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ABSTRACT

An algorithm that derives tool access directions for machining
free-form shapes is presented. A free-form shape to be machined
is given by a preliminary B-spline model. We allow that the B-
spline surface data are as inaccurate as the user-selected geometric
accuracy of the prototype to be machined. Using surface sampling
a visibility voxel map is obtained. From this map a voxel map
is derived that contains per voxel a set of tool access directions.
From the obtained voxel map regions can be selected that can be
machined with a fixed tool access direction per region.

Keywords: Accessibility, voxel map, visibility, free-
form shapes, manufacturing.

1 INTRODUCTION

Design and manufacturing can be integrated by either
imposing constraints on the designed product geometry, or
by extending the capabilities of the manufacturing process.
We support preliminary design using the latter approach.
Our goal is fully automatic NC machining of foam proto-
types of large complex preliminary CAD models.

For this task we have installed a 7-axis Sculpturing
Robot system consisting of an industrial Manutec R15 robot
with 6 rotational degrees of freedom and a turntable that
can rotate around its z-axis, see figure 1. The robot holds a
milling tool and a stock of foam is mounted on the turntable.
The machining process shrinks the initial foam stock to a
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foam prototype of a CAD model. We previously developed
and implemented the SRPLAN1 robot motion planning and
foam machining algorithm that uses only 5 predefined tool
directions [Tangelder and Vergeest, 1994]. This, though,
limits the range of possible objects to be machined. For
example, figure 2 shows two models which cannot be ma-
chined with SRPLAN1. We are implementing a new motion
planner, that derives a limited number of suitable tool ac-
cess directions from the CAD model geometry, in this way
extending the range of possible objects.

In fast, preliminary, design the product geometry may
be only roughly specified. We consider the approach in
which, with help of a B-spline modeler, a free-form shape
M is defined as the volume enclosed by a B-spline surface
shell, i.e., a set of B-spline surfaces. For this preliminary
B-spline model we allow that the B-spline surface data are
as inaccurate as the user-selected geometric accuracy of the
prototype. The surfaces may be selfintersecting or intersect
each other, and parts of the surfaces may be no part of the
boundary of M. If a surface is part of the boundary, it need
not be specified which side of the boundary is the outside of
the object. Also surfaces that are intended to be adjacent,
are allowed to be separated by narrow openings as long as
these are smaller than the user-selected geometric accuracy.

A model checker [Tangelder, 1995] has been imple-
mented, that checks the validity of the preliminary model
M by a geometric procedure using a user-selected spatial
accuracy of the prototype as a parameter as follows:



Figure 1. The Sculpturing Robot system performs rapid prototyping
of CAD-defined objects.

Surface sampling is used to obtain a voxel represen-
tation of the boundary 0M of M. The voxel that are not
boundary voxels are either exterior voxels or interior voxels.
M encloses the interior voxels. The user-selected geometric
accuracy of the prototvpe is taken as the voxel resolution d
(i.e.. the voxel edge length). We accept a model as valid if

o The voxel representation of M is edge-connected, i.e.
for each pair of voxels (vg, v) in @M there is a sequence
of voxels (vg, V1, .. .. Um-1,VUm) in OM, where v; and v;4
share at least an edge, ¢ =0,...,m — 1.

e For each B-spline surface the side of the surface
that is (partially) the outside of the object can
now be determined as follows. The normal vec-
tors on a surface S(u,v) are given by n(u,v) =
SIGN (u,v) asa::,v) X a_s((az,_v), where either SIGN (u,v) =
—1 or SIGN(u,v) = 1, such that n(u,v) point out-
wards. One side of a surface defines the outside if for
all (u,v) either SIGN (u,v) = —1 or SIGN(u,v) = 1.
Otherwise both sides define a part of the outside of the
object. In this case we do not accept the model as valid.
We check this condition by applying Dijkstra’s paint
spreading algorithm [Dijkstra, 1959] to distinguish the
interior and exterior voxels. Next we use surface sam-

pling to compute Q%:‘L—'") X %':,—’"—) at a number of sample

Figure 2. Examples of a car mirror (top), and a pump (bottom) that
cannot be milled with the SRPLANL1 strategy, because additional tool
access directions are required.

points. If all these vectors point to an exterior voxel or
a boundary voxel we set SIGN (u,v) = 1. If all these
vectors point to an interior voxel or a boundary voxel
we set SIGN (u,v) = —1. Otherwise we do not accept
the model as valid.

Figure 3 shows a preliminary B-spline model and its
voxel representation.

The ability of a tool to access a free-form shape M
depends also on the shape of the tool. The axis of a flat-
end tool cannot be tilted from the normal to M at a given
point. The axis of a ball-end tool can be tilted from the
normal up to 90° degrees. Clearly, ball-end cutters offer the
greatest range of movement. In this paper we ignore further
limitations on accessibility that may be the consequence
of collision avoidance between the tool holder and M or
between the robot links and M.

In this paper we describe an algorithm that. given a
free-form shape M, builds a voxel map that partitions the
boundary OM of M. Given a ball-end milling tool, the
algorithm computes for each voxel v in @M a set of global
tool access directions for v. The obtained voxel map will
be used to select regions that can be machined with a fixed



Figure 3. A preliminary B-spline model of a vacuum cleaner (top) and
its voxel representation (bottom) with a low resolution. (Note that the
surfaces in the B-spline model overlap each other)

tool access direction per region.

In section 2 an overview of research on determining tool
access directions is given. In section 3 the shape M, that
can be obtained by the milling process, is described as a
minimal enclosing hull of M. In section 4 we present our
algorithm. Conclusions are drawn in section 5.

2 RELATED RESEARCH

In [Gan, 1992] visibility analysis is applied to determine
a range of set-up directions, that allows a given surface to
be manufactured by a three-axis NC machine without hav-
ing to redirect the stock-in-progress. Such a range of di-
rections can be represented by the (global) visibility map,
abbreviated to V-map, of the surface. Any point in a V-
map represents a direction such that the entire surface is
visible to its exterior at infinity. A two-stage approach is
proposed for finding the V-map of a surface. An initial
range of directions, termed the local V-map, is first ob-
tained by considering only the local geometry of the sur-

face. The (global) V-map is then obtained by removing
from the local V-map every direction that causes inter-
ference with the tool. In [Spyridi and Requicha, 1990] lo-
cal and global visibility cones and a two-stage approach
as just described are used to determine accessibility of
surface features for coordinate measuring machines. In
[Woo, 1994] the concept of V-maps is applied to a wide
range of manufacturing processes. An example of machin-
ing a model with 12 surfaces on a 4-axis milling machine
is given. By analysing the 12 V-maps of the surfaces it is
determined that only two set-ups are necessary. In this ex-
ample these surfaces have no intersections except at their
boundaries. Also each surface has a non-empty V-map.
In [Chen et al., 1993, Gupta et al., 1995, Tang et al., 1992
geometric algorithms are presented that can be used to se-
lect a direction maximizing the number of surfaces that are
visible with that direction. In [Elber and Cohen, 1995] a
method to compute the local V-map of a surface exactly, is
presented. In [Elber, 1994] an approach is presented that,
given a convex surface S to be milled with 5-axis milling
using a flat-end tool with direction perpendicular to S and
other surfaces that limit the accessibility of S, reduces the
milling accessibility problem to a 3-axis milling accessibility
problem.

In all references above the V-maps are stored per sur-
face. Hence, accessibility for a given tool access direction
can be determined only per surface or for a surface set and
not for regions, whose boundaries in general do not coin-
cide with surface boundaries. For our new motion planner
we need a data structure from which regions with a suitable
tool access direction can be extracted. Hence, we represent
the spatial coherence of M explicitely using a voxel map
containing tool access directions instead of a V-map per
surface.

3 THE RESULT OF THE MILLING PROCESS

A ball-end milling tool T' can be modelled as a cylin-
der holding a spherical eraser, both with radius a. In this
section we assume that if the spherical eraser is positioned
such that it does not intersect M, also a global tool access
direction exists such that the cylinder holding the spherical
eraser does not intersect M. In the next section we will deal
with finding global tool access directions. Due to the shape
of T, in general it will be impossible to create the model
M exactly. So the goal of the milling process is to obtain a
minimal enclosing hull of M. If we assume that the spheri-
cal eraser can be placed anywhere outside the CAD model
volume without intersecting M, this hull is the a-hull of
M described in [Edelsbrunner and Miicke, 1994] as follows:
Assume that the spherical eraser is omnipresent in the sense
that it carves out foam at all positions where it does not in-



Figure 4. An example of a violation of accessibility condition 1. (top)
and two examples (bottom) of a violation condition 2. In the right
bottom example the curvature at q is 00, at 7 it is —oo.

tersect M. The resulting object is called the a-hull H,(M)
of M. Ho(M) is the minimal volume enclosing M that can
be obtained with a free-flying eraser with radius a.

M = Hq(M) if the spherical can touch every point
on OM without intersecting M, i.e., if the following two
accessibility conditions hold.

1. The spherical eraser intersects the interior of M, while
the intersection of M and the spherical eraser is home-
omorphic to an open disk in IR%.

2. The curvature of M is at most 1/a.

Figure 4 illustrates cases for which A # H,(M).

M can be machined fully only if M = H,(M) and OM is
accessible by the milling tool, i.e., the milling tool can touch
every point on 8M. Otherwise the final result of the milling
process contains Ho (M ). We investigate accessibility in the
next section.

4 DETERMINING ACCESSIBILITY

We consider the following problem. Given a com-
plex three-dimensional shape M C IR® to be machined,
provide a set of tool access directions such that M is
fully accessible by a milling tool from these directions
(i.e., every point p on the boundary dM of M can
be touched by the tool end with one of these tool ac-
cess directions). With these tool access directions the
tool paths can be generated in a number of stages with
a fixed tool access direction per stage using a depth
buffer milling strategy (see [Saito and Takahashi, 1991,
Tangelder and Vergeest, 1995]).

We present an algorithm to determine tool access di-
rections for the milling process, using visibility analysis of

M. The algorithm uses a novel spatial 3D visibility data
structure, that integrates a visibility map of a volume with
a low resolution voxel representation.

4.1 Definitions

Let M C IR® be a three-dimensional shape defined by a
surface shell M as described in section 1. For our presenta-
tion it is convenient to assume that M emits rays. Further,
we consider in this paper only normal vectors on M that
point outwards M.

Figure 5 illustrates the visibility definitions given below.
A global visibility map will be defined for a single surface
point p on a surface .S, for the set of all surface points on a
surface S and for all surface points contained in a voxel v.
A voxel v that contains surface points is called a boundary
voxel. But a boundary voxel may contain no points from
OM, because parts of a surface may be no part of M.

For a surface point p, let the global visibility map V,(p)
represent the directions of rays that start at p and do not
intersect M.

For a surface S, let the global visibility map V,(S) rep-
resent the directions for which every ray starting at a surface
point on S does not intersect M, i.e.,

Vy(S) = () Vi (p)-

PES

For a boundary voxel v, V,(v) represents the directions
for which every ray starting at a surface point contained in
v does not intersect M, i.e..

V=[] Valp)-

SeM.pevnS

For the definitions of local visibility maps we consider
only the local geometry of a surface rather than the whole
model M. The normal n, at a point p on a surface gives one
direction in which the point is visible from infinity if the ray
has no intersection. However, the same point may be visible
from many other directions, up to a hemisphere H(n;) of
directions bounded by the tangent plane at p. Therefore
we define the local visibility map Vi(p, S) of a point p on a
surface S with normal n, by Vi(p,S) = H(np). Note that
for an intersection point of multiple surfaces different local
visibility maps may exist.

Analogous to the global visibility maps we define the
local visibility maps of surfaces and boundary voxels as

Vi(S) = () Vi(p, S)

PES



Vg(S)

is empty

Figure 5. 2D examples of global and local V-maps for a point p (top),
a surface S (middle) and a voxel v (bottom). V(S) and Vi(v) consist
of the intersection of all hemispheres H(np), for which p denotes a
point on a surface S or a surface point in a voxel v, respectively. The
bottom example shows also a light map L(v) of the voxel v. L(v)
consist of the union of all hemispheres H(np) for which p denotes a
surface point in a voxel v.

and

Vi(p, S).

Viwy = )

SeEM pevnS

Figure 6. M is accessible at q by T with direction d (2D example).

For a boundary voxel v let the light map L(v) represent
all directions of rays starting at any surface point contained
in v, i.e.

L(v) = U

SeM,pevnS

Vi(p, S)-

We define accessibility of a point on 0M as follows:

Definition. A model M is accessible at a point Q on OM
by a ball-end milling tool T with direction o if and only
if the spherical eraser can touch q, i.e., q € TH (M), with
direction o, i.e., an environment of q is vistble by a cylinder
of rays with radius a.

Figure 6 illustrates this definition. It can be generalized
to voxels as follows:

Definition. A voxzel v of model M is accessible by a ball-end
milling tool T with direction d if M Nv # 0 and M is
accessible at every point on OM Nv by T with direction d.

4.2 Method to determine accessibility

In this section we present a method to build a global
voxel accessibility map. For a detailed description of this
method we refer to [Tangelder, 1996).

In [Gan, 1992], for a surface S, V,(S) is obtained from
Vi(S) by deleting interfering directions as follows: All sur-
faces of M are sampled and for each pair of sample points
its interfering direction is computed. All interfering direc-
tions are generated by taking the direction vectors between
each pair of offsets q + anq and p + amy of sample points q
and p. q and p may be sample points on the same surface
(see figure 7, top) as well sample points on different surfaces
(see figure 7, bottom).




Figure 7. Intrasurface interfering direction d1 (top) and intersurface
interfering direction d2 (bottom) (2D example).

This method can be optimized if the spatial coher-
ence of M is represented in an explicit way with a spa-
tial data structure, e.g., with a voxel map. Also face oc-
trees [Brunet et al., 1993] can represent coherence of B-
spline surfaces in an explicit way. Therefore we propose
to represent M by a voxel map and to approximate the vis-
ibility of each voxel, instead of each surface, with a V-map.
In order to save running time and storage, we consider only
a finite number of directions instead of the infinite number
of all possible directions. Since accessibility depends also
on the curvature of the surfaces and the number of surfaces
contained in a voxel, we include also the maximal curvature
and the number of surfaces per voxel in our visibility voxel
map.

We implement this as follows:

1. Apply surface sampling with a sample distance d’ to
build a visibility voxel map M’ with a resolution d >
dd, and approximate at each voxel v, the local V-map
Vi(v) by V/(v) and the light map L(v) by L'(v) (as
described below). Also record at each voxel v the max-
imal curvature and maintain an index to the surface for
which v contains sample points. Set this index to null
if v contains sample points from more than one surface.

2. Determine the interior, boundary and exterior voxels.

3. Compute at each voxel v, the approximated global vis-
ibility map V, (v) from V/(v) and from the L'(w) maps
of the boundary voxels w # v.

4. Derive from these global visibility maps a voxel map
containing for each voxel global tool access directions.

4.3 Apply surface sampling to obtain the local V-maps

In [Gan, 1992] it is proposed to derive the local V-map
from the Gaussian map (G-map), which is a map of normals
on the unit sphere U. The local V-map can be constructed
by the intersection of hemispheres, each having as its pole
a point on the G-map.

This V-map can be computed as a subset of U in time
O(nlogn) where n is the number of normals on the spherical
convex hull of the G-map [Gan, 1992, Woo, 1994]. First a
surface is sampled and its G-map is built, next its V-map
is built from the G-map, finally its G-map can be deleted.

Because we build a V-map per voxel, also storing a G-
map per voxel would be necessary. To avoid storing the
G-maps we integrate surface sampling with building the V-
maps. This is possible if we approximate each V-map by a
subset of a set N containing a finite number of preselected
normals on U with the scheme presented below. Let (V,T)
denote a tessellation of U, where V is a set of vertices and
T is a set of tessel. Each tessel is a triangle t = (v;, vy, v3)
with vi,vy,vs € U. A tessel (v, vy, vs) corresponds with
a triangular surface patch on U between the vertices vi, vo
and vs. Let N ={n € U |3t €T : niscontained in t’s
patch and nlt¢ }. Hence, N is a finite set of normal vectors
on U. that contains per tessel (v, vs, v3) exactly one vector.
This normal vector points outwards the unit sphere and is
perpendicular to the triangle vyvovs.

When a sphere is tessellated, ideally we would like the
tessels to be symmetrical, be identical in shape, and possess
equal areas. Such a tessellation can only be obtained using
one of the five Platonic polyhedra [Pugh, 1976]. The icosa-
hedron (see figure 8, left) is the Platonic polyhedron with
the maximal possible number of tessels. It contains 20 trian-
gular tessels. In order to obtain smaller cell resolutions with
triangular tessels that are approximately equal in area and
shape, g-frequency polyhedra can be generated using the
“alternate method” (see e.g. [Pugh, 1976]). The “alternate
method” divides each triangular tessel of the icosahedron in
q? triangles by lines running parallel to the original edges of
the triangles. Hence, a set N of normal vectors is obtained,
that contains 20¢g? normals. This method has been applied
by [Chen and Kak, 1989]. Figure 8 shows a one-, two- and
four-frequency icosahedron tessellation of the unit sphere.

Given a normal vector n € U, the tessel whose patch
contains n can be determined in O(1) running time, as de-
scribed in [Tangelder, 1996).




Figure 8. Three tessellations of the unit sphere obtained with an
icosahedron (left), a two-frequency icosahedron (middle) and a four-
frequency icosahedron (right).

We approximate local V-maps and light maps of voxels
v and hemispheres of tessels ¢ by subsets V}'(v), L'(v) and
H(t) of N. For each vertex v we compute the hemisphere
with pole v as a subset of N by H(v) = {n € N | nev > 0},
where “¢” denotes the dot product.

For each tessel t = (v1, ve, v3) we approximate its visi-
bility hemisphere by Hy (t) defined as

Hy(t) = H(vi) N H(v2) N H(vs)
and its light hemisphere by H(t) defined as
Hp(t) = H(v1) UH(v2) U H(vs).

Note that the sets Hy (t) and H(t) can be precomputed
and with this scheme the V' and L' maps can be computed
as follows:

o Initialize for each voxel v, V/(v) with U and L'(v) with
0.

e Perform surface sampling with sample distance d’ <« d.
For each sample point determine the voxel v containing
it. Determine the normal n at the sample point as
described at the end of this subsection and the tessel ¢
whose patch contains n. Intersect V}'(v) with Hy(t) and
unify L'(v) with H.(t). If v contains sample points from
only one surface then record an identifier of this surface.
If v contains sample points from multiple surfaces then
set the identifier to null. Also record at each voxel v
the maximal curvature, which is computed as described
below.

Note that with this scheme subsets of N like visibility
maps, light maps and hemispheres can be implemented by
variables that require k bits storage, where k = |N|. For
N = {n,n,,...n;}, the i bit of such a variable indicates
whether the subset contains n;. Hence, intersection and

unification can be implemented with the bitwise AND op-
eration and the bitwise OR operation, respectively. Hence,
this step has O(kn) running time, where n is the number
of sampled points. Note that the light maps represent also
the boundary voxels implicitly, since a voxel v contains a
sample point if and only if L'(v) # 0.

Computation of normal vectors and curvature The sur-
faces are sampled per patch and the sample points are stored
in a 2D array p(i,j). From these sample points we derive
the partial u-, v-, uu-, uv- and vu-derivative at p(s,j). The
normal vector is computed as the cross-product of the u-
and v-derivative value at p(i,j). The partial u-, v-, uu-,
uv- and vv-derivative values at p(4,j) are used to compute
the maximal surface curvature at p(¢,j) with the method
described by [Boehm, 1993]. Since for some parameteriza-
tions partial derivatives computed analytically are vanish-
ing, we prefer this geometrical approach above an analytical
approach. We refer to [Tangelder, 1996] for a detailed de-
scription of these computations.

4.4 Determine the interior, boundary and exterior voxels

With the surface sampling algorithm the boundary vox-
els have been identified. We apply Dijkstra’s paint spread-
ing algorithm [Dijkstra, 1959} to distinguish the interior and
exterior voxels as described in [Tangelder, 1995)]. The algo-
rithm has O(mg) computing time, where my denotes the
number of boundary voxels.

4.5 Obtain the giobal V-maps
The algorithm to obtain the V;, maps from the V; maps
is based upon the following observation.

Observation. Let n = (q—p)/|q—p| be a ray that leaves M'
at a point p € v and intersects M' again at a point q € w.
Then n € V;(v) and —n € L{w).

Given k directions and a voxel resolution d the following
straightforward algorithm approximates the global V-map
of each voxel v by V/(v). The running time is O(km;m),
where m, is the number of boundary voxels of M' and m,
is the mean number of number of voxels intersected by a
cylinder of rays.
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Figure 9. The local visibility map of v contains normal vectors n;, 1y
and n3 (top). The light map of w, contains —n,. The cylinder ¢,
with direction n, intersects wy. Hence, n, is deleted from the global
visibility map of v. The light maps of w;, w2, w; and wy do not contain
n3. Although the cylinder c; with direction nj intersects these voxels,
nj is not deleted from the global visibility map of v. (bottom).

FOR EACH boundary voxel v
V()= (v);
FOR EACH direction n € V;(v)
compute the cylinder c of rays starting at
v with direction n;
FOR EACH voxel w intersected by ¢
IF w is an interior voxel OR
w is a boundary voxel with —n € L'(w)
THEN
V() := V;(0)/{n};
END IF;
END FOR;
END FOR;
END FOR,;

Figure 9 illustrates this algorithm. For an efficient im-
plementation of this algorithm, a list of voxels that are inter-
sected by a cylinder of rays should be generated efficiently
(see, e.g., [Tangelder, 1996]).

Figure 10. If accessibility condition 1. (location Al and A2) or acces-
sibility condition 2. (location B) of lemma 1 is violated, it is assumed
that M is not accessible at these locations.

4.6 Obtain a voxel map containing tool access directions

Let the milling tool T be positioned with access direc-
tion n. Let 8T, denote the boundary of the spherical eraser
outside the tool cylinder. Hence, 8T, is a hemisphere with
pole —n. If 8T, intersects a voxel v, it may intersect also
other voxels. Let E,(v) be the set consisting of the voxel
v and the other voxels that 8T, may intersect. If d > 2qa,
where d denotes the voxel resolution and « the tool radius,
E,(v) consists of the voxels that share at least a vertex with
v.

The following algorithm computes for each boundary
voxel v an accessibility map A'(v) containing suitable tool
access directions.

Initialize for each boundary voxel v of M’', 4'(v) with
. For each boundary voxel v of M' and for each direction
n € V/(v) check if v can be machined with direction n, i.e.,
check the following three conditions:

1.

ne ﬂ V, (w).

wEE,(v)

2. The maximal surface curvature does not exceed 1/¢ in
E,(v).
3. E,(v) contains only one surface.

Add n to A'(v), if these conditions are met.

This algorithm has O(km;) running time, where m; is
the number of boundary voxels. Figure 10 illustrates cases
for which the algorithm decides that M is locally inacces-
sible, i.e., at least one boundary voxel with an empty ac-
cessibility map will be computed. Since the algorithm does
not distinguish convex from concave surface intersections,
it is always assumed that a voxel v is not accessible with
direction n, if E,(v) contains more than one surface. Figure



Figure 11. The voxel visibility map cannot distinguish convex from
concave surface intersections.

11 illustrates a violation (concave surface intersection at a
voxel v) of accessibility condition 2. and a case (convex sur-
face intersection at a voxel v) that does not violate this con-
dition, but for which the algorithm decides that M is locally
inaccessible. The algorithm cannot determine the accessi-
bility at v, because our 3D visibility data structure cannot
distinguish concave from convex surface intersections.

5 CONCLUSIONS AND FURTHER RESEARCH

We have presented an algorithm that, given a com-
plex three-dimensional model to be machined, builds a
voxel map that partitions the boundary M of M. Each
voxel v contains a number of global tool access direc-
tions for v. With these directions, tool paths can be
generated in a number of stages with a fixed tool di-
rection per stage using a depth buffer milling strategy
[Saito and Takahashi, 1991, Tangelder and Vergeest, 1995}.
The algorithm also identifies voxels that contain parts of
AM. that cannot be machined with any tool direction.
The algorithm has O(MAX(mg, kMAX(mims,n))) run-
ning time and requires O(M AX (mo, km,) storage, where
mg is the number of voxels, m, is the number of bound-
ary voxels of M' and m, is the mean number of number
of voxels intersected by a cylinder of rays, n the number
of sample points and k the number of preselected normal
vectors on the unit sphere. Currently, this algorithm is im-
plemented. The algorithm will be included in a new milling
process planner, that generates a number of milling stages
with arbitrary tool access directions. The voxel map will be
used to select regions that can be machined with the same
tool access direction.

The face octrees described in [Brunet et al., 1993] may
provide a good alternative to represent the spatial coherence
of B-spline surfaces in an explicit way, because the size of the
face nodes is based on the local surface curvature. With this
data structure also concave and convex surface intersections
can be distinguished.

Problems with the surface geometry may be avoided by
converting the B-spline surface geometry to a voxel map

with a relatively small resolution. For each voxel v from
this voxel map a normal vector can be estimated from the
geometry of v and the voxels in its neighbourhood (see
[Yagel et al., 1992]). Because the number of voxels is much
larger than with our scheme, computing a global V-map
from the local V-map would require much more computing
time.
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