATT A P=PNT B
{ plat calculus }
CAoTT A PC TToB
TT is top element; monotonicity of composition }
oB
C TT; monotonicity of composition }
oB
eibni
A

=

o

[+]
o

1
B B B

inv IR < I « I « A
I
sl

MR
| I

PoB
And finally:

PC AoTT A PCTToB
= { Theorem 16 (1): A = ANI; Definition 18 }
P<CAANP>-CB
a

For a more intensive exploration of properties about domains and typing used in this paper one is referred
to [2]. In that paper the term monotypes is used instead of interfaces.

With the notion of domains, the computation rules for split, Theorem 9, can be rewritten, making use
of Theorem 20. Also the computation rules for parallel are given.

Theorem 23 computation rules split and parallel, revised

(1) <o PaQ = PoQ>
2) >0 PaQ = Qo P>
(3) «oPlQ =Po<oIlQ>
g) >oPlQ =Qo>oP>|I

14



2.2.2 Functionality and totality

Until now, nothing has been said about functions, functionality or determinism. All operators introduced
thus far apply to arbitrary procs. These procs can be interpreted as (non-deterministic) relations. In this
subsection it is specified what is meant by a functional (or deterministic) proc.

Definition 24 functionality

P is functional

1>

PoPYC I
]

In expressions the identifiers F and G are used to denote functional procs. In typing a proc, the notation
“¢e ig used to denote that the proc is functional. So, by definition:

Definition 25

FeA«+B

A

F € A~ B A F is functional
O

In the model the definition of functionality reads:

f(PYhAg(P)h = f=g
For a function F, the formulation f (F) g can be interpreted as f =F.g, thus showing the embedding of
functions in the algebra of relations. Notice that the direction of a proc “from right to left” is implied. If

one reads from left to right, the notion of functionality will become the notion of injectivity. Injectivity
is dual to functionality. Proc P is said to be injective if and only if PY is functional.

Definition 26 injectivity
P is injective
A

Pv is functional
O

The notation “—” is used for injectivity:
Definition 27
Pe A->B

Y

P € A~ B A P isinjective
O

One of the main properties of functions is that they distribute from the right over cap and split. This
follows from Theorem 13 and Corollary 14.

Theorem 28 function distribution
(1) For non-empty bag B: N(P : P€ B : P)o F =N(P : Pe B : PoF)

(2) PaQoF = (PeF)a(QeF)
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Proof:

First: one inclusion is trivialy true by monotonicity. For the other inclusion:

MP:PeB:P)oF JN(P : PeB: PoF)
{ assume Q is in non-empty bag B }
M(P:PeB:P)oFJQoFNN(P:PecB: PoF)
{ Dedekind 12 }
M(P:PeB:P)JQNNP:PeB: PoF)oFy
{ monotonicity }
MP:PeB:P)JQnNn(P: PeB: PoFoFv)
{ F ranges over functions: I J FeFv }
M(P:PeB:PYdJQnNnN(P: PeB: P)
{ plat calculus }
true

And second:

a

PoQoF = (PoF)a(QoF)
{ Corollary 14 (1) }
P PoFoFv
{ monotonicity of composition; I is identity of composition }
IJFoFv
{ F ranges over functions: Definition 24 }
True

Sequential composition, split and parallel composition all preserve functionality. Notice the simplicity of

the proofs.

Theorem 29 functionality preservation

(1)
(2)
(3)

Proof:
First:

I

in

Third:

F oG is functional
Fad is functional

F |G is functional

FoGo(FoG)v
{ reverse through composition }
FoGoGUoFv
{ assumption G is functional: GoGY C I; monotonicity of composition }
FoFv
{ assumption F is functional }
I

FIG o (FIG)
{ reverse distributes over parallel }
FlG e FYliGgv
{ parallel-parallel fusion, Theorem 8 (2) }
(FoFV) Il (GoGY)
{ F and G are functional: Definition 24 and monotonicity of parallel }
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InI
cC { Axiom 6 }
I

And second: because of the functionality preservation properties of parallel and sequential composition
and making use of parallel-split fusion 8 (1), the proof obligation boils down to functionality of IaI:

Ialo(Ial)v
= { definition split 7 }
(€U N>»Y) o (UMY
= { reverse distributes over cap and is its own inverse }
(g¥M>»Y) e («M>)
c { monotonicity }
KUoLM>Vo>
= { definition parallel 7 }
INI

M

{ Axiom 6 }
I
O

This concludes the short discussion of functionality. Next, the notion of totality on some interface is
defined:

Definition 30 totality

Pistotalon A

-y

TToAC TToP
O

For example, all procs are total on the interface 1L. There are numerous equivalent formulations of
totality. Two examples of formulations equivalent to “P is total on A” are AC P> and A C PYoP. The
notation “~4" is used to denote that the proc is total:

Definition 31
Pe A~B
£
Pe A~ B A Pistotal on B
O
The notation “+¥’ means in addition that the proc is functional:

Definition 32

Pe A«B

>

P € A~B A P is functional
O

Note that “+ could equally well have been defined by:

Pe A«B

>

Pec A« B A Pistotalon B
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In the model totality of P on A reads:
f(AYf = 3(h = h(P)f)

The dual of totality is surjectivity. Proc P is said to be surjective on A if and only if PV is total on A.
The notation “~v” is used for surjectivity:

Definition 33 surjectivity

P is surjective on A

i

Pv is total on A
O

and consequently the notation
Definition 34

PeArvB

>

P e A~ B A P is surjective on A
]

The typings ~1and + are used very often. For example, F' € IN«—Z expresses that F' is a partial function,
mapping each element in Z to a result in IN. For convenience, their precise meaning is written out in full:

Theorem 35

1) PeA~B = AoP=P A TToeB=TroP

(2) PeA«~B = AoP=P A TTeB=TToP A PoPYC 1T
0

Next, the totality preservation of several basic constructions is shown. A result that will prove useful is:
Theorem 36

T oPaQ = TTePNTTQ
]

The following theorem summarises totality preservation properties of fundamental composition operators.

Theorem 37 totality preservation

1) PoQelI~B « Pel~A AN Qe A~B
(2) PaQQ e I~nAoB & Pel~nA AN Qel~B
(3) PlQe I~AIB « PelI~A A Qel~B
Proof:

Notice that the I in the typing P € I ~1 A is vacuous: according to Theorem 35 (1) this typing equivales
TTeA=TToP.
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First:

PoQ elI~4B

= { Theorem 35 (1) }
TroB_—.-[ToPoQ

= { assumption on P: TToA =TT P }
TToeB=TToAoQ

= { assumption on Q: 4.Q =Q }
-[ToB=TroQ

= { assumption on Q }
True

Second:

PaQ € I~ A-B
= { Theorem 35 (1) }
TToAoB = T]_oPAQ
= { 7T is unit of cap; Theorem 36 }
(TTeANTT) o B = TToPMNTToQ
= { Theorem 16 (3) }
TToeANTTeoB = TTe PN TTeQ
<= { Leibniz }
TTeA=TreP A TToB=TroQ
= { Theorem 35 (1) }
Pel~nA A Qel~B

And third:

PllQ ¢ I ~AlB
= { Theorem 35 (1) }
T o AlIB = T« PIQ
= { definition parallel 7 (2) }
T o (Aok)a(Box») = TT o (Pok)a(Qo>)
= { Theorem 36 }
TMoAokNTTeBo» = TToPok M TN eQo>
&= { Leibniz }
TMoA=TToP A TToeB=TToQ
= { Theorem 35 (1) }
PelrniA A Q€ IriB
ad

With these definitions of domains, functionality and totality one can list some typing properties of the
basic procs. For example, the property that all interfaces are functions, total on ‘themselves’ is stated:

Theorem 38 typing of basic processes

(1) A€ A—A forall A
in particular

(2) 1 ettt «dl
and

(3) lel«l
Moreover

(4) T e Inal

(5) <el«IlI
and

(6) >e IT«IlI

O
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This concludes the limited discussion on giving type information about procs.

2.2.3 Feedback

The rich structure of the algebra introduced in earlier subsections makes it possible to define the feedback
operator. No new axioms are assumed to capture the notion. A lot of the desired properties of feedback,
such as the computation rules, follows from its definition. It would be naive, though, to think that all
the problems other researchers in the field encountered are circumvented.

The following definition of the feedback operator is proposed:
Definition 39 Feedback

Ps 2 (PN»)oIaTl
O

Notice that there are no type restrictions on P.

Using interpretations in the model given in earlier subsections the following interpretation for the feedback
construction is derived:

f(Pg = f(P)(g,f)

Because feedback is constructed from universally cupjunctive functions, it follows that feedback itself is
universally cupjunctive. This is stated and proved in the next theorem:

Theorem 40 universal cupjunctivity

(({(P : PeB:P)y =(P:PeB: P

Proof:
(W(P : PeB: P)yr
= { Definition 39 }
(W(P : PeB: P)n:>») o IaTT
= { universal cupjunctivity of M>> and of o IaTT }
WP : PeB: (PN»)olaTl)
= { Definition 39 }
U(P: PeB: Po)
O

From the above it follows that the feedback operator ¢ is monotonic and 1lL-strict, i.e., 11.=11. Other
properties are the computation rules for feedback:

Theorem 41 computation rules

(1) Fo = FolaF°
(2) Pe = (PN»)oIaP°
|

Notice the extra “M>" in the second statement.
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A healthyness condition of a relational calculus for distributed program design should be that it contains
the results of Kahn for deterministic processes, [7]. One property of the feedback operator should be its
preservation of functionality. This is, in general, a false statement in the calculus introduced thus far.

-Y(F : F¢is a function)
For example, take the function >>. Then,

>>O'
= { definition feedback 39 }
(>N>») o IaTT
= { cap is idempotent }
> o JaTT
= { split computation 9 }
TTNTTeI
= { I is identity of composition; cap is idempotent }
T

But, TT is not a function, at least not in the interesting models. Another problem is that, in general,
feedback does not preserve totality of its argument. In Section 4.1 an example of this undesired behaviour
is given.

2.3 Points and extensionality

In this last section points are introduced. Points are constant total functional procs. They represent the
elements f of the model.

Definition 42 points
point.x

A

r=2x0TT ANz € l]
O

The identifiers z and y range over points.

In the model the conjunct z = 2o TT is interpreted as:

It represents the “constant” part of points. In words it says: no matter what the input is (g or h), the
output is always the same (f).

Some properties for points used in this paper are:

Theorem 43

(1) ToxY = x<

(2) x6l o P = zaP = J||Pozxal
3) zalo(yal)? = (zoy) Il I

(4) TTog =TT

0
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The first statement follows from the functionality of points and is in fact a property that is valid for all
functions (P o PV = P< is even equivalent to stating that P is a function). The second and the third
statement follow from the property that points are constant. The last property describes totality on I.

With points it is possible to formulate and axiomatise the principle of extensionality. In functional
programming the mechanism of extensionality is used to prove that two functions are equal:

Y(f,g = f=g=Y(z = fex=gzx))

Moreover, the above equivalence is extensionality. In the relational algebra the above translates to the
axiom:

Axiom 44 Eztensionality

V(P,Q : P=Q =Y(z = Pox =Qox))
O

This is the last axiom for the relational algebra .A. No more axioms on the algebra are needed to prove
the results presented in this paper. There are many other possible formulations of extensionality, some
of which are:

(1) I=U(z = zox¥)
(2) T =u(z = )

For an intensive exploration of points and extensionality in the relational calculus the reader is referred
to [10]. Tt is the objective to try to avoid the principle of extensionality as much as possible, and do the
calculations ‘point-free’. Sometimes, proofs get shorter then. Moreover, the use of extensionality and
points sometimes clouds the important aspects of a calculation. Though, we do not want to get ‘religious’
about using extensionality and points.

Brock and Ackerman point out in their paper [3] that the history model of deterministic networks, where
processes are functions between input and output histories, cannot be extended to a history model of non-
deterministic networks, where processes are relations. To solve the problems they introduce a network
model they called scenarios. This model is the history model of non-deterministic networks restricted by a
causality requirement on the input and output histories. This causality requirement captures information
of timing aspects between input and output.

In Subsection 2.2.3 the problem of preservation of functionality by feedback emerged. In the spirit of
Brock and Ackerman these problems are solved by adding time information. The introduction of time in
the calculus is the main subject of the following chapter.

3 Back to the model

To extend the relational algebra presented in the previous chapter with constructions, the notion of time
is introduced to solve the problems about functionality preservation of feedback. In fact, more details
are imposed on the universe of elements.

To be more specific: the new universe is the set of functions M «+7. These functions are called chronicles.
Here, M is some message domain which is only restricted in a very weak way: it is closed under cartesian
product. 7 is some time domain, and will be the main subject of discussion in this chapter.

Now, the interpretation of f{P)g is: for some input chronicle g, which describes the input for every
moment in time, a possible output chronicle is f, describing the output in time. There could be another
output chronicle h for input chronicle g because nothing has been said about (non-)functionality of P.

The time domain will be the main subject of discussion in the next sections. The input and output
chronicles are functional relations of another relational algebra B. The reason for this choice is that it
forces the person who makes calculations in the model to be precise and formal.
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Firstly, in Section 3.1 the time domain is axiomatised. Secondly, the notion of archimedean functions
is introduced in Section 3.2. Those functions will serve as a key to solving functionality and totality
preservation of feedback. Finally, new procs in A are defined in Section 3.3 using the time constructions.

3.1 Time domain

Assume a relational algebra (B, C, s, Z, 7', «, ») to satisfy the axioms of a relational algebra as intro-
duced in the Chapter 2. The elements of B are called relations; the identifiers 7 and s range over B. It is
assumed that (B, C) is also complemented. The operator ~ is used to denote a complemented relation.
The join and meet operators in B are denoted by U and N, respectively, with unit elements L and T.
Additional axioms like De Morgan and Law of Contradiction hold in B.

For split and parallel in B the notations s and x are used; for left and right domains in B the notations
< and » are used. Typing of relations in B will be the same as the typing of procs in A. Relations
below Z are called identities. The identifiers a and b range over these identity relations. Without further
comments, all results for A stated in the previous chapter will be used for B also.

In the algebra B, the principle of extensionality will be used. Extensionality was introduced in Section 2.3.

The time domain 7 is axiomatised as follows. First, it is assumed that 7 is a (restricted) identity:
Axiom 45 identity

T is an identity relation: T CZT
[

On this type 7 an order < is imposed. For convenience the notation > is used as an abbreviation for
<™'. The first axiom expressing transitivity of < is:

Axiom 46 transitivity

<e< C KL
a

The second axiom on < is one expressing irreflexivity:
Axiom 47 irreflezivity

<NT=41
(]

It follows trivially that > is also transitive and irreflexivity:

Theorem 48 transitivity

(1) >e>C >
(2) >NIT =1
a

The third axiom establishes the property that < induces a chain on T

Axiom 49 chain

SUTU>=TeT T
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Alternative names for 7 being a chain are ‘linearly ordered’ and ‘totally ordered’. In literature, the triple
of Axioms 46, 47 and 49 is sometimes called a trichotomy. In the model the three axioms read:

(1) t{<)t A ()t = t{(<)t”
(2) t(<)t = t#Y
(3) t{<)t' v i=t v t{>)t forallt,tin T

A result of Axiom 49 is the typing of the orders:

Theorem 30 typing

(1) <ET~T
(2) >eT~T
Proof:
<eET~T
= { Definition 21 and Theorem 22 }
K CTeTeT
= { Axiom 49 }

<C<UTU>
= { plat calculus }

True
O

A model for these axioms is Z and the ordering less-then “<”. A few other useful definitions are:

Definition 51

(1) <& <uT
(2) > £
O

Next, it is proved that < cancels out if it is composed with <:

Theorem 52
<=<eg
Proof:
<o
= { Definition 51 }
<e(<UT)
= { cupjunctivity of composition }
<e<UKeT
= { Theorem 50 and Definition 21 }
<s< UKL
= { Axiom 46; plat calculus }
<
O
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Notice that it is still possible that 7 is empty. That is, taking for 7 and < the empty relation L fulfills
the Axioms 45, 46, 47 and 49.

Next, it is axiomatised that there are non-empty relations below 7", or more operational, there are
moments of time in the time domain. These moments are denoted by t and #. Their properties are
defined as follows:

Definition 53 moments in time

t is a moment in time

(>

t£L AteTetCT
O

Some properties for these moments in time are:

Theorem 54

(1) tCT

(2) t €ttt
3) teTet=t
a

It is assumed that there is a specific moment ¢y below 7. This relation tg is the minimal moment in time.
It is the start of “everything”, that is, there has been no input or input processing prior to to:

Axiom 55 Big Bang

There exists a moment in time, denoted by to, such that

<etg = L1
a

For an extensive exploration of relations satisfying Definition 53, one is referred to [2]. In that paper the
relations are dubbed “unit types” and are below I.

A corollary of Definition 53 is that te T is a point below 7. This allows extensional arguments over
moments in time, for example 7 = U(t :: t).

In the next section one more axiom will be added to the set of axioms defining 7.
3.2 Archimedean functions
To capture the notion of progress in time of a proc archimedean functions are introduced. They will be

used to formalise the progress of a proc. First, it is defined what is meant by the transitive and reflexive
closure of a relation:

Definition 56 transitive and reflezive closure
Let v, for all n >0, be defined by:

ra&T

TPt & pepn
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Then, the transitive and reflexive closure of r is defined as:

r* = U(n : n20 : 7")
O

There are several equivalent definitions for the transitive and reflexive closure of relation r. For example,
it could be defined as the least solution of the fixpoint equation in X: X = T U reX. The definition
given above is probably the most familiar one. The following definition for archimedeans is taken:
Definition 57 archimedeans
arch.a
é

QETHT ATC<ea A ae<C<ea A <sax=TeTeT
d

Identifiers « and 3 range over archimedeans. The conjunct 7 C <+ a can be interpreted as:
V(t = t<a.t)

This expresses the progress.

To guarantee, for example, that archimedeans are closed under sequential composition, the property
“increasing” is needed. This is exactly described by the conjunct ae< C <ea:

V(t,t' = t<t = at<at)

It is still possible, though, that there are accumulation points. To avoid this undesired behaviour the
fourth conjunct is added. It can be interpreted as a being unbounded:

V(t,t' = I(n : n20: t<a™t'))

From the axioms in the previous section and from the definition of archimedeans it does not follow that
there really ezist such archimedean functions in relational algebra B. This has to be axiomatised:

Axiom 58 ezistence of archimedeans

Ha :: True)
O

Notice that the existence of archimedean functions implies that there exist no maximal elements in the
time domain 7. This is formally described by the typing properties (keeping in mind that < is irreflexive):

Theorem 59
(1) <ET~T
(2) >eT~T
Proof:

<e€TrT

= { Theorem 35 (1); reverse }
CET~T ALKeT =TT
= { Theorem 50 }
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<o T =TT

= { ZICa*xso: T=qxeT }
<saxeT =TeT

<+ { compose with T; 7 # L: Cone Rule }
<oa*=ToToT

= { Definition 57 }
True

O

This concludes the discussion about archimedeans.

3.3 Equal up-to

In this section two new procs are defined; the definition of the first one, “pre-compose”, is a stepping
stone for the definition of the second proc, “equal up-to”. The definitions will be at the point level,
thereby diverging from the objective to reason at a point-free level. However, one should keep in mind
that the following definitions will not be part of the final calculus. Only the results obtained in the last
four chapters of this paper are to be axiomatised. The definitions and calculations in this section then
merely serve as justifications for these axioms.

The set A, introduced in Chapter 2, is assumed to be a set of relations, where the relations are sets of
pairs of functions € B, total on 7. To be more precise: the set of relations A is P(D x D), where

DETAT

The identifiers f, g and h range over D.

A remark has to be made. In Subsection 2.1.4 the parallel operator was axiomatised and the point-
wise definitions of the projections where given in the model. For example, < was to be interpreted as
f({<)(g,h) = f=g. Now, a problem emerges: the pair (g, h) does not have type Z 7 . It is just an
element of the product of relational algebras; it is of the type (Z++T) x (Z < T). To avoid this problem
an isomorphic mapping from (Z++7) x(Z+T) to (ZxZ) + T is needed. Fortunately, this mapping
is present. It is the split operatorin B: + € (IXZI) «T ~ (T+«T)x(ZT+T).

From now on, pairs in the model will be written using +. For example, the definition in the model of
parallel now reads:

frg({PliQ)hsi = f(P)h A g(Q)i

3.3.1 Pre-compose

At the moment, the set of instruments to compare two chronicles is very limited: I, < and . To be able
to compare two chronicles, for example only on some interval of T, the function “pre-compose”, mapping
relations in B to procs in A, is defined.

All calculations in this subsection will be entirely on the level of the model. In the next subsection, where
the main proc is defined, no calculations in the model will be made, because all the necessary calculations
will have been done in this subsection. Pre-compose is defined as follows:

Definition 60 pre-compose

f{rg=f2ger
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Before continuing, we derive the following theorem, obtained when pre-compose is applied to an identity:

Theorem 61

f{a)g = fea=gea

Proof:
f(a)g
= { Definition 60 }
f2gea
= { =: compose with a, Corollary 17 (1); <: Z D a, monotonicity }
feaDgea
= { f and g are total functions; a CZ }
f sa=gea
O

As an example of this new operator take some moment in time t C7 and consider the proc °t. In the
model the proc °t relates every two chronicles that are equal on moment t: f{°t)g = foet = got.

The list of properties that are needed in the sequel is long. Part of the verification is left out, but the
reader should not hesitate in trying to prove the results.

Theorem 62

(1) °1l=TT

(2) IC®a

(3) °T=1I

(4) *(aeb) ="ac°b
(5) (a)'="a

(6) aCbhb = °bC°a
Proof:

Only the first, fourth and sixth statement are proved. Because the fourth property is the most difficult
one to prove, it is postponed. First:

°1L="T
{ definition of = in the model }

V(f,g = f(CL)g = f(Tg)

= { Definition 60; definition of TT in the model }
V(f,g = f2geL = True)

= { predicate calculus; L is zero of composition }
V(f,g = f21)

= { 1l is bottom element }
True

Sixth: assume ¢ Cb. Then:

f(b)g
= { Definition 60 }

f2geb
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= { assumption; monotonicity }

f2g°a
{ Definition 60 }

f{a)g
And fourth:

f{raecb)g
= { definition o in the model }
A(h = f{aYh A h{°b)g)
= { Definition 60 }
A(h 2 fDhea A h Dgebd)
=> { monotonicity }
f2gebea
= { Corollary 17 (2); Definition 60 }
f(lasd) g

To get the other implication assume f D gebea:

I(h 2 fDhea A h Dgebd)

= { Theorem 61 twice }
h 2 hD fea A h Dgebd)

= { plat calculus }
I(h :: h D feaUgeb)

< { extend tosome h € D }
fea U geb is a function

= { relational calculus }
gebeaefC1T

&= { assumption; monotonicity }
feficrI

= { Definition 24; f is a function }
True

]

The function °. satisfies a kind of junctivity property. It reflects the antimonotonic behaviour of °_ which
already emerged in statement six of Theorem 62.

Theorem 63
MN(z : Pz : *(ex))=°(U(z : Pz : ex))
Proof:

fW(z : Pz : ex))g

= { Definition 60 }
f 2 geU(z: Pz : ex)

= { cupjunctivity of composition }
f2U(z : Pz : gelex))

= { plat calculus }
Y(z : Pz : f2Dgelex))

= { Definition 60 }
Y(z : Pz : f{(ex))g)

= { definition M in the model }
f{N(z : Pz : °(ex)))g
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As a last useful property, the distribution of °a over the parallel operator || is mentioned:
Theorem 64
INTocaoIll = “al’a

Proof:

From the type restrictions I'|l I it follows that the input and output chronicles are pairs:

fagllIocaoIllI)hst

= { definition P |l @ in the model; I is the identity }
frg(ca)hat

= { Definition 60 }
frg 2 hatea

= { a is an identity, so it is function: Theorem 28 (2) }
frg 2 (hea)s(isa)

= { <: monotonicity; =: Theorem 9 (3,4), Tef =Teg }
f2hea AgDiea

= { Definition 60 }
f{a)h A g(°a)i

= { definition Pl @ in the model }
frg(Call®a) hai

0

The stepping stone is in place. In the next subsection it is used to define the proc “equal up-to”.

3.3.2 Equal up-to defined

To express that two chronicles are equal up-to a moment in time ¢ the function equal up-to is defined,
taking a relation in B to a proc in A.

Definition 65 equal up-to

=r £ °((<ereT)=)
O

The function will mostly be applied to a moment in time. In the model it can be interpreted as:
F(PtYg = V(' : /<t : fet =geot')

Notice that (< er e T)< C Z. This makes it possible to translate all the results of the previous subsection
about pre-compose to equal up-to. The following theorem states that r is an equivalence relation
(reflexive, idempotent and symmetric), satisfies a junctivity property, and distributes over the parallel
operator.

Theorem 66

(1) Ic=r

2) *ro~r ==r

(3) (=)o ="r

(4) M(z : Pa : ~(Bx)) = ~U(z : Pz : Ex))
(5) INIe=roIlI = ~rl~r

(6) ~r 3 ~rll~r
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Proof:

We only prove the second statement. The other results are direct translations of similar results for
pre-compose, Theorems 62 and 64,

= " T{ Definition 65 }
((<oreT)x)o (< oreT)<)

= { (<ereT)<CZ: Theorem 62 (4) }
°((<o'roT)<o(<o’roT)<)

= { (<ereT)<CZ: Corollary 17 (1) }
((<oreT)<)

= { Definition 65 }
Sr

|

The theorems that follow now are more specific applications of equal up-to on moments in time. The
first statement is, of course, about the start of everything: ¢ . It says that all chronicles are equal before
Big Bang:

Theorem 67
tg=TT
Proof:
= { Definition 65 }
((<otgeT)<)
= { Axiom 55 }
((LeT)<)
= { 1 is zero of composition }
*(L=)
= { domains are bottom strict }
°L
= { Theorem 62 (1) }
v
a

Taking the expression ®to~t’ and interpreting it in the model, it seems to be equivalent to *tU=t'. To
prove this without having recourse to the model two lemmas are used. The first lemma gives a sufficient
condition to make sequential composition and cup coincide:

Lemma 68

Proof: ‘
A theorem from relational calculus that will be used is:

PsQ=PuUQ

(ICPCQ A Q<QCQ) vV (ICQTP A P<PCP)
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Then:
Fro®s = "ru=s
&= { above result from relational calculus }
(IC®rC%®s A ®se™sC ~s) V (IC®sC™r A ro~r C ~r)
= { Theorem 66 (1,2) }
FrC®s Vv SsC=r
a

The second lemma gives a sufficient condition when an equal up-to structure is included in another:
Lemma 69
FrC=™s

SeoreT D sgeT

Proof:
FrC®s
= { Definition 65 }
((<ereT)<) E-((<eseT)x)
{ Theorem 62 (6) }
(KoreT)< D{(<oseT)x
{ monotonicity of domains }
<ereT D <ogeT
{ composition with <; Theorem 52 }
LereT DseT
O

In Theorem 70 the expression <eteT D ' T is used. This can be interpreted as t' < t.

Theorem 70

(1) Sto™t = U=
(2) e VA
3) “(aet) T =t
Proof:

First and second: to prove these statements, we use properties about points. The details will be omitted.

zto ztl = ztuztl

<= { Lemma 68 }
:::t ; ::stl V] ::stl E s::t
&= { Lemma 69 }

(SeteTDteT) V (Kot's T DteT)
= { big step, using properties about points }
US> DteTot
= { extensionality closes the quantification over ¢ and ' }
KUZDTeTeT
= { Definition 51 and Axiom 49 }
True
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And third:

|

“last)C=t

{ Lemma 69 }
SeaeteT DteT

{ Theorem 54 (1): T ot = t; Leibniz }
LoaeteT DT eteT

{ compose with ¢ T ; monotonicity of composition }
LeadT

{ Definition 51; monotonicity of composition }
<ea DT

{ Definition 57 }
True

In Theorem 66 the property I T *r was derived. This implies for all n >0 and for all ¢: I C *la™et). Or
equivalently: I T M(n : n>0 : (a™et)) for all t. One may expect that the cap-structure actually
equals the identity, keeping in mind the unboundedness of a. To prove this a lemma is needed, exploiting
the unboundedness:

Lemma 71

Proof:

a

Slaxet) =1

Slakxet)

{ Definition 65 }
°((< eqketle T)-<)

{ Definition 57 }
(ToTeTotaT)s)

{ Tet=1t# 1: Cone Rule 10 }
(T +T)<)

{ Theorem 19; 7 CZ: Theorem 16 and calculus }
T

{ Theorem 62 (3) }
I

Now, the main result follows easily:

Theorem 72

Proof:

I'=n(n:n20: %a"t))

MHn : n20 : “(a™t))
{ Theorem 66 (4) }
FU(n : n20 : a™et))
{ cupjunctivity of composition }
*U(n : n20 : a™) o t)
{ Definition 56 }
”(a*-t)
{ Lemmma 71 }
I
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Now, all the instruments are there to explain and formalise a property, called causality, that solves the
preservation problems of feedback. In the next chapter a first attempt is made to formulate the causality
property.

4 Causality

In Subsection 2.2.3 a problem was encountered: functionality was not preserved by feedback. In this
chapter the notion of causality is introduced. This condition on procs should establish the following
properties:

Firstly, feedback should preserve functionality and totality:

F7 is a function < caus.F

Poe A~ B <« caus.P A P€ A ~ Bl A

Secondly, causality itself should be preserved by all the composition operations, in particular by the
feedback construction:

caus.(P°) < caus.P

Finally, the notion of causality should not be unnecessarily restricted. In the following section the notion
of causality is defined and explained.

4.1 Causality; a first step

Why does feedback not preserve functionality? Remember the counterexample of the feedback of the
function > in Subsection 2.2.3; > =TT. A problem with the projections is that they react, so to say,
instantaneously on the input. This is not a reasonable property of any implementable process: every
machine in the real world has some kind of delay. Moreover, such machines cannot base their present
output on future input.

So, without loss of reasonability, the assumption is made that implementable processes base their present
output only on past input. This property is described by inertia.

Now, more formally, the following definition of inertia is proposed:
Definition 73 inertia

inert.P

(1>

Ia : Y(t = Po~toPY C %(ast)))
O

To give insight in this definition the following explanation at the point level is given:
V(fig:hyi o R(P)fAi(P)g : f(*t)g = h(*(ast))i)

This means in words: for any two possible input chronicles f and g that are equal up-to moment t, the
two possible output chronicles ‘P.f’ and ‘P.g’ are equal up-to a later (because 7 C < ¢ ) moment o.t.
So, for any moment ¢, P does not react instantaneously, nor does its output depend on future input.
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The property of inertia implies that the process is functional. This is shown as follows:
Theorem 74

inert.P = P is a function
Proof:

I = Y(t 2 Po™toPYC ~(aet)))
= { Theorem 66 (1) }

Ia : V(t 2 PoPYLL ®(aet)))
= { o € T<T: forallt }

I(a : V(n,t 2 PoPYLC X(a™et)))
= { plat calculus }

Aa = V(t 2 PoPiCN(n = ®(a™et))))
= { Theorem 72 }

o = V(t 2 PoPUCI))
= { predicate calculus; Axiom 58 }

PoPuC I
= { Definition 24 }

P is a function

A second problem is the non-preservation of totality, due to the fact that the domain can be ‘incomplete’.
The following example stresses this:

Example 75

Take 7 = IN. Construct a sequence of chronicles {fo, f1,...) by ‘the following process:
V(i : ©20 : f; starts with ¢ 0-s, and after that there are all 1-s)

Observe that f;=f; = i=j. Then, define the process P and the interface A by:
V(gii : 120 : fiy1 (P)gafi A fiA)fi)

Proc P is inert, witnessed by the archimedean function a.t = t +1. Moreover, P is total on I || A. The
wish is that P? is total on I. But, when P is put in a feedback loop, the resulting proc is L. This is
shown as follows, for all g and h:

g(Po)h

= { interpretation in the model of feedback }
g (P) hag

= { fi# fit1: definition P }
false

= { interpretation of 1L in the model }
g{iL)h

The conclusion is that P? is not total on 1.

One expects that the limit fi;m, of the sequence, the chronicle with all 0-s, is the candidate for fi;, (P°) g.
So it follows that fi;m has to be in the domain A. A property of P that describes this ‘completeness’ of
interface A is needed.

a
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To capture the notion that for all sequences of chronicles in some domain also the limit of that sequence
is in the domain, a new property fullness is formally defined as:

Definition 76 fullness

full.P

12

P#IL ANt 2 TTePo™)C TToP
O

The proc L is excluded from the set of full procs. This is done to avoid the occurrence of the conjunct
P+ 11 in almost all the important lemmas and theorems that will be proved in the following chapters.
Notice that the inclusion in the second conjunct is actually an equality: because of ¢t 3T , the other
inclusion follows.

The definition of fullness is not restricted to interfaces A only: a consequence of relational calculus
is full. P = full. (P>), and (right) domains are interfaces. So, the restriction to interfaces only is not
necessary.

In the model the fullness of non-empty interface A reads, for all f:
V(t . 3(9 1 geA go(<ot)< = fo(<ot)<)) = fEA

Finally we come to the definition of causality. This property specifies a class of processes that will turn
out to be very important.

Definition 77 causality (1)
caus.P

-y

inert.P A full.P
a

In the following chapter the main objective for introducing causality is shown: functionality and totality
are preserved by feedback if the argument proc is causal.

5 Preservation of functionality and totality

The theorems that we want to prove are:
Theorem 78

P is a function < caus.P
O

For the totality:
Theorem 79

Poc A~vB <« caussP A Pec A~ BJ|A
O

Remember that, according to Theorem 74, causality implies functionality. So, Theorem 78 expresses the
desired functionality preservation of feedback.

It will not come as a surprise that some preliminary lemmas are needed before Theorems 78 and 79 can
be proved. First, in Section 5.1 the notions of fixpoints and sections of procs are discussed in short. Then,
the functionality and the totality preservation of feedback is proved in Sections 5.2 and 5.3.
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5.1 Preliminaries
In the literature, the feedback operator is sometimes called the fixpoint operator because it forces (part
of) the output to be equal to (part of) the input. This motivates our interest in fixpoints of procs. In

the model, a chronicle f is a fixpoint of proc P iff f(P) f. In terms of relational algebra the fixpoints
are represented by PN 1. The following abbreviation is used:

Definition 80 uP

uP 2 PnI
]

which immediately results in:

Theorem 81

(1) pPCEI
(2) wPCP
0O

Now, the use of points and extensionality enters the picture. In the lemmas that follow, the formulation
P o xa] pops up. These forms are called sections of proc P; in this case it is a left section. The structure
is well-known in functional programming as currying. For example, the binary function Add that adds
two numbers has as a curried form (left section) the unary function Addz that increments its argument
by z. The corresponding relational formulation reads Add o zal.

The lemma below shows what happens if P¢ is applied to some input z. Here, z is a point and can
be thought of as the representation in the algebra A of a chronicle f in B. The lemma states that the
feedback construction gives as result the fixed point of the section P o za].

Lemma 82
V(z 2 Poox = p(Pogal)o TT)

Proof:

In the proof, the property is used that zaT is a function. This follows from functionality of z (Defini-
tion 42) and I (Theorem 38 (1)) and the functionality preservation of a (Theorem 29 (2)).

Poog
{ Definition 39 }

(PN>)oIaTlog

= { Corollary 14 (2) }

- (PD»)ozaTl

= { Theorem 43 (2) }
(PN>»)ozaloTT

= { zaIis a function: Theorem 28 (1) }
(Pozal M>ogal) o TT

= { split computation 9 (4); Theorem 43 (4): oz = TT: }
(PozaInlI) oTT

= { Definition 80 }
p(Pozal) o T

O

The lemma above points out that the left section P o za7 is an interesting one. The next lemma shows
that (left) sectioning preserves inertia of an inert proc.
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Lemma 83 inertia preservation of sectioning
V(z :: inert.(Poxal)) < inert.P

Proof:

It is shown that the archimedean function o which witnesses the inertia of P also witnesses the inertia
of Pogzxal:

Pogalo®to(Pogal)

= { Theorem 43 (2); reverse through composition 2 }
Polll®togalo(zal)vo pu

= { Theorem 43 (3) and (1) }
Polll®toz<|Io P

= { parallel-parallel fusion Theorem 8 (2) }

Poz<|®to Py
c { Theorems 20 (1) and 66 (1): z< ETC ™¢; monotonicity of parallel }
Po®t||®to pv
C { Theorem 66 (6) }
Po®topu
C { inert.P is assumed; Definition 73 }
“(aet)

The lemma that follows shows that (left) sectioning preserves totality of the argument proc.
Lemma 84 typing of sectioning
V(z : Box=z : Pogal ¢ A~A) € Pe A~BIlA

Proof:
The assumption on P translates to AcP = P and TT o B|A = TTo P , Theorem 35 (1).

Pogzal € A~uA
= { Theorem 35 (1) }
AocPogal = Pogal A TToPogzal = TToA
= { assumption on P; predicate calculus }
TToBllAoxzal = TTo A

This is linearly proved:

T o BllAozal

= { parallel-split fusion Theorem 8 (1) }
TT o (Boxz)a A

= { assumption Boz =g }
TT e zaA

= { Theorem 36 }
TTezMTToA

= { Theorem 43 (4) }
TTNITA

= { plat calculus }
TTeoA
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To prove that from the fullness of B || A the fullness of interface B follows, we need the following useful
lemma.

Lemma 85
Sl (PI1Q) = full.P A full.Q

Proof:

The non-emptyness of P (and Q) follows straightforwardly from the non-emptyness of Pl @ by the
following rule from relational calculus:

PlQ#1 = PALU AQ#L

For the second conjunct of the definition of fullness, the result from relational calculus
KoR|ISeIaTT =R « S#£1

will be used. This result gives a way to introduce or remove R IS. Then:

TToP
= { Q# 1L: above result }
T o<oPlQolaTT
= { Theorem 38 (6): TTo< = T o Ill] }
T o PlIIQ o IaTT
3 { PIQ is full; monotonicity of composition }
Nt TToPllQo™t)oe IaTT
= { Theorem 38 (6): TT o I'I] = TTox; parallel-split fusion 8 (1) }
N(t = TTo<oPlQo™t)oI|[oIaTT
= { IlIis a function and T is non-empty: Theorem 28 (1); Theorem 66 (5) }
Nt T o <o PlQ o ™tl™t) o IaTT
{ parallel computation 23 (3) and parallel-parallel fusion 8 (2) }
Mt TT o Po®to<oll (Qe=t)) o IaTT

3 { Theorem 66 (1); monotonicity }
n(t : TToPoStokolllQ)olIaTT
| { monotonicity of composition }

Mt TTePo)oxoIllQoIaTT
{ Q#.1L: above result }
A(t = TT o Po ™t)

O

The summary of all the previous results is a lemma that states the causality and typing of the left section
Pozal:

Lemma 86
V(z : Bex ==z : caus.(Pozal) A Pogal € A~A)
caus.P A P € A~ B| A

Proof:

For all © such that Boz = z:

caus.(Pozal) A Pozal € AmuA
= { typing of P: Lemma 84; Definition 77 }
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inert.(P oxal) A full(P o zal)

= { causality of P implies inert.P: Lemma 83 }
full. (P o zal)

= { typing of P and Lemma 84 }
full. A

& { Lemma 85 }
full (Bl A)

= { typing and fullness of P }
true

]

This concludes the set of preliminary results.

5.2 Preservation of functionality

One wishes to show that, given a causal proc P, for any two chronicles f and g such that f(P)f and
g(P) g it follows that f =g. In relational algebra this translates to uP o TT o uP C I. This is stated and
proved in the next lemma:

Lemma 87 At most one fizpoint for inert P
pPoTTopyP C I <« inert.P

Proof:

From the definition of inert.P, 73, one obtains that there exists an archimedean function o such that for
all ¢

Po~to PUC ~(aet)

= { wP L P; monotonicity of reverse and composition }
BPo=to(uP)° C ~(aet)

= { Theorem 81 (1): Theorem 16 (2) }
pPeotopP C ®(aet)

= { compose with uP; Corollary 17 1) }
pPoStouP C pPo=(aset)ouP

= { induction }
V(n : n20 : uPo™topP C UPo=(a™et)ouP)

= { Theorem 81 (1); monotonicity of composition }
V(n : n>0: pPo™touP C ~(a™et))

= { plat calculus }
pPeoStopP T N(n : n>0 : ~(a™et))

= { Theorem 72 }
pPo~touP C I

= { instantiate t; for t; Theorem 67 }
pPeTTopP C I

O

With this result it is straightforward to prove the functionality of the feedback when the argument proc
is a causal proc.

Proof of Theorem 78:

According to Definition 24 the proof obligation is P? o (P?)° C I which, by an extensional argument, is
equivalent to

V(z @2 PPozo(Poez)v C )
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Notice that causality implies, by definition, inertia. So, for all points z:

Poogo(Poog)y
= { Lemma 82 }
WP ozal) o T o (u(Pogal) o T
= { reverse through composition }
P ogal) o T o TTY o (u(P o zal))v
= { TTv=TT; Theorem 3 }
WP ozal) o TT o (u(P o zal))y
= { Theorem 81 (1): Theorem 16 (2) }
(P oxal) o TT o p(P o zal)
{ caus.P: Theorem 83 and Lemma 87 }

in

I
O

This concludes the discussion on preservation of functionality.

5.3 Preservation of totality

In this section the totality preservation is proved, Theorem 79. To prove totality of a causal proc P, it
is first shown as an intermediate result that there exists a fixpoint for P, that is, uP # 11. This is the
counterpart of Lemma, 87.

Two general results about the typing of the feedback construction are derived. Then, the claim that
causal procs have at least one fixpoint is verified. These results pave the way to the proof of Theorem 79.

First, it is shown that it is allowed to restrict the typing of the argument proc of the feedback construction.
Lemma 88 type restriction

P = (Po|lP<)e

Proof:
Pe
= { Definition 39 }
(P mn >>) o IaTT
= { Theorem 20 (3) }
(P<oPM») o IaTT
= { P<is an interface: Theorem 16 (3) }
(PN P<o) o IaTT
= { parallel computation Theorem 23 (4) }
(PN >»oIllP<) o IaTT
= { IllP<is an interface: Theorem 16 (3) }
(PoIllP<nN ») o IaTT
= { Definition 39 }
(PoIllP<)
a

This means that without loss of generality one may restrict proc P to type A ~ B || A for some interfaces
A and B when proc P is the argument of feedback. Assuming this type restriction on P, the following
can be said about the type of the feedback, Pe:

Lemma 89 typing

Pore A~B « Pe A~ B|A
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Proof:

According to Definition 21 and Theorem 22 (3) the assumption on P translates to
P = Ao PoBI|A. The proof obligation then reads Pe = 4 oP°oB.

AoP’oB

= { Definition 39 }
AO(P[—]>>)°IAT|-OB

= { Corollary 17 (3); Corollary 14 2) }
(AoP N Ao>) o BaTTl

= { parallel computation Theorem 23 (4); parallel-split fusion Theorem 8 (1) }
(AeP N >oIllA) o BII o IaTT

= { Corollary 17 (3); parallel-parallel fusion Theorem 8 (2) }
(AcP N >o0BlA) o IaTT

= { Corollary 17 (3) }
(AePoBIAM >») o JaTT

= { assumption on P }
(P n >>) o TaTT

= { Definition 39 }
Pa

0

Then, the counterpart of Lemma, 87 is proved: a causal proc, which satisfies an additional typing property,
has at least one fixpoint. The candidate in the model for the fixpoint is suggested by Example 75.

Lemma 90 At least one fizpoint for causal P
uP#1l < caus.P A Pc Ar~uA

Proof:

This lemma is proved in the model. We will use the functionality of causal proc P. Let o witness the
inertia of P. First, a sequence [fo, f1,...) in A is constructed using the function a: take f; € A (fullness
of A guarantees the existence of chronicle fo) and fnyq (P) f, for all n (functionality and typing of P
guarantees the well-definedness of f,). Then, the limit fiim of this sequence is characterised by:

V(n i n20 : fum (%(a™t)) fn)

The chronicle fi;,, is well-defined. This follows from Theorem 72. fum is the candidate for pP:
Jtim {P) fiim OT fiim =P fiim . This is proved by showing that P.f;,, satisfies the defining property
of fiim:

V(n : n20 : P fum (%(a™sto)) o)

First, it has to be assumed that fiim 18 in the domain of P, but this is exactly described by the fullness
of P. Then, for all n by case analysis:

n=0:

P. fiim (%(a® e t0)) fo

= { Definition 56; identity }
P.frim (Fto} fo

= { Theorem 67 }
P. fiim (TT) fo

= { definition of TT in the model }
True
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n>0:

P frim (*(a™ o t0)) fn
= { n>0; Definition 56 }
P.frim (%(@sa™ 1 o ty)) f,
< { causality of P: Definition 73 }
P. fiim (P° z(an—l * tO) °PU) fn
= { definition of o in the model }
b =2 Pfum (P)g A g(*(@"etg))h A h(PY)f,)
= { definition of v in the model }
Hg:h =2 Pfiim (P)g A g(*(@" oto))h A fo (P)h)
< { predicate calculus }
P~flim (P) flim A .fh'm (z(an—l 'tO)) fn—l A fn (P) .f'n—l
= { fiuim € A; definition limit fiim; definition f, }
True
a

After all this preliminary work on typing and fixpoints, the proof of Theorem 79 can be presented.

Proof of Theorem 79:

The assumptions on P are: caus.P and P € A ~u Bl A. Then, the proof proceeds as follows:

Pce A~uB

= { typing; definition totality: 30 }
P°€ A~B A TTeBLC TToP°

= { P € A~ Bl A: Lemma 89 }
TTeBLE TTopPe

This last expression is, by an extensional argument and making use of the Cone Rule 10, equivalent to
V(z : Box=gz : Prog # 11)
Now, the proof continues for all z such that Bog — z:

Poox £ 11

= { Lemma 82 }
p(Pozal) o TT #£ 1L

= { Cone Rule 10 and Theorem 3 }
WP ozal) # 1

= { Theorem 90 }
caus.(Pozal) A (Pozal) € AnuA

{ Boz = z: Lemma 86 }

caus.P A P € A~ Bl A

6 Preservation of causality

In this chapter an important aspect is handled: causality of several procs and preservation of causality
by several constructions. First, the plat structure is tackled. Next, the emphasis will be on the monoid
of composition. The third layer of the relational algebra, the reverse layer, will not cause much trouble.
After that, the layer of parallel composition is considered. Finally, the preservation properties of feedback
are investigated.
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6.1 Lattice

In this section, the following theorem is proved:

Theorem 91

(1) caus.(PUQ) <« caus.P A caus.Q A V(t 2 P>o®toQ>C toPYVoQo™t)
(2) -(caus.1L)

3) caus(PNQ) < caus.P A caus.Q A 1L #FPoQuL ]

(4) caus.TT = TTCI

a

The large conjunct in the condition of the first statement (very) informally says: P and @ are not
distinguishable on their common domain.

First the property of inertia is proved; after that, the proof for fullness is given. For the inertia it is
assumed that inert.P is witnessed by «; it is also assumed that B witnesses the inertia of Q. The proof
shows that | e o+ witnesses the inertia of PLJ Q. For all t:

(PUQ)o™to (PUQ)Y C ~({saifBet)
= { cupjunctivity of composition; reverse over cup }
Po’“toPULJPo“’toQUUQo”toPUqu“toQU C=leasfet)
= { plat calculus }
PoStoPUC (Lo asfet) A PoStoQUE ®(l e asf e t)
A Qo%topPu ;“(J,QQAIBot) A QoStoQu E“’(ioaA,Bot)
&= { Lemma 130 and Theorem 70 (1); Corollary 131 }
Po~toPY L ®(aet) A Po™toQuC “(ast)o=(Bet)
A QoStoPYC ®(aet)o~(Bet) A Qo~toQu C ®¥(Bet)
= { inertia of P and Q; reverse }
Po%toQV C ~(aet)o™(Bot)

<= { Theorem 20 (3); inertia of P and Q }
PoP>o"toQ>oQU C PoztoPUoQo“’toQU

&= { assumption and monotonicity of composition }
true

For the non-emptyness we observe that:

PUQ # 11

= { relational calculus }
P#£LU VQ#L

= { fullness of P or Q }
true

Now, the following calculation is sufficient to prove fullness of PL Q:

T o (PUQ)
= { distribution of composition over cup }
TTePUTTeQ
2 { fullness of P and Q }
A(t @ TTePo™t)Lin(t : TTeQo~t")
= { distribution of cup over cap }
n(e, ¢ TToPo®t LI TToQo™¢t)
= { Theorem 70 (2): % 2~t' v ~¢' O~¢, range disjunction }
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n(e,t : =t~ TToPo UTTeQo™t') N N(t,¢ : ~¢' 2%t : TToPo®t U TToQo™t')
{ monotonicity }

At = TToPo™' UTToQo™') MN(¢t = TToPo®t LU TToQo™t)
{ idempotency of cap }

At = TToPoe™ U TToQo™t)
{ cupjunctivity }

A(t = TT o (PUQ) o 5t)

The fact that 1l is not causal follows straightforwardly from the observation that it is not full.

We continue with the causality preservation of cap. First, inertia is considered:

in

(PNQ)=~to (PNIQ)V

{ monotonicity of composition }
Po™topu

{ P is inert, so there exists a archimedean o }
“(ast)

That was easy. Now for the fullness:

PNQ=1

{ Big step: Dedekind 12 }
PoQunl = 1L

{ assumption PoQuC T }
PoQu= 1L

And this is a false statement according to the assumptions. The second conjunct of fullness is verified as

follows:

n n

n

And the

n(t : T o (PNQ) o ~t)
{ monotonicity of cap }
At = TToPo™) NNt = TToQo"t)
{ fullness of P and Q assumed }
TePMTTeQ
{ below }
T (PNQ)

postponed proof obligation is discharged as follows:

T o (PNQ) I TTePNTToQ
{ Dedekind 12 }
PNQ 3 PR TTvsTToQ
{ TTYoTT = TT; plat calculus }
Q3 PNTT.Q
{ Dedekind 12 }
I3 T nPoQv
{ plat calculus }
IJPoQv
{ assumption }
true
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The last statement of Theorem 91 expresses the causality of TT:

cous. TT
= { Definitions 77 and 76 }
inert. TT A TT#LIL AN(t i TToTTo™)C TToTT
= { Theorems 11 and 3; TT is top element; Definition 73 }
o = V(t = TTeSoTTVE ~(ast)))
= { Tv=TT,IC~t = T =TT.% }
Ha = V(t = TTES(ast)))
= { forallt }
o = V(t = V(n:n>0: TTCXa"et))))
= { plat calculus }
o = V(t = TTEN(n : n>0 : %(a"st))))
= { Theorem 72 }
IHa = V(¢ = TTEI))
= { predicate calculus; Axiom 58 }
TCoI
O

Because the inclusion TT C T is highly undesirable, and is also independent of the axioms listed in Sec-
tion 2.1, one could conclude that TT is not causal. In Chapter 7 the causality of TT will be the subject
of investigation again.

6.2 Sequential composition

Theorem 92

(1) caus.(PoQ) < caus.P A caus.Q A PeI~iAANQe Anv]
(2) cous.] = TTCT

a

The preservation of causality by sequential composition is delightfully simple. The parallel composition
will cause some more troubles.

First the property of inertia is proved; after that the proof for fullness is given. The assumption on P
and @ is that they are inert, witnessed by some a and B, respectively. The calculation below shows that
o witnesses the inertia of PoQ. For all #:

PoQo"’to(PoQ)U

{ reverse through composition }
PoQo®toQuopv

{ inertia of Q; monotonicity }
Po®(Bet)o Py

{ Theorem 70 (3) }
Po~to Py

{ inertia of P }
“aet)

imn N ]

n

And for the fullness, first observe that TToPo@Q = TreQ by the typing assumptions on P and Q,
Theorem 35 (1), and Definition 21. Then:

Po@Q# 1L

= { Cone Rule 10 }
TToPoQoTl =TT

= { above observation }
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TT o Q o Tl =TT

= { Cone Rule 10 }
Q#LL

& { fullness of Q }
true

And

N(t :: TToPoQo™t)

= { above observation }
N(t @2 TTeQo™t)

cC { fullness of Q }
TTeQ

= { above observation }
TroPoQ

a

The typing requirements in the antecedent of Theorem 92 are needed to ensure that proc @ does not
produce output for which P is not defined. Observe that in this case, the angelic sequential composition
of P and Q coincides with the demonic sequential composition which was one of the objectives. This
concludes the treatment of sequential composition.

For the (non-)causality of I the calculation proceeds as follows:

caus.]
{ Definition 77 and 76 }
inert. ] A T#LL AN(t 2 TTolo®t)C Mol
= { Theorem 11 (1); I is identity of composition; TT is top element; Definition 73 }
o = V(t 2 StC™(aet)))
= { induction }
Fa = V(t = V(n:n20: StC=(a™et))))
= { plat calculus }
Fa = V(t = *tCN(n : n20 : ®(a"et))))
= { Theorem 72 }
e ¢ V(t = =tCI))
= { predicate calculus; Axiom 58 }
Y(t :: ®tC1I)
= { =: instantiate t to to: Theorem 67; <=: ¢t C TT, transitivity }
Tl

O

This concludes the proof of Theorem 92.

6.3 Reverse
The handling of the preservation of causality by reverse is very short: reverse completely frustrates the
property of causality. Informally, this is motivated as follows: consider a causal proc P that delays its

input by d time units. Then, the reversed proc PY can make use of input in a range of d time units in
the future. This behaviour rules out the possibility that PV is inert.

6.4 Split and parallel

In this section the construction of parallel composition will be considered. The preservation of causality
will get complicated.
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Theorem 93

(1) caus.(PllQ) < caus.P A caus.Q

(2) caus.(P2Q) <« caus.P A caus.Q A PoQV # 1L
(3) caus.« = TTET

(4) caus.>» = TTET

]

In Appendix A, the function | is investigated. It is the minimum operator on moments in time. Its
definition is:

In the model, the interpretation reads:
V(8w e (E,1) = (=t At<t) v (<t At=t"))

With this operator, the causality preservation of parallel can be proved.

First the property of inertia is proved; after that the proof for fullness is given. The assumption on P
and Q is that they are inert, witnessed by some o and f3, respectively. For all moments in time ¢:

PllQo=to (PIQ)"
= { reverse distributes over parallel }
PllQ o ®t o PY|Qu
{ Theorem 66 (5) }
PlQ o™ tll®t o PUlIQV
{ parallel-parallel fusion, Theorem 8 (2) }
(Po=toPU) Il (Qo"t-QV)

il

C { inertia of P and Q; monotonicity of parallel }
“(aet)17(Bet)

C { Corollary 131; monotonicity of parallel }
“UeasBet)I=(leasfot)

c { Theorem 66 (6) }

“(leaifet)

So, inertia of P |l Q is witnessed by the archimedean function | ¢ asf.

For the fullness part, two lemmas are needed:
Lemma 94
FUl(INI)

Proof:

The non-emptyness of I || I follows from the non-emptyness of I and the equivalence

PIQ#1 = PALAQ#LL
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For the second conjunct of fullness the following auxiliary result is proved with extensionality:

Ut = (<et)=<)

= { cupjunctivity of domains and composition }
(<o U(t = t))=

= { extensionality }
(<eT)<

= { Theorem 59; domains }

7'
Then:

FAN(t =« TToIllIe=t))g

= { interpretations in the model; Definition 65 }
V(t :: 3(h,i 2 hai D ge(<et)<))

= { monotonicity }
V(t 0 TaT Dge(<ot)<)

= { plat calculus }
TaT D U(t 2 ge(<ot)<)

= { cupjunctivity of composition; above result }
TaT 2geT

= { g € D: Definition 21 }
TaT g

= { relational calculus }
A(h,i » hai=g)

= { interpretations in the model }
F(TeIll)g

A corollary of this lemma. is:
Lemma 95

Nt = TToPlQo™t) e I~III
Proof:

Mt TToPlQeo"t)y e I~III

= { Definition 21: Theorem 22 (1) and (2) }
M(t = TTeoPIQo™t) T TT o INI

= { TToPIQC TToIII }
N(t = TToelllIo®t) C T oIll

= { Definition 76 and Lemma 94 }
true

a

Now we are ready to prove the fullness of P || Q, given the fullness of P and Q. The non-emptyness of P || Q
follows from the non-emptyness of P and Q. For the other part the equality TT o Ill1 = TT o TT | TT is
used. Also, distributivity properties of composition over cap are used:

M(t = TT o PlQ o ®t)

= { Lemma 95 and Definition 21 }
n(t = TTeoPllQo™t) o IlI

= { Il is a function: Theorem 28 (1); Theorem 66 (5) }
Nt 52 TT o PIQ o ~¢tll™¢)

= { T o IllI = TT o TT || TT; parallel-parallel fusion }

49



N(t = TT o (TToPo=t) || (TTeQo%t))

= { non-trivial distribution }
T o MN(t = (TToPo®t) (| (TTeQo™t))

= { capjunctivity of parallel composition }
T ot = (TTePo®t)) N[t 2 (TTe@o%t))

C { fullness of P and Q; monotonicity of parallel composition }
T o (MTTeP) I (TTeQ)

= { Mo TTHTT = TT o IlII }
T o PIQ

a

We turn to the split operator. The extra conjunct Po QY # 1L in the second statement of Theorem 93
can be interpreted as the property that P and @ have some domain elements in common.

For the inertia part, we first show the lemma:
Lemma 96

Ialo™to (IaI)v C ™t

Proof:
IaJ o®to (IaI)v
C { distribution over split }
ta®t o ([al)v
= { parallel-split fusion }
~tll~t o Ia] o (IaI)Y
cC { I=2Iis a function: Definition 24 }
St
c { Theorem 66 (6) }
=t
|

Then the inertia of PaQ follows from the inertia of Pl Q:

Pa@Q o ™to (PAQ)U
= { parallel-split fusion; reverse over compositions }
PllQoIalo™to(Ial)¥oPulQv

c { Lemma 96 }
PlQo=toPUliQV

cC { causality of P and Q; Theorem 93 (1) }
’:(,L . aAﬂ . t)

The fullness of PaQ follows from a calculation which is analogous to the proof of fullness of P Il Q. For
the non-emptyness: PaQ # 1L = PoQ@Qv # 1i. And for the second conjunct of fullness:

N(t @2 TT o Pa@Q o ™t)
{ Tr o IllI = TT o TT || TT; distribution over split }
N(t 2 TT o (TToPo®t)a(TToQo™t))
= { non-trivial distribution }
T oMt 2 (TTePo™t)a(TTeQo"t))
= { capjunctivity of split }
T oo Mt 2 (TToPo™))anft 2 (TToQo%t))
C { fullness of P and Q; monotonicity of split }
T o (TTeP)a(TTeQ)
= { TToTTITT = TTIII }
TT o Pa@)

n
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The proof of the (non-)causality of the two projections is very similar to the proof of the (non-)causality
of 1T and I, so it is omitted.

6.5 Feedback

This section concerns the feedback operator. During the calculations, properties of points and the prin-
ciples of extensionality and induction are used. However, one should keep in mind that only the final
results are going to be axiomatised, in that way abstracting from the use of extensionality and induction.

Theorem 97

caus.(P°) <« caus.P A P € A~ BIA
0

The proof of Theorem 97 requires a preliminary lemma, but, it is ‘expensive’ in the sense that the proof
is not straightforward and the applicability of the result itself is very restricted. The lemma expresses
for inert P and for proc Q:

f{Qg=3(h = ftYRAR(P)g)

fix (P) fix A giz (Q) giz = fix (°t') giz

=

Or informally: if P and Q are indistinguishable up-to moment ¢’ then the fixpoints of P and Q (if they
exist) are indistinguishable up-to moment t'.

Lemma 98
pPoTT opu@ C =t/
inert.tP A QC=t'oP

Proof:

First, the inclusion pPo=tou@ C ~(aet)U™t is proved. Let the archimedean function a be a witness
for the inertia of P. For all ¢:

pPo=topuQ
{ Theorem 81 (1,2) }
Po®toQV
{ QE*t'oP so QU C PUo=~t' by reverse and Theorem 66 (3) }
Po®toPUo=st
{ inertia of P }
“(aot)o ™t
{ Theorem 70 (1) }
*(aet)U™t

n imn

Then, the principle of induction is applied. The step is taken without further explanation to avoid a
cumbersome calculation that would not contribute to the main calculation.

Y(n : n20 : pPoStopQ C =(aet)U™t")
= { plat calculus }

pPo®top@Q CN(n : n20 : Sa™et)U™t")
= { capjunctivity of U™t' }

pPo=top@ C M(n : n20 : S(a™et)) U™t
= { Theorem 72 }
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uPo~tou@ C TU™Y
{ IC=¢: plat calculus }
pPo=topQ C =t
= { instantiate to for ¢; Theorem 67 }
uPoTTopQ C =t

il

a

The seeming asymmetry in P and Q can be removed by applying reverse to the consequence of Lemma 98.
The lemma is a vital step in the

Proof of Theorem 97:

First we will tackle the inertia part. The assumptions on P that can be used are P € A~ BJ|lA and

the inertia of P. The proof obligation is that there exists an archimedean function o such that for all
moments t:

Poo™to(P)V E "(ast)
= { Lemma 89; Definition 21 }
PooBo=te(PoeB) C ~(as1)

which is, by an extensional argument, equivalent to: For all z,y such that Bozx =g, Boy=1y and
zoyY C "t

Poogoy e (Po)Y & ~(ast)

= { reverse through composition; Lemma 82 }
p(Pogal) o TN o u(Poyal) E ~(ast)

& { Lemma 98 }
inert. (P oyal) A Pozal C (ast)e Poyal

= { assumption inert.P: Theorem 83 }
Pogal C ®(aet)o Poyal

= { Lemma 84: TT o Pogal = TT o Poyal }
PogaI M TMoPoyal C ®(ast)e Poyal

&= { Dedekind 12 }
Pogalo(Poysl)» N T C ®(aet)

= { TT is unit of cap; reverse through composition }
Pogalo(yal)o P C ®(ast)

< { Theorem 43 (3) }
Po(zoy)llI o Po C ®(ast)
&= { zoy* TBo~teB }
P o (Bo=toB)III o P* C ®(ast)
& { Definition 15 and Theorem 66 (1,6): (Bo~teB) Il I C ~t }

Po~toPv L ®(aet)

which follows from the inertia of P. The fullness part of causality of P is delightfully simple:

full Po

= { assumptions on P: Theorem 79; Theorem 35 (1) }
full. B

<« { Lemma 85 }
full.(BIl A)

= { assumption on P: Theorem 35 (1) }
full.P

O

This concludes the discussion on preservation properties of the feedback
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7 Causality again

Theorem 74 shows that the Definition 77 of causality is only satisfied for functional procs. This chapter
extends the notion of causality to arbitrary procs. Section 7.1 explains and formulates an extended
definition of causality. The last two sections cover several preservation properties such as functionality
and totality preservation.

7.1 Causality; the final solution

To define causality for procs, advantage is taken of the view that a relation is the union of all the
deterministic relations that are included in that relation and that are defined on the same domain 2, The
notion of ‘included’ and ‘same domain’ is sometimes dubbed refinement:

Definition 99 refinement

P<Q

li>

PCQ A TToP =TroQ
O

P < Q is pronounced as “P refines Q”. In [1], [6] and [9] the direction of the refinement symbol is reversed.
Moreover, the notion mentioned in those papers is also a little weaker. The choice for the direction in
the definition above originates from the ordering on procs, which is due to set inclusion in the model.

Theorem 100

(1) < is a partial order
(2) F<G = F=G

(3) P<TT = TMoP =TT
O

In words TT o P = TT means, according to Definition 30, P is total on I. Several operators from the
relational algebra, such as U and &, preserve refinement. Other operators such as N, o, ¥ and “ do not
preserve refinement, due to the domain requirement in Definition 99. Additional typing information (or
even causality information) of the arguments avoids this problem. Causality for arbitrary procs P is
defined as follows:

Definition 101 causality (2)
causal.P

4L

P=WU(F : F<PAcaus.F : F) A P#1L
0O

A healthiness condition is that this definition, when applied to functions, reduces to Definition 77. This
is proved as follows:

Theorem 102 coincide

causal.F = caus.F

2This is an extensional argument.
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Proof:

causal.F
= { Definition 101 }

F=U(G : GESFAcaus.G : G) N F#LU
= { Theorem 100 (2); predicate calculus }

F=U(G: G=FAcaus.G : G) A F£LL A (caus.F V =(caus.F))
= { Leibniz; A distributes over vV}

(F=U(G : G=F Acaus.F : F) A F#1L A caus.F)

V(F=WG : G=FAcaus.F : F) N F£LL A =(caus.F))
= { plat calculus }

(F=FAF#1 A caus.F) V (F=1lL AF#£ILA -(caus.F))
= { caus.F = F# 11; predicate calculus }

caus.F

a

This discussion on causality continues by proving the functionality and totality preservation when a causal
proc is put into a feedback loop.

7.2 Preservation of functionality and totality
The theorem proved in this section is:

Theorem 103

1) Fe is a function < causal.F
(2) Pec A~vB & causalP A P € A~BIA
O

Because all the work has been done in the previous sections, the proof of Theorem 103 can be given
without further preparations. Firstly, functionality preservation:

F° is a function
& { Theorem 78 }
caus.F
= { Theorem 102 }
cousal. F
g

And secondly, we handle the totality preservation. The fact is used that F<P and P € A~ Bl A
imply F € A ~ Bl A. Then:

P e A~B

= { Definitions 31 and 30 }
Pec€ A~B A TToBL TToP°

= { typing of P: Lemma 89; P is causal: Definition 101 }
TTeB C TTo(U(F : FSP A caus.F : F))°

= { cupjunctivity of feedback (Theorem 40) and TTo }
TToBCU(F : FXP A caus.F : TToF7)

= { F € A~ BIA and caus.F: Theorem 79 and Theorem 35 1 }
TMoBLUWF : FEP Acaus.F : TToB)

<= { plat and predicate calculus }
I(F = FLP A caus.F)

= { causal P = P# 1l }
true
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7.3 Preservation of causality

This section covers two things. First, the causality of TT is proved (see Theorem 91 (4)). Secondly, the
important composition constructions are considered with respect to their causality preservation proper-
ties.

7.3.1 Causality of TT

For proving the causality of TT, we need to divide this proc in functions that are causal. In Section 2.3 it
is stated that extensionality equals the fact that TT is the union of all points. So, first a lemma is proved,
showing the causality of points:

Lemma 104
Y(z = caus.x)

Proof:

According to Definition 77, the inertia and fullness of points has to be shown:

inert.T

= { Definition 73 }
I = Y(t = zoSteoxy C =(aet)))

= { Theorem 66 (1) }
Ia 2 V(t = zoStozv E 1))

= { predicate calculus; Axiom 58 }
V(t 2 zo™togu CT)

< { ®tCTT; predicate calculus }
goTToezv C I

= { Definition 42: zoTT ==z }
zoxv C I

= { Definition 42: a point is a function; Definition 24 }
True

And for the fullness part:

full.x
= { Definition 76 }
z# I AN(t :z TTozo™t)C TTox
= { Cone Rule 10 }
TTozoTT =TT AN(t =2 TTozgoe™t)C TTox
= { Theorem 43 (4) }
TTeTT =T0 AN(t = TTe®t)CTTT
= { Theorem 3; TT is top element }
True
a

This lemma paves the way to causality of TT. The principle of extensionality is used in proving this
theorem.

Theorem 105

causal. TV

55



Proof:

causal.TT

= { Definition 101; TT is top element }
TCWF : FSTT Acaus.F : F) A TT#L

= { Theorem 100 (3); Theorem 11 (2) }
TTCUF : TToF =TT A caus.F : F)

& { Definition 42: a point is a function }
TTCU(z : TToz =TI A caus.x : )

= { Theorem 43 (4); Lemma 104 }
TCWz = z)

= { equivalent form of Extensionality 44 }
true

Now, causality of all the basic procs in the relational algebra is treated.

7.3.2 Preservation of causality by several operators

The operators o, |l, 2 and 7 are investigated with respect to their preservation properties of the general
definition of causality.

Theorem 106

(1) causal.(P°Q) <« causal.P A cousalQ A PEI~ANQEANI
(2) causal.(P11Q) < causal.P A causal.Q

(3) causal.(P2Q) <« causal.P A causal.Q A PoQV # 1L

g) causal.P° <« causalP A P € A~ BIA

This theorem is a true generalisation of all the corresponding theorems in Chapter 6. Not surprisingly,
these previous results are used in the proof of Theorem 106. First, sequential composition is tackled. The
following fact, expressing preservation of refinement by sequential composition, is used:

FoG<PoQAFelI~nANGEANT

=
F<PAGLQAPelI~AANQeA~I]
Then:
PoQ
= { causal.P and causal.Q }
U(F : F<PAcaus.F : F)oW(G : GSQA caus.G : G)
= { cupjunctivity of composition }
U(F,G : FXPAGZQ A caus.F A caus.G : FoG)
C { above fact; Theorem 92; monotonicity of cup }
UW(F,G : FoG < PoQ A caus.(FoG) : Fo G)
cC { functionality preservation of composition 29 (1); monotonicity of cup }
W(F' : F'< PoQ A caus.F' : F')
c { monotonicity }

PeQ
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And for the non-emptyness:

PoQ # 11

= { Cone Rule 10 }
TT o Po Q o TT =TT

= { assumption on P: Theorem 35 (1) }
TToAo Q o1 =TT

= { assumption on Q: Theorem 35 (1) }
TToQoTr =TT

= { Cone Rule 10 }
Q#LL

= { causality of @ }
true

O

This concludes the treatment of sequential composition. Next, the construction of parallel composition
will be considered. In the proof the property

FIGLPIQ « FSPAGLQ
is used. Then:

PlQ
= { causal.P and causal.Q }

UW(F : F<PAcaus.F : F)IU(G : GSQA caus.G : G)
= { cupjunctivity of parallel }

U(F,G : F<PAGZQ A caus.F A caus.G : FlIlG@)

C { above fact; Theorem 93 (1); monotonicity of cup }
UW(F,G : FIG<PIQ A caus.(FIIG) : FIG)

c { functionality preservation of parallel 29 (3); monotonicity of cup }
U(F' : F'<PIQ A caus.F' : F')

C { monotonicity }

PlQ

For the non-emptyness the fact PlQ # 1L = P# 1L A Q# 1L suffices.
O

We go on with split. In the proof the property

FaG < PaQ

=

F<P A GL@Q
is used.

Pa@Q

= { causal.P and causal.Q }
UWF : F<PAcaus.F : F)au(G : GSQA caus.G : G)

= { cupjunctivity of split }
U(F,G : FXPAGZQ A caus.F A caus.G : Fo@)

C { above fact; Theorem 93 (2); monotonicity of cup }
U(F,G : FaG < PaQ A caus.(FaG) : FaG)

cC { functionality preservation of split 29 (2); monotonicity of cup }
W(F' : F'< PaQ A caus.F' : F')

C { monotonicity }

PaQ
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For the non-emptyness the fact Pa@Q # 1L = PoQV # 1L suffices.
O

Finally, there is just one theorem left to be proved.

Pec
= { causal.P: Definition 101 }
(UWF : FSP A caus.F : F))e
= { cupjunctivity of feedback }
U(F : FSPAcaus.F : F7)

The conjunction of the assumptions of the theorem, causal.P and P € A ~ Bl A, together with the
refinement F < P and caus.F gives:

F<P A causalP A P € A~ BIlA A caus.F
= { FKXP AN Pe A~BIA > Fe A~BIA Y}
F<P A causalP A P € A~BIA A caus.F A F € A~ BIA
{ Theorem 78; Definition 99; Theorems 103 (2), 79 and 97 }
Fo is functional A FCP A P°€ A~aB A F° € A~B A caus.(F7)
{ monotonicity of feedback; Theorem 35 (1) }
Fe is functional A FCCP? A TToFo =TT oP? A caus.(F°)
= { Definition 99 }
Fe is functional A F7<P° A caus.(F°)

So, the proof is continued:

UW(F : FXP A caus.F : F7)

C { above calculation; monotonicity of cup in the range }
U(F : F is functional A Fo < P? A caus.(F°) : F7)

c { plat calculus }
U(F' : F'<P° A caus.F' : F')

e { monotonicity }

PO‘

The non-emptyness of P is proved by contraposition:

Po=11
= { assumptions on P: Theorem 103 (2) and Theorem 35 1) }
B=11
= { parallel composition is bottom strict }
BllA=1L
= { P € A~ Bl A: Theorem 35 (1) }
P=11
= { causal.P }
false

O

This concludes the discussion on preservation properties.

8 Weak causality

In Theorem 92 (1) the inertia preservation of sequential composition was proved. The witness for inertia
of PoQ for inert P and Q used in the proof did not depend on the witness for inertia of Q. Of course,
one can give the “symmetric” proof of the theorem and show that inertia of Po@Q is established by the
witness of Q only.
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8.1 Weak causality defined

The above discussion suggests that plain inertia of both arguments of sequential composition is really
overkill. More specificly: the (new) assumption on inertia of @ in Theorem 92 1)

V(t = QoStoQVC ™)

is sufficient to get the same result by an even shorter proof! This assumption on @ is dubbed weak inertia
and formally defined as follows:

Definition 107 weak inertia
winert.P

&

V(t :: Po™toPY L ™t)

Remember that, informally, inertia expresses the fact that the proc does not react instantaneously, nor
does is look into the future. The aspect of “instantaneously reaction” is dropped in the definition of weak
inertia. This weaker formulation of inertia induces a weaker formulation of causality:

Definition 108 weak causality

(1) wcaus. P & winert.P A full.P
(2) weausal. P £ P=U(F : F<PAwcaus.F : F) A P#£1L
O

The following section summarises a number of properties concerning the new notion of weak causality.

8.2 Properties

The property of weak causality is still sufficient to guarantee functionality. Moreover, inertia implies
weak inertia. Consequently, causality implies weak causality.

Lemma 109

1) P is a function <« winert.P
(2) winert.P < inert.P

(3) weaus.P < caus.P

(4) weausal.P < causal.P

0

The proof, being very straightforward, is omitted.

In Chapter 6 it was shown that several basic procs like I and the projection are not causal (assuming the
reasonable axiom TT 3 I). It will not come as a surprise, though, that these functions are weakly causal.
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The weak causality of the identity and the projections is stated and proved in the following lemma:

Lemma 110

(1) weaus.

(2) weaus. <

(3) weaus.>

4) weaus.(Io1)
Proof:

Only the inertia part of the second statement is proved. Notice that the fullness part for the projections
follows from Theorems 38 (5,6) and 35 (2), and Lemma 94. Also observe that Lemma 96 already proves
that IaI is weakly inert. Now, weak inertia of the left projection is proved. For all t:

KoFlogy
= { Theorem 38 (5): < = < o I'llI; reverse }
CoIllloStolIlllexY
= { Theorem 66 (5) }
€ o ®t|[®t o «v
= { Theorem 23 (3) }
*to Lo Il (Ft)> o <V

c { IN=)>CIIICI }
Fto KoY
C { Theorem 38 (5): < is a function, or Ko<V C I }

=t
a

The procs I, <, > and I 2T are sometimes referred to by plumbing, because their only action is redirecting
information.

With the notion of weak causality, Theorem 106 (1) can be strengthened by weakening the assumptions
on the arguments.

Theorem 111

causal.(PoQ) < ((causal.P Awcausal.Q) V (wcausal.P A causal.Q))
APel~nAANQeA~T
0O

The proof of this theorem is almost an exact copy of the proofs of Theorems 92 (1) and 106 (1). An easy
exercise is the preservation of weak causality by several compositions.

Theorem 112

(1) wcausal.(PoQ) <« wecausal. P A wcausal.Q A P € InANQeANT
(2) weausal.(P11Q) < wcausal.P A wcausal.Q

(3) weausal (PaQ) <« weausal.P A wcausal.Q A PoQV # 1L

0

Weak causality of P¢ for weakly causal P is highly unlikely, because the fullness part depends on (plain)
inertia of P. It is exactly this part that is dropped in the definition of weak causality. This concludes
the theoretical discussion on causality, fullness and a lot of preservation properties.

60



9 In conclusion

This paper introduces a relational algebra together with several useful notions such as functionality,
injectivity, totality and surjectivity. It has been shown that the class of causal processes is a very
important one: a feedback loop preserves functionality and totality of its argument proc if it is causal.
Furthermore, (weak) causality itself is preserved (under certain reasonable conditions) by the composition
constructions of the relational algebra.

The result of all the calculations could be the axiomatisation of (weak) causality of the constants in the
relational algebra:

Axiom 113 Causality

1) causal. TT
(2) weausal.J
(3) weausal <
(4) weausal >
]

the connection between causality and weak causality:
Axiom 114 Causality implies weak causality

wcausal .P < causal.P
0

the derivation rules of causality for several composition constructions:

Axiom 115 Causality preservation

(1) causal. (PoQ) <« ((causal.P A wcausal.Q) V (weausal.P A causal.Q))
APelI~nANQeEANT

(2) causal.(P11Q) < causal.P A causal.Q

(3) causal.(P2Q) <« causal.P A causal.Q A PoQV # 1L

(4) causal.P° <« causalP AN P € A~ Bl A

]

the derivation rules of weak causality for several composition constructions:

Axiom 116 Weak causality preservation

(1) weausal (PoQ) <« wcausal.P A weausal.Q A PEIrA AN QE AN
(2) weausal (P11 Q) < wcausal.P A wcausal.Q

3) weausal.(PaQ) < wcausal. P A weausal.Q A PoQV # LL

0
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and finally, the properties it was all about:

Axiom 117 Functionality and totality

(1) Fe is a function < causal.F

(2) Poc A~B <« causalP AN P € A~BIA
a
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A

In Chapter 6 the function | was introduced to prove the inertia preservation of U and |l. This appendix
shows that the function | s s is archimedean for archimedeans a and B. The leading prose will be
very limited.

Definition 118 min

LA (Taz Uz
O

The typing of | obeys:
Lemma 119
leT ~TxT

Proof:

In this proof, several typing rules known from relational calculus are used.

leT~TXT
= { Definition 118 }
(Taz2U2T) e T~TXT
= { reverse }

TazUT € TXT~T

« { typing }
Tiz e TXT~NT AT €TxT~T
< { typing }

TeT~NTAZET~ST
= { Definition 51; typing }
TeT~T A>eT~T
= { 7 CZ and Definition 21; Theorem 50 (2) }
true
(]

The fact that | is a function follows from the fact that < is antisymmetric, a property of all transitive
and irreflexive orders.

Lemma 120
J is a function

Proof:

The following result from relational calculus is used:

(r U s) is a function

1l

res ' CZ A r and s are functions
Then:
1 is a function
= { definition |; above; (T+3>)™" and (>+T)"" are functions }

(Tr2) ' e2sT CZI
= { Axiom6; <, 2 €T ~T }
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<Nz c’

= { Definition 51 }
(uT)Nn(Tu>)CcZI

= { T €Z: monotonicity }
<nN>C1I

= { < is antisymmetric }
true

For the totality part of |:
Lemma 121

Tel =TeTxT
Proof:

Tel =T TxT

= { reverse.}
J,_l o T =TxT T

= { Definition 118, ZxZ s T = T+Z T }
(TazU2aT) e T = TXT eTaZeT

= { cupjunctivity of composition; product-split fusion 8 (1) }
TA}.T U >AT.T = (T.T)AT o T

= { reseT = (res™?)s I o T; Definition 51 (2) }
T eT U SaT T = (T.TOT)AT o T

= { cupjunctivity properties of composition and split }
(SU?)AT o T = (T.T.T)AT o« T

= { Definition 51 and Axiom 49 }
true

The consequence of Lemmas 120 and 121 is the following:
Lemma 122 type

leT«TxT

Moreover, by the functionality and totality preservation of composition:
Theorem 123

V(a,B = LeasB € TT)
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We go on with the augmenting property of | s asf.
Lemma 124

Y(r,s @ Leorss = (rN<Kes) U (SerNs))
Proof:

borss
= { Definition 118 }
(TA> U ZAT)"I Y]
= { cupjunctivity of reverse and composition }
(Taz)  oras U (ZaT)  erss
= { Axiom 6 }
(TernN<es) U (KerNTes)
= { Theorem 16 (3) }
(rNTeges) U (ToegerNs)
= { <eT~T}
(rnges) U (LernNs)
O

This lemma paves the way to the next theorem:

Theorem 125 augmenting

Y(a,B = Leasf € >)

Proof:
Leasf
= { Lemma 124 }
(@n<ef) U (Sean p)
- { plat calculus }
aug
- { a and 8 are augmenting }
>U>
= { idempotency }
>
O

To prove the fact that | » as 3 is increasing we need one lemma, expressing a kind of monotonicity of |
with respect to <:

Lemma 126
le<x< =<
Proof:

¢0<X<
= { definition product 7 }

Lo (<eg)a(<e2)
= { Lemma 124 }

(Ko NEo<on) U (Soe<ocN <o)
= { Theorem 52 }

(<ecN<ex) U (Ko N<ox)
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{ idempotency cup }
<o N<e>»

{ reverse; definition split 7 }
(>+>)7

After noticing that <s} = (T+2 U 24T) ¢ >)7" first:

(Taz2U2aT) » >
{ cupjunctivity }
TA> > U ZAT * >
{ distribution over split; > € T~T }
>a ()o)) U (>O>)A >
{ Theorem 52 }
S>> U D>a>
{ idempotency cup }
>a>

And second:

>i1> C (T2
{>
(Te>)s (Te>) C(TH2U2T) ¢ >
{ parallel-split fusion 8 (1); Lemma 121: > =T x T}
re>i> C (T2 U2T) ¢ >

{ Definition 118; reverse }
(Ta2UZiT)<e >0 C (TA2UBT) ¢ >

{ cupjunctivity of domains and composition }

(Tl>)< e >i> U (?‘T)< «e>1> C Taze> U 22T o>

Then, continuing with the first disjunct:

iNn

N

a

(TA>)<0>A>

{ r<Crer "}
TA).(TA})_10>A>

{ Axiom 6 }
Taz o (Te>N<Ko>)

{ T CZ; plat calculus }

Taze>

\Y

Then the fact that | e as 3 is increasing is easily proved:

Theorem 127 increasing

Proof:
Cc
c
O

V(a,B = leasfe< C <eleasfd)

L . aAﬂ « <

{ distribution over split }
Lo (as<)s (Be)

{ a and f are increasing }
Lo (<ea)e(<#B)

{ product-split fusion }
le<x<easf

{ Lemma 126 }
<eleoasf
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The last proof obligation for | » @+ 3 being archimedean is its unboundedness:

Theorem 128 unbounded

V(a,IB L e (‘Loatﬂ)* = T'T'T)
a

The rather long proof of Theorem 128 is omitted®. The corollary of Theorems 123, 125, 127 and 128 is
the important theorem:

Theorem 129 archimedean

Y(a,B : arch.({ » asB))
O

So much for this archimedean property of |. The discussion is completed by the following lemma and
corollary:

Lemma 130
Y(r,s,t = Sl eraset)= S(ret)U=(set))

Proof:

Remember the conventions that © and s are arbitrary relations, and that ¢ is a moment in time.

S(ret)U™(set)

= { Theorem 70 (1) }
“(ret)o(set)

= { Definition 65 }
°((<01‘~t~T)<)0°((<080t0T)<)

= { Theorem 62 (4) }
°((< ereteT)<e(<ogeteT)<)

= { Corollary 17 (2) }
*((KoroteT)<N (<oseteT)<)

= { distribution property of domains from defining Galois connection }
*((ereteT N <eseteT)<)

= { teT is a function: Theorem 28 (1) }
(((<orN<es) ot e T))

= { below }
°((< elerasete T)«()

= { Definition 65 }
“(eriset)

<ol{o1‘A3

= { Lemma 126 }
Je<x<eorss

= { parallel-split fusion 8 (1) }
o (<er)a(<es)

= { Lemma 124 }
(Kor N Ko<os) U (Se<or N <es)

= { Theorem 52 }
(<or N <os) U (KorN<os)

= { idempotency of cup }
<erN<es

O

3The proof was given by L. Meertens.
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With the straightforward corollary:

Corollary 131

V(a,B,t = “(leasfet)D™(act) A “(leaifet) D =(Bet))
0O

This concludes this appendix on |.
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