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Abstract

The LogP model is a model of parallel computation that characterises a parallel computer
architecture by four parameters: the latency L, the overhead o, the gap g and the number
of processors P. We study the problem of constructing minimum-length schedules for tree-
structured programs in the LogP model. This problem is proved to be NP-hard, even for
outtrees of height two in LogP models with an unlimited number of processors.

For outtrees of height two, a 2-approximation algorithm is presented. For intrees of height
two, two approximation algorithms are presented: a 3-approximation algorithm for LogP
models with an unrestricted number of processors and a 4 — %—approximation algorithm for
LogP models with a finite number of processors.

For the problem of constructing minimum-length schedules for d-ary intrees in a LogP
model with a finite number of processors, three approximation algorithms are presented that
are applicable in many models of parallel computation. The first constructs schedules for full
d-ary intrees of length at most 2 + % times the length of an optimal schedule plus the time
required for (d + 1) P — 1 communication operations. The second constructs schedules on P
processors of length at most d +1 — ilf_i_"'};l times the length of a minimum-length schedule plus
the time needed for d(P — 1) — 1 communication operations. The third constructs schedules
of length at most 3 — =5~ times the length of a minimum-length schedule plus the duration

P+2
of d(d —1)(P — 1) — 1 communication operations.

1 Introduction

The PRAM [10] is the most common model of parallel computation. A PRAM consists of a
collection of processors that execute a parallel program in a synchronous manner; processors
communicate by writing and reading in global memory. The PRAM model does not capture the
complexity of communication in the execution of parallel computer programs: a communication
step takes the same amount of time as a local computation step, whereas, in a real parallel
computer architecture, a communication step is far more time consuming. There are several
PRAM-based models that include aspects of real parallel machines, such as latency [2, 3, 21],
memory contention [14, 13] and asynchrony [6, 12].

The BSP model [22] and the LogP model [7, 9] are models of parallel computation that consist
of a collection of processors that communicate using message passing. These models are more
realistic, because they include several aspects of real parallel computers. Both models characterise
a parallel architecture by a few parameters that capture memory latency and bandwidth. In this
report, we will consider the LogP model that provides more control over the machine resources
than the BSP model.

*This research was partially supported by ESPRIT Long Term Research Project 20244 (project ALCOM IT:
Algorithms and Complexity in Information Technology).



The LogP model consists of a number of processors connected by a communication network.
Fach processor has an unlimited amount of local memory. The processors process a parallel
computer program in an asynchronous manner. Communication is modelled by message-passing:
messages are sent from one processor to another via the communication network.

The LogP model characterises a parallel computer architecture by four parameters: the latency
L, the overhead o, the gap ¢ and the number of processors P. The latency is an upper bound
on the time required to send a message from one processor to another via the communication
network. The latency depends on the diameter of the network topology. The overhead is the
amount of time a processor is involved in sending or receiving a message consisting of one word.
During this time, a processor cannot perform other operations. The gap is the minimum delay
between two consecutive message transmissions or receptions on the same processor.

Like for many other models of parallel computation, little is known about scheduling parallel
programs in the LogP model. A few algorithms have been presented that construct schedules for
common parallel programs in the LogP model. These programs include Fast Fourier Transform [7],
sorting [1, 8] and broadcast [17].

In addition, Lowe and Zimmermann [20, 23] presented an algorithm that constructs sched-
ules for communication structures G of PRAMs in LogP models with an unrestricted number

of processors. The length of these schedules is at most 1 + ﬁ times the length of an optimal

schedule, where g(G) is the grain size of G. Moreover, they presented an algorithm that constructs
schedules of length at most twice as long as optimal plus the duration of the number of sequential
communication operations.

In this paper, we will consider the problem of scheduling arbitrary parallel programs in the
LogP model. We will restrict ourselves to programs that have a tree-like structure. Such programs
include divide-and-conquer algorithms, such as the evaluation of arithmetic expressions.

In Section 3, we consider send graphs (outtrees of height two). It will be shown that, for
all fixed parameters (L,0,g, P), such that max{o,¢g} > 1 and P € {2,3,...,00}, constructing
minimum-length schedules for send graphs in the LogP model is an NP-hard problem. In this
section, we also present a 2-approximation algorithm for scheduling send graphs. For the special
case that g < o, the approximation bound of this algorithm equals 2 — %.

Section 4 studies the problem of scheduling receive graphs (intrees of height two). For the case
g does not exceed o, two approximation algorithms are presented. The first constructs schedules
of length at most three times the length of an optimal schedule if the number of processors is un-
restricted. The other algorithm is a 4 — %—approximation algorithm for the case that the number
of processors is bounded.

In Section 5, an approximation algorithm for scheduling d-ary intrees is presented. This al-
gorithm uses a decomposition of a d-ary intree to construct a schedule in which the number of
communication operations is small. In addition, three algorithms are presented that construct
decompositions of d-ary intrees. The first constructs decompositions of full d-ary intrees with
unit-length tasks. Using these decompositions, the approximation algorithm constructs schedules
of length at most 2 + % times the length of a minimum-length schedule plus the time required
for at most (d + 1)P — 1 communication operations. For full binary intrees, the schedules are of
length at most twice the length of an optimal schedule plus the duration of 2P — 1 communication
operations.

The second and third decomposition algorithm construct decompositions of arbitrary d-ary
intrees with arbitrary task lengths. Using the decompositions constructed by the second decom-
position algorithm, the approximation algorithm constructs schedules whose lengths are at most
d+1-— % times the length of a minimum-length schedule plus the time needed for at most
d(P — 1) — 1 communication operations. Using the decompositions of the third decomposition
algorithm, the approximation algorithm constructs schedules whose lengths are at most the sum
of 3 — PLH times the length of an optimal schedule and the duration of d(d — 1)(P — 1) — 1



communication operations.

2 Preliminary definitions

In this paper, we study the problem of scheduling parallel programs in the LogP model. Such a
program is represented by a triple (G, i, ¢), such that G = (V, E) is a directed acyclic graph (or
precedence graphs), : V — Z% and ¢: V — IN. An element of V will be called a task (or node)
of G. A task u corresponds to a task of the parallel program. « has a length u(u): the execution
of u on a processor takes p(u) time. The number of messages required to store the result of the
execution of u equals ¢(u). If the result of the execution of w has to be sent to another processor,
then ¢(u) messages have to be sent through the communication network to the other processor. An
instance of a LogP scheduling problem is represented by a tuple (G, u, ¢, L,0, g, P), where (G, u, ¢)
represents the parallel program and L, o, g and P are the parameters of the LogP model.

Consider an instance (G, i, ¢, L,0,g, P). Let u; and us be two tasks of G. If there is a directed
path from u; to us, then us is called a successor of wy and u; a predecessor of us. This is denoted
by w1 < us. By u1 <o ug, we denote that us is an immediate successor of uy; and u; an immediate
predecessor of us. In that case, us is a successor of wy and there is no task v such that vy < v and
vV < Us.

The outdegree of a task u is the number of immediate successors of . Similarly, the number of
immediate predecessors of u is the indegree of u. A task with indegree zero will be called a source,
a task without successors is a sink.

In this paper, we consider special types of precedence graphs, inforests and outforests. An
inforest is a graph in which every task has outdegree at most one. An outforest is an inforest in
which the arcs have been reversed. Hence in an outforest, every task has at most one immediate
predecessor. An intree is an inforest with exactly one task without successors. Similarly, an outtree
is an outforest with exactly one task without predecessors.

Consider an inforest T'. A task of T with outdegree zero is called a root; a leaf is a task without
predecessors. The immediate predecessors of a task are called its children and its immediate
successor is called its parent. T(u) denotes the subtree of T induced by w and its predecessors.
T is a d-ary intree if every task of T has indegree at most d. Since every task in an intree has
at most one immediate successor, there is a unique path from a task to a successor. If u; is a
predecessor of us, then p(u1,us) is the set containing the tasks on the path from the parent of u;
to us.

For outforests, the same terms are used but with a different meaning. A leaf is a task without
successors, a root has no predecessors. The parent of a task is its immediate predecessor, its chil-
dren are its immediate successors. Similar to inforests, a d-ary outforest is an outforest in which
every task has at most d children. For outforests, T'(u) denotes the subtree consisting of task u
and its successors.

Consider an instance (G, u,c,L,0,g,P). Let u; and us be two tasks of G and suppose us is
an immediate successor of ui. Then the result of u; is needed to execute us. If uq and uo are
executed on different processors, then ¢(u;) messages must be sent from one processor to another.
A message can be received L time after it has been sent. After all messages have been received,
us can be executed. Sending and receiving a message takes o time and the delay between sending
or receiving two messages is of length at least g. Figure 1 shows the execution of u; and ug on
different processors in case c(u) equals three. The tasks s; and r; represent the transmission and
reception of the i*" message.

For each task u, send and receive tasks have to be scheduled for each processor on which an
immediate successor of u is scheduled. No message has to be sent twice to the same processor.
Hence we will define two sets S and R containing the send and the receive tasks. S contains tasks
s(u,p,i), such that u is a task of G, p is a processor and i < c(u) is the number of the message



Figure 1: Communication between two processors

of u. R contains elements 7(u,p,i). The tasks s(u,p,i) and r(u,p,i) represent the transmission
and reception of the i*" message of u in case of transmission of the result of the execution of u to
processor p. Let U be the union of the set of tasks of G, the set of send tasks S and the set of
receive tasks R. A task u of S or R has length p(u) = o.

A schedule for (G, u, ¢, L,o,g,P) is a pair of functions (o, 7), such that ¢ : U — INU {L} and
m:U — {1,...,P,L}. o assigns a starting time to every task of U and 7 a processor. The value
1 denotes the starting time and processor of (communication) tasks that are not scheduled. A
schedule (o, ) is feasible if

1. for all tasks w of G, o(u) # L and 7(u) # L;

2. for all elements u; and uy of U, if w(uy) = w(uz) # L, then o(ur) + u(uy) < o(uz) or
o(uz) + p(uz) < o(ur);

3. for all tasks uy and us of G, if u; <o usg, then o(uy) + p(uy) < o(us);

4. for all tasks u; and ue of G, if u; <o ue and m(uy) # w(uz), then, for all i c(uy),

<
ﬂ-(s(ulaﬂ'(u2)ai)) = ﬂ-(ul)a 7T(T(U1,7T(U2),i)) = 7I'(u2)’ U(S(ulaﬂ(U’?)ai)) > U(ul) + N(Ul),
o(r(ur,m(u2),4)) = o(s(ur, m(us),2)) + o+ L and o(u2) > o(r(ur, w(u2),%)) + 0;
)

5. for all elements u; and us of S or R, if w(u1) = w(u2) # L, then o(uy
o(uz) + g < o(ur); and

+ g < o(ug) or

6. for all tasks u of G and all processors p, if no immediate successors of u are scheduled on
processor p or p = w(u), then o(s(u,p,i)) = L and 7(r(u,p,i)) = L.

The completion time of a task w in a schedule (o, 7) equals o(u) + p(w). The length of a schedule
(o, ) is the maximum completion time of a task. A schedule is called optimal if its length equals
that of a minimum-length schedule.

In Figures 2 and 3, an example of a feasible schedule is presented. Figure 2 shows a precedence
graph G. Assume p(z) = 1 and c(z) = 3. Let u(yr) =1, u(y2) = 1, u(ys) = 2, p(ys) = 3 and
u(ys) = 7. In addition, let L =1,0=1, g =2 and P = 2. Then the schedule shown in Figure 3 is
a feasible schedule for (G, u,c, L,0,g, P) of length 14. Task s; corresponds to send task s(x,2,1)
and task r; to receive task r(x,2,7). This is an optimal schedule for (G, u,¢, L, 0, g, P).

Note that tasks y; and ys are scheduled between the send tasks. No task can be executed
between the receive tasks, because all three messages are needed to send the result of the execution
of x to another processor. Although two successors of = are executed on processor 2, only three
send and receive tasks are executed. This is due to the fact that we consider communication
between processors, not between processes (or tasks): the result of the execution of z is sent to
processor 2, not to tasks y3 and y,.

3 Send graphs

In this section, we study the problem of scheduling send graphs in the LogP model. A send graph
is an outtree of height two. Hence a send graph consists of a source x and its children vy, ..., y,.



Figure 2: A precedence graph G

Figure 3: A feasible schedule for (G, u, ¢, L,0,q, P)

These children are the sinks of the graph. Figure 4 shows a send graph.
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Figure 4: A send graph

We will show that constructing minimum-length schedules for instances (G, p, ¢, L, 0, g, P), such
that G is a send graph is NP-hard for all fixed choices of L, o, g and P, such that max{o, g} > 1.
Thereafter, a 2-approximation algorithm is presented. The approximation bound of this algorithm
improves to 2 — & if g < o.

3.1 NP-completeness

In this section, we will show that constructing minimum-length schedules for send graphs is NP-
hard. This is obvious if the number of processors is finite. Using a polynomial reduction from
PARTITION, we will show that is is also true for all fixed choices of L, o, ¢ and P, such that
max{o,g} > 1 and P = oco. PARTITION [11] is defined as follows.

Problem. PARTITION
Instance. A set A = {ay,...,a,} of positive integers.
Question. Is there a subset A’ of 4, such that Y., ., a=1>_,a?

Let L, 0 and g be non-negative integers and P € {2,3,...,00}. (L,0, g, P)-LOGP SEND GRAPH
SCHEDULING is the following problem.

Problem. (L,o0,g, P)-LOGP SEND GRAPH SCHEDULING
Instance. A parallel program (G, i1, ¢), such that G is a send graph and an integer B.
Question. Is there a feasible schedule for (G, u, ¢, L, 0, g, P) of length at most B?

The following lemma presents a polynomial reduction from PARTITION to (L,o,g, P)-LoGP
SEND GRAPH SCHEDULING.



Lemma 3.1. For all non-negative integers L, o and g and oll P € {2,3,...,00}, such that
max{o, g} > 1, there is a polynomial reduction from PARTITION to (L, o0, g, P)-LOGP SEND GRAPH
SCHEDULING.

Proof. Let L, o and g be non-negative integers and P € {2,3,...,00}, such that max{o,g} >
1. Consider an instance A = {a1,...,a,} of PARTITION. Let N = > "  a;. Define M =
2(L + o + 1)max{o,g}N and ¢ = (L + 0+ 1)(N — 2) + 1. Construct an instance (G, p,c) of
(L,0,9,P)-LOGP SEND GRAPH SCHEDULING as follows. G is a send graph with source z and
sinks y1,...,Yn, such that pu(z) =1, u(y;) = 2(L + o+ 1) max{o, g}a; and c¢(x) = ¢. In addition,

let B=1+ (c—1)max{o,g} +20+ L+ $M.

(=) Assume A; is a subset of A, such that Y ,., a = IN. Define Vi = {y; | a; € A1} and
Yo = {y; | a; ¢ A;}. Construct a schedule (o, 7) for (G,u,c,L,o0,qg,P) as follows. x is
scheduled at time 0 on processor 1. For ¢ < ¢(z), send task s(z,2,7) is executed at time
1+(i—1) max{o, g} on processor 1 and receive task r(x,2,4) at time 1+ (i—1) max{o, g} +o+L
on processor 2. The tasks of Y7 are scheduled without interruption on processor 1 from time
14(c—1) max{o, g}+o until time 14(c—1) max{o, g}+o+3 M and the tasks of ¥ on processor
2 from time 1+ (c—1) max{o, g} + 20+ L until time 1+ (c—1) max{o, g} +20+L+1M = B.
Then no processor executes two tasks at the same time and the tasks on processor 2 are
scheduled after the receive tasks. So (o,7) is a feasible schedule for (G, pu,c, L,0,g,P) of
length B.

(<) Assume (o, 7) is a schedule for (G, u,c, L,o0,g,P) of length ¢ < B. Suppose all tasks are
scheduled on one processor. Then the length of (o, 7) is at least M + 1. However,

1
¢ < 1+(c—1)max{o,g}+20+L+§M
1

= 14 (L+o0o+1)max{o,gH(N —2)+ max{o,g} +20+ L+ §M

1 1
= 1+§M—2(L+o+1)max{o,g}+max{0,g}+20+L+EM
< M+1-2L-20-2max{o,g}+ max{o,g} +20+ L
< M+1

Hence the sinks of G are executed on at least two processors. If the tasks y; are executed on
at least three processors, then the first task on the third processor is executed after at least
2¢ receive tasks. Hence it does not start before time 1 + (2¢ — 1) max{o, g} + 20+ L. Since
every sink has length at least 2(L + o 4+ 1) max{o, g},
14 1+ (2¢ —1)max{o,g} + 20+ L+ 2(L + o + 1) max{o, g}

1+ (¢ —1)max{o, g} + 20+ L + cmax{o, g} + 2(L + o + 1) max{o, g}
1+ (¢ —1)max{o,g} +20+ L+

(L+ o0+ 1)(N —2)max{o, g} + max{o,g} + 2(L + o+ 1) max{o, g}
1+ (¢ —1)max{o,¢g} + 20+ L+ (L + 0+ 1) max{o, g} N + max{o, g}

1
14 (¢ —1)max{o,¢g} +20+ L + §M + max{o, g}
= B+ max{o,g}.

A

So the sinks of G are executed on exactly two processors. Let these be processors 1 and
2. We may assume that x is executed on processor 1. Define A; = {a; | 7(y;) = 1} and
Ay ={ai | 7(y:) = 2}. Let Ny = 3 4, aand No =37 _, a. Since the length of (o, 7) is at
most B and the first task on processor 2 cannot start before time 14 (c—1) max{o, g}+20+L,
the sum of the elements of A5 does not exceed %N. It is not difficult to see that no sink y;
is scheduled before a send task on processor 1. If Ny > %N, then the last task on processor
1 is not completed before time 1 + (¢ — 1) max{o, g} + 0+ 3 M + 2(L + 0+ 1) max{o, g} > B.
Contradiction. So Ny = 1N.
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From Lemma 3.1, we can conclude that (L, 0, g, P)-LOGP SEND GRAPH SCHEDULING is NP-
complete for all fixed L, o, g and P, such that max{o, g} > 1. Moreover, it is not difficult to prove
that (L, 0, g, P)-LOGP SEND GRAPH SCHEDULING is NP-complete for all L, 0, g and P, such that
P # co. Hence we obtain the following result.

Theorem 3.2. For all fized parameters (L,o0,g, P), such that max{o,g} > 1 or P # oo, con-
structing minimum-length schedules for instances (G, u,c, L,0, g, P), such that G is a send graph
is NP-hard.

If ¢ and o equal zero, then scheduling in the LogP model is a special case of scheduling
with arc-dependent communication delays (latencies). In that case, minimum-length schedules
for send graphs on an unlimited number of processors can be constructed in polynomial time [5]
and constructing minimum-length schedules for outtrees of height three is NP-hard, even if the
number of children of the root equals the number of sinks [4].

3.2 A 2-approximation algorithm

In this section, we will present a simple 2-approximation algorithm for scheduling send graphs in
the LogP model. It is obvious that the number of processors used in an optimal schedule for a
send graph instance does not exceed the number of sinks or the number of processors P. For each
possible number of processors m, the algorithm constructs a schedule that is at most twice as long
as a schedule that uses m processors of minimum length. By choosing the shortest schedule, a
schedule is constructed whose length is at most twice the length of an optimal schedule.

Consider a LogP instance (G, i, ¢, L, 0, g, P), such that G is a send graph with source x and
sinks y1,...,y,. There is a minimum-length schedule for (G, pu,c, L,0,g, P) that uses at most
min{n, P} processors. Let m < min{n,P}. Define ¢ as the length of a minimum-length
m-processor schedule, where an m-processor schedule for (G,u,c,L,o,g,P) is a schedule for
(G,u,c,L,0,g,P), in which the sinks of G are executed on exactly m processors. A minimum-
length m-processor schedule will be called m-processor optimal. Let £* be the length of an optimal
schedule for (G, u,c,L,0,g,P). Then {* = min,, <minfn,p} (-

In an m-processor schedule for (G, u,c, L, o0, g, P), c(x) receive tasks have to be executed on
m — 1 processors. The first step of the algorithm constructs a communication profile in which the
send and receive tasks are scheduled as early as possible. x starts at time 0 on processor 1. The
send tasks s(z,p, ) are scheduled on processor 1 at times p(z)+((p—2)c(z)+i—1) max{o, g}. The
corresponding receive tasks r(z, p,i) on processor p at times p(x)+ ((p—2)c(z) +i—1) max{o, g} +
o+ L. Then the last send task is completed at time idle(1) = p(z) +((m—1)c(z) —1) max{o, g} +o
and the last receive task on processor p at time idle(p) = u(x)+((p—1)c(x) —1) max{o, g} + 20+ L.
The sinks y; with i < m are scheduled immediately after the last receive task on processor i and
idle(i) is increased by u(y;).

The remaining sinks ¢,,41,...,yn are scheduled after the communication tasks and sinks
Y1,---,Ym on one of the processors. This is done by a straightforward modification of Graham’s
List scheduling algorithm [15]. For each task y;, choose a processor p, such that idle(p) is minimal.
Schedule y; at time idle(p) on processor p and increase idle(p) by u(y;).

Let (o, ™m ) be the schedule constructed by these two steps. Let £, be the length of (6, T )-
Assume y; is a task that finishes at time ¢,,. If y; is the first sink scheduled on processor 7., (y;),
then it is scheduled immediately after receive task r(z, 7, (y;), c(z)). Every m-processor schedule
has length at least p(z) + ((m — 1)c(z) — 1) max{o, g} + 20+ L, because (m — 1)c(z) receive tasks
have to be executed. So the completion time of the last receive task on processor 7, (y;) is a lower
bound of £,. So is the execution length of y;. So €y, = 0., (y;) + u(y;) < 2¢5,. Therefore (6, Trm)
is at most twice as long as an m-processor optimal schedule.



Otherwise, suppose that another sink is scheduled before y;. If a processor become idle before
time o,,(y;), then y; would have been scheduled at an earlier time. So all processors are busy until
time 0, (y;). Every m-processor schedule has length at least u(x)+ ((m — 1)c(z) — 1) max{o, g} +
20 + L, because c(z) receive tasks are executed on m — 1 processors. On processors that do not
execute x, no task can be executed before a receive task. Hence the idle periods in (0,,, 7 ) on
processors 2, ..., m before the last receive task cannot be avoided. Hence the only idle time in
(0m,Tm) that can be avoided is the idle time between the send tasks on processor 1. As a result,

G

v

 (morm (1) + u(y7) ~ ((m = De(a) ~ 1)(max{o, g} o)

Ton(y:) + () = - ((m = V() — 1)(max{o, g} — o).

In addition, €, > u(y;) and €, > u(x) + ((m — 1)e(z) — 1) max{o, g} + 20 + L, since the last
receive task on the m*" processor cannot be completed before this time. Consequently,

bn = O'm(yi)+u(1yi)
<L (1= i) + —(((m = 1)e(x) = D(max{o, g} — o)
< G-+,
— 2

m*

Note that, if g < o, then ¢,, < (2 — L)¢;

For each m < min{n, P}, construct an m-processor schedule (o,,nm) of length (,,. As-
sume (o, 7)) is the shortest of these schedules and there is an optimal schedule in which sinks
are executed on k* processors. Then ¢ < fp. < 207, = 2¢*. If ¢ < o and P # oo, then
b Sl S (2= F)0 < (2= ) = (2 )0

Hence we have proved the following theorem.

Theorem 3.3. Let (G,u,c,L,o0,g,P) be a LogP instance, such that G is a send graph. Then, in
polynomial time, a schedule for (G, u,c,L,o0,g, P) can be constructed whose length is at most twice
the length of an optimal schedule for (G, u,c,L,o,g,P). If g < o, then this schedule has length at
most 2 — % times that of an optimal schedule for (G,u,c, L,o,qg, P).

4 Receive graphs

In this section, we will consider the problem of scheduling receive graphs in the LogP model. A
receive graph is a send graph in which the arcs have been reversed. Hence a receive graph consists

of a sink x with children y1,...,y,, that are the sources of the graph. A receive graph is shown
in Figure 5.
r@
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Figure 5: A receive graph

We will consider the case in which g < 0. For this special case, two approximation algorithms
are presented. The first approximation constructs schedules for receive graph instances in LogP



models with an unrestricted number of processors. The length of these schedules is at most three
times the length of an optimal schedule. The other algorithm is a 4 — %—approximation algorithm
for scheduling in LogP models with a finite number of processors.

4.1 A 3-approximation algorithm for the unrestricted case

In this section, an approximation algorithm for scheduling receive graphs in LogP models with an
unrestricted number of processors is presented. For this algorithm, we will assume that ¢ does not
exceed o. It is a 3-approximation algorithm for scheduling receive graphs in LogP models with
an unrestricted number of processors. It corresponds to the 3-approximation algorithm of Hsu
and Lopez [16] for scheduling send and receive graphs in a model of parallel computation that
resembles the LogP model.

Consider an instance (G, u,c, L, 0, g, P), such that G is a receive graph, g < o and P = oc.
Assume G has sink z and sources y1, . .., ¥n, such that u(y1) < ... < u(yn). The following lemmas
prove some properties of optimal schedules for (G, u, ¢, L, 0,9, P).

Lemma 4.1. There is an optimal schedule (o, ) for (G,u,c,L,0,g, P), such that, for all sources
Yiy and Yizs ifﬂ-(yh) = 71'(1) and W(in) 7é 71'(1'), then U(yh) < U(r(yiza]-aj)) fOT a”] < C(yiz)'

Proof. Let (o,7) be an optimal schedule for (G, u, ¢, L, 0, g, P). Consider two sources y;, and y;,,
such that 7(y;,) = n(z) and 7(y;,) # 7(x). Suppose o(y;,) > o(r(yiy, 1,7)) for some j < e(y;,).
We may assume o(y;,) = o(r(¥iy,1,7)) + 0. Then y;, can be scheduled at time o(r(y:,,1,7)),
7(Yir, 1,7) at time o(r(yi,, 1,5)) + u(yi,) and s(yi,,1,7) at time o(r(yi,, 1,7)) + plyi) —o — L
without violating the feasibility of (o, 7) or increasing its length. By repeating this step, an
optimal schedule is constructed in which no source is scheduled after a receive task on the same
processor. O

Lemma 4.2. There is an optimal schedule (o,7) for (G, u,c,L,o,q, P), such that, for all proces-
sors p # w(x), at most one source is executed on processor p.

Proof. Let (o, ) be an optimal schedule for (G, u, ¢, L, 0, g, P). We may assume 7(x) = 1. Suppose
two sources y;, and y;, are scheduled on processor p # 1. Let processor p' be a processor on which
no task is executed. Then y;, can be scheduled on processor p' at time o(y;,) and the send tasks
$(9i,,1,7) on the same processor at times o(s(vs,,1,7)). This does not violate the feasibility of
(o,m) or increase the schedule length. Hence there is an optimal schedule for (G, u, ¢, L, 0, g, P),
such that at most one source is executed on processor p for all p # 1. O

Lemma 4.3. There is an optimal schedule (o,7) for (G,u,c,L,o0,g, P), such that, for all sources
Yiy and Yias Zf 7;1 < Z'2 and ﬂ-(/yi)aﬂ-(/yiz) ;é 71'(1’), then U(T(yiulajl)) < U(T(yi2717j2)) fO?” all
Ji < elyiy) and j2 < c(ys,)-

Proof. Let (o, ) be an optimal schedule for (G, p, ¢, L,0, g, P). From Lemma 4.2, we may assume
that 7(z) = 1 and all processors p # 1 execute at most one task. Let y;, and y;, be two sources
that are not scheduled on processor 1. Assume i1 < i2 and o(y;,) = o(v:,) = 0. Receive tasks
r(yi,, 1, ) can start at time t; = u(y;, ) + o0+ L, receive tasks r(y;,, 1, j) at time t5 = u(y;,)+o+ L.
Then #; < t3. Suppose o(r(yi,,1,j2)) < o(r(yi,,1,j1)) for some j; < ¢(y;,) and j2 < ¢(y;,). Then
7(Yiy, 1, j2) can be scheduled at time o(r(y;,,1,j1)) and r(y;,,1,71) at time o(r(yi,, 1,72)). In
addition, send task s(y;,,1,71) and s(y;,, 1, j2) can be scheduled o+ L time units before r(y;,, 1, 71)
and 7(yi,, 1, J2), respectively. This does not violate the feasibility of (o, 7) or increase its length,
because all receive tasks have length o. So there is an optimal schedule in which, for all i; < ig,
receive tasks r(y;,, 1, j1) are scheduled before receive tasks r(y;,, 1, j2). O

Lemma 4.4. There is an optimal schedule (o,7) for (G, u,c,L,o0,g,P), such that for all sources
Vi, if w(yi) < c(ys)o, then w(y;) = ().



Proof. Let (o,7) be an optimal schedule for (G, u,c, L,o0,g, P), such that 7(z) = 1. From Lem-
mas 4.1 and 4.3, we may assume the sources on processor 1 are scheduled before the receive tasks
of the sources scheduled on another processor and that the receive tasks of one source are sched-
uled on processor 1 without interruption. Suppose y; is a source of G, such that u(y;) < e(yi)o
and 7m(y;) # 1. Assume the first receive task r(y;,1,7) is scheduled at time ¢. Then the last is
completed at time ¢t + ¢(y;)o > t + u(y;). Then y; can be rescheduled at time ¢ on processor 1
without increasing the length of (o, 7) or violating its feasibility. Hence there is a schedule in
which sources y; with u(y;) < ¢(y;)o are scheduled on the processor that executes x. O

Lemma 4.5. A schedule for (G, p,c,L,o0,g,P) of length p(x)+ 37—, u(y:) is optimal if and only
if, for all sources y;, if p(y;) > c(yi)o, then 377_) pu(y;) < (c(yi) + 1o+ L+ u(y;).

Proof. (=) Suppose a schedule for (G, i, ¢, L, 0, g, P) of length pu(x)+ >, pu(y;) is optimal. Sup-
pose there is a source y; with pu(y;) > c(yi)o and 3°°_, u(y;) > (c(yi) +1)o+ L+ pu(y:). Then
construct a schedule (o, 7) for (G, u, ¢, L,o0,g, P) as follows. Tasks y1,...,%i—1,Yit1,--->Yn
are scheduled on processor 1 from time 0 onward. y; is scheduled on processor 2 at time 0. For
j < e(yi), receive task r(y;, 1, j) is scheduled on processor 1 at time max{}",_, u(y;), u(y:) +
jo+L}. For j < c(y;), send task s(y;, 1, 7) is scheduled on processor 2 at time o(r(y;,1,7)) —
L — 0. Then (o, 7) has length

p(z) + max{p(y:) + (c(y:) + Do+ L, Y u(y;) +elyi)o} < p(@)+ > n(y)).
J#i j=1
Contradiction.

(«<) Suppose >-7_, pu(y;) < (c(yi) +1)o+ L + pu(y;) for all sources y; with pu(y;) > c(y;)o. Let
(o, ) be an optimal schedule for (G, u, ¢, L, 0, g, P). Suppose the length of (o, 7) is less than
w(x) + 5" w(y;). From Lemma 4.4, we may assume that all tasks y; with u(y;) < e(yi)o
are scheduled on processor 7(x). At least one source y; is scheduled on another processor.
Then p(y;) > c(yi)o. So (o, 7) has length at least

n

1(y:) + (c(yi) + o+ L+ p(x) > u(fv)+Zu(yi)-

Contradiction.
O

These lemmas can be used to prove lower bounds on the length of an optimal schedule for
(G,p,c,L,0,g,P). Let £* be the length of an optimal schedule for (G, u, ¢, L, 0, g, P). Obviously,
if ¢ < p(x) 4+ 370, w(y:), then €* > p(x) + 20+ L. In addition, for each source y;, either y; itself
or c(y;) receive tasks are scheduled on the same processor as x. Hence

ez )+ mindu(ys), clyi)o}-

A schedule (o,7) for (G,pu,c,L,0,g, P) will be constructed as follows. Sink z is scheduled on
processor 1 and all sources y; with u(y;) > c(y;)o on a separate processor. The receive tasks are
scheduled after the sources on processor 1, such that, if i; < i and y;, and y;, are not scheduled on
processor 1, then receive tasks r(y;,, 1, j;, ) are executed before receive tasks r(y;,, 1, ji,). Assume
sources ¥, , - ..,y are the sources y; with u(y;) > c(ys)o and iy < ... < iy and let y;, ..., ¥,
be the remaining sources. If all tasks start as early as possible, then (o, 7) has length

k n k
O plo)+max{elyi)o+ Do wlyiy), max ulyi;) + ) e(ys)o+20+ L},
j=1 j=k+1 == =

Assume (* is less than p(z) + >, pu(y;). In that case,
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k n k
p) +mas(Y el o+ S uls), max nlyi,) + Y elyi)o+ 20+ L)

~
IN

. 1<5<k ‘
Jj=k+1 t=j

< max{l*, "+ 0"+ "}
= 30
If the length of an optimal schedule for (G, i, ¢, L,0, g, P) equals p(x) + >, pu(y;), then this
can be checked in polynomial time using Lemma 4.5. In that case, we can construct an optimal
schedule by scheduling all tasks on the same processor. Hence we have proved the following
theorem.

Theorem 4.6. Let (G, u,c,L,0,q,P) be a LogP instance, such that G is a receive graph, g < o
and P = 0co. Then, in polynomial time, a schedule for (G, u,c, L, o0, g, P) can be constructed whose
length is at most three times the length of an optimal schedule for (G, u,c,L,o,g,P).

4.2 A 4- %-approximation algorithm for the restricted case

The second approximation algorithm considers the case that the number of processors does not
exceed the number of sources. Consider an instance (G, u, ¢, L, 0, g, P), such that G is a receive
graph with sink = and sources y1,...,yn, g <o and P < n.

Like for the unrestricted case, the sources y; with u(y;) < ¢(y:)o will be scheduled on the
same processor as x. Let Y5 be the set of these sources and Y; the set of the remaining sources.
Moreover, let Y =Y; UY5.

The sources of Y7 are scheduled on processors 1, ..., P using Graham’s List scheduling algo-
rithm [15]. First set idle(p) = 0 for all processors p. For all tasks y in Y7, y is scheduled as early
as possible on a processor that becomes idle as early as possible. If y is scheduled on processor p,
then idle(p) is increased by u(y).

Determine a processor p for which Zy€Y1I7T(y):p c(y) is maximum. We can rearrange the
processor assignment for the tasks of Y7, such that p = 1. In addition, we may assume that
idle(2) < ... < idle(P). Then 35 oy, (=1 ¢(¥) > F 2, cy, c(y). Schedule the tasks of Y3 on
processor 1 from time idle(1) onward. Then idle(1) is increased by 3_, cy, 11(y2).

The communication tasks starting with those of the sources scheduled on processor 2 are sched-
uled as early as possible. kp =}, cy; .7 (,)=p €(y) messages have to be sent from processor p to pro-
cessor 1. Then the receive tasks are scheduled on processor 1 from time max{idle(1), idle(p)+o+L}
onward. The send tasks are scheduled on processor p from max{idle(1),idle(p)+ o+ L} —o— L
onward. After that idle(1) equals max{idle(1),idle(p) + o+ L} + kyo.

Let (o, 7) be the resulting schedule. Assume the length of (o, 7) is ¢. Let £* be the length of
an optimal schedule for (G, u, ¢, L,0,g, P). Then, similar to the unrestricted case,

ozl + Yy mindu(y) cly)o} = pl@)+ Y wly)+ D cly)o.

yEY> yeY1

In addition, ¢* > u(z) + 5 >, i(y;). We will assume the schedule in which all tasks are sched-
uled on one processor is not optimal. In that case, ¢* > u(x) + L + 2o0.

Let y* be a source of Y] with a maximum completion time. It is possible that every task in Y5
is scheduled after y*. Hence

C< o) Huly)+ D mw+ D co+o+ L+ p(x)
yEYs yeY1:m(y)#1

All processors are completely filled until time o(y*), otherwise, y* would have been scheduled
at an earlier time. Hence

a(y") < % > .

yevi\{y*}
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So y* is completed at time

o(y") +uly’) < % w(y) + u(y")
) vevi\{y*} .
= 5 u(y)+(1—p)u(y*)

Therefore z is completed at time

< o) +uly )+ Y py)+ D, cyo+o+ L+ p(x)

1 yGYzl yeY1:m(y)#1
< = — py*) + =
< 5D )+ A= Hu) + 5 D ny)+
yEYL 1 yEY2 1
(1=5) > n@)+ (1= 5) > clwo+o+L+p)
1 y€1Y2 YyeEYL
< /¢ +(2 P)£ + ( P)£ +/

If the schedule in which all tasks are executed on one processor is optimal, then its length is
at most (. If (o, ) is longer than pu(z) + Y., p(y;), then replace (o, 7) by the schedule in which
all tasks are executed by the same processor. Then this schedule is at most 4 — % times as long
as an optimal schedule. Hence we have proved the following theorem.

Theorem 4.7. Let (G,u,c,L,o0,qg, P) be a LogP instance, such that G is a receive graph and g < o.
Then, in polynomial time, a schedule for (G, u,c, L,o,g, P) can be constructed whose length is at
most 4 — % times the length of an optimal schedule for (G, u,c, L, o, g, P).

5 d-ary intrees

In this section, we consider the problem of scheduling d-ary intrees in the LogP model. An ap-
proximation algorithm is presented that schedules d-ary intrees. The basis of the algorithm is an
algorithm that constructs decompositions of d-ary intrees into subforests whose sizes do not differ
much. Such a decomposition is used to construct a schedule in which the communication require-
ments are ignored. The necessary communication tasks are introduced in this communication-free
schedule.

This algorithm is presented with three types of decompositions; one for full d-ary intrees with
unit-length tasks, and two for arbitrary d-ary intrees with arbitrary task lengths.

Consider a LogP instance (T, u,c, L, 0,9, P), such that T is an intree. A decomposition of
(T,p,c,L,o0,g,P) is a collection of subforests T1,...,T} of T, such that the roots of T; all have
the same parent, a task in 7; has no predecessorsin T;41, ..., T and every task of 7" is an element
of exactly one subforest 7;.

Using a decomposition T4,...,Ty of (T,u,c,L,0,g,P), we can construct a schedule. This
is done in two steps. First, a communication-free schedule is constructed. A communication-
free schedule is a schedule in which no precedence constraint is violated and no processor exe-
cutes two tasks at the same time. No send and receive tasks are scheduled in such a schedule.
Second, the communication operations are introduced in the communication-free schedule for
(T,p,c,L,o0,g,P).

Consider a communication-free schedule (o, 7) for (T, u,c, L,0,g, P). The communication re-
quirement of (o, ) equals the number of pairs of tasks (vq,vs), such that v; < vo and 7(vy) #
m(v2). Such a pair of tasks will be called a communicating pair. It is not difficult to transform a
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communication-free schedule (o, 7) into a feasible schedule for (7', u, ¢, L,0, g, P): this is accom-
plished by adding communication operations between every communicating pair (vy,vs). Then
the length of the resulting schedule exceeds that of the communication-free schedule by the total
duration of the communication operations.

Constructing communication-free schedules corresponds to scheduling without communication
delays and overheads. Kunde [19] proved that, for inforests, critical path scheduling constructs
(communication-free) schedules of length at most 2 — PLH times the length of an optimal schedule.
Unfortunately, the communication requirement of such a schedule may be as high as (1 —2)n + 3
for d-ary intrees with n tasks. As a result, introducing communication operations in such a sched-
ule may greatly increase the length of the schedule. The decomposition algorithms that will be
presented in this section allow us to construct communication-free schedules that are longer than
those constructed by critical path scheduling, but their communication requirement depends only
on the maximum indegree and the number of processors.

The decompositions are used by the approximation algorithm to construct a schedule. First
some notations are introduced. Let (T, u,c, L, 0, g, P) be a LogP instance, such that T is a d-ary
intree. Let Ty,...,T} be a decomposition of (T, u,c, L,0,g,P). Since all roots of a subforest T;
have the same parent and no task in 77,...,T,_1 has a predecessor in T}, T} is a subtree of T'
that contains the root r of T'. Assume T; = T; 1 U...UT;,,, such that T; ; is one of the trees of
T;. Let r; ; be the root of T; ;. Note that T, =T} 1 and 71,1 is the root of T'. Let n = Zle n;.

Define PT = Ule p(ri1,7k,1) as the intree containing the tasks of the paths from the parents
of the roots of T; ; to the root of T'. Let u be a task of T;, with a predecessor in T}, with i2 7# 41.
Then w € p(74,,1,7k,1). So PT contains the tasks in the trees T} ; with predecessors in T\ T} ;.
PT is a subtree of T' and the root of PT is the root of T

Let u be a task of PT that has children outside PT'. Then at least one child of u is the root of
a decomposition tree T; ;. The root of T is one of these roots, so the number of tasks in PT with
predecessors outside PT is at most n — 1. As a result, the total number of tasks outside PT that
are children of tasks of PT is at most d(n — 1).

Consider the tree PT* consisting of the tasks of PT and their children. Let u be a task of
PT*. Define d*(u) as the number of children of w in PT*. Note that if d*(u) > 1, then w is a task
of PT. Assume PT* contains m tasks, m; of which are elements of PT and mg = m — m, are
sources of PT*. Then

Z (indegree(u) — 1)

—my + Z d*(u)

u€PT wE€PT*
= —m;+m-—1
= Mmoo — 1
< dn-1)-1

Note that if the only tasks outside PT that are children of tasks are roots of decomposition
trees, then ) _pp(indegree(u) —1) <n —1.

From a decomposition Ti,...,T), we can construct a decomposition tree DT. DT contains
n tasks: tasks r;;, such that 1 <i < k and 1 < j < n;. There is an arc from r;, j, to r4, j, if,
in T', the parent of r;, ;, is a task of T}, ;,. If r;, ;, is a predecessor of 7, ;, in DT, then this is
denoted by 75, j, <p Ti, j,. Similarly, if r;, ;, is a child of r;, ;, in DT, then we denote this by
Tiyj1i =D, Tis,j»- Lo make a difference between precedence constraints in 7" and DT, the terms
DT -child, DT -parent, DT -successor and DT -predecessor will be used.

Using a decomposition T4, . .., T}, of an instance (T, u, ¢, L, 0, g, P), such that T is an intree and
k < P, Algorithm DECOMPOSITION TREE SCHEDULING constructs a communication-free schedule

for (T, u,c, L,o,g,P). idle(i) denotes the earliest time after which processor ¢ remains empty.

Let (o,7) be the communication-free schedule for (T, u,c, L,o0,g,P) constructed by Algo-
rithm DECOMPOSITION TREE SCHEDULING using decomposition T4, ..., Tj. Let C(r; ;) = o(r; ;)+
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Algorithm DECOMPOSITION TREE SCHEDULING

Input: A LogP instance (T, pu,c,L,0,g, P), such that T is an intree and a decomposition of
(T,p,c,L,o,g,P) consisting of k < P subforests 71, ..., k.

Output: A communication-free schedule (o, 7) for (T, u, ¢, L, 0, g, P).

1. fori:=1tok

2 do let vy, ..., v, be a topological ordering of T; \ PT
3 idle(i) =0

4. for j:=1tor

5. do o(v;) :=idle(7)

6 w(v;) =i

7 idle(i) :=ddle(i) + p(v;)

8. let wy,...,ws be a topological order of T; N PT
9. for j:=1tos

10. do assume the last child of w; outside T; \ PT is scheduled on processor p
11. o(wj) := max{idle(p),idle(i)}

12. m(w;) :=p

13. idle(p) := o(w;) + p(w;)

Figure 6: The algorithm constructing communication-free schedules

u(r; ;) be the completion time of r; ; and C; the maximum completion time of a task of T;. If a
task of T; ; N PT has a child outside of T; ;, then this child is a root of a decomposition tree T} ;
with i <.

Assume 7y, ;, and 71y, ;, are DT-children of r; ; and é5 > 4;. If r;, ;, is scheduled on the same
processor as r;, j,, then r4, ;. is a successor of r;, ;. In that case, r;, j, is not a DT-child of r; ;.
So all DT-children r;, ;, and ry, j, with ¢; # ¢2 of r; ; are scheduled on different processors. Hence,
for all DT-children 7 j of r; ;, idle(w(ry j+)) equals C; before the tasks of T; N PT are scheduled.

Let v be a task of T; ; N PT that has a predecessor that is not an element of T; ; \ PT. Then v
is scheduled on the first idle time slot (not before time idle(i)) on the processor that executes the
last predecessor of v that is not an element of T; ; \ PT. Hence, for all 1 <i <k and 1 <j <n;,

Clriy) < max{uT;\ PT)+ — max — pu(p(rey,rig)), —max — Ci+p(p(rij,riz)}
Ty 1 =<D,0Ti,j Tyl i <D,0Tij
< max{u(T;), max  Ci+ pu(p(ri j,7i;))}-
Ty, i1 <D,0Ti.j
Consequently,
Ci S max{,u(Ti), max Ci/ + ,u,(p(mr g rm-))}.

’rir.]-IKD.O’r‘,j‘_,'

Using induction, we can prove that, for all ¢ < k,

C; < max{u(T;), max u(Ty)+ pu(p(rj,mij))}-

TL"_J'"<D7‘£.]'

Since 7,1 is the root of T and n, = 1 and all roots of a decomposition forest T; have the same
parent, the length of (o, 7) is at most

max{p(Ty), max w(Ts) + p(p(rin, i)}

So we have proved the following lemma.

Lemma 5.1. Let (T, pu,c,L,0,g,P) be a LogP instance, such that T is an intree. Let Ty,..., Ty
be a decomposition of (T, u,c,L,o0,qg,P), such that k < P. Then, using Ty,..., Ty, Algorithm DE-
COMPOSITION TREE SCHEDULING constructs a communication-free schedule for (T, u,c, L, o0, g, P)
of length at most

max{p(Ty), max w(Ts) + p(p(rin, i)}
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Consider the communication-free schedule (o, 7) for (T, u,c, L,0,g,P) constructed by Algo-
rithm DECOMPOSITION TREE SCHEDULING. Let v be a task of T. Let d(v) be the indegree of v.
If a predecessor of v is scheduled on a different processor, then v is an element of PT and at most
d(v) — 1 children of v are executed on different processors. Hence there are at most d(n —1) — 1
communication operations in the feasible schedule (0., 7.) constructed from (o, ) by introducing
the communication tasks. Let ¢pmax = max, ¢(u). Then the length of (o.,7.) is at most the length
of (o,7) plus (d(n—1) —1)(L + 0+ cmax max{o, g}). Hence we have proved the following theorem.

Theorem 5.2. Let (T, u,c,L,0,q9,P) be a LogP instance, such that T is a d-ary intree. Let
Ty,..., Ty be a decomposition of (T, u,c,L,0,g,P), such that k < P. Then, in polynomial time, a
schedule for (T, u,c,L,o,q,P) of length at most

max{p(Ty), max w(Ty) + p(p(rin,ri0))} + (d(n = 1) = 1)(L + 0 + cmax max{o, g})

can be constructed, where n is the number of roots of Ty, ..., Tk.

Note that if the roots of the decomposition trees are the only tasks outside PT that are children
of tasks of PT, then at most n — 1 communication operations are necessary.

5.1 An approximation algorithm for full d-ary intrees

In this section, we will consider full d-ary intrees with unit-length tasks. We will construct de-
compositions of such intrees. The decompositions are used by Algorithm DECOMPOSITION TREE
SCHEDULING to construct a schedule.

An instance of a corresponding scheduling problem with unit-length tasks is denoted by
(T,17,¢,L,0,g9,P). Assume T is a full d-ary intree of height h. Then the longest path in T
contains h tasks. Let r be the root of T'. A task u of T is said to be of level k if the path from
u to r contains k tasks. Note that there are d* tasks of level k in T. Hence the total number of
tasks in T equals 30—} di = &=L,

Determine k, such that d* < P < d**1. Let m = L%Jdk. Then m is the smallest multiple
of d* that does not exceed P. Since m > d*, P < 2m. We will construct a decomposition of
(T,17,c,L,0,g, P) consisting of m subtrees of T'.

There are d* tasks of level k. Assume uy, ..., uy. are the tasks of level k. Let s = o Consider
a task u; of level k. Subtree T'(u;) of T' will be decomposed into s subforests T; 1, ..., T; s of T'(u;).
Let v1,...,vq be the children of u;. Let p = [%| and ¢ = d — [4]s. Then ¢(p +1) + (s — q)p

equals d. We will construct ¢ subforests consisting of p+ 1 trees T'(v;) and s — ¢ that consist of p
subtrees T'(v;). For 1 < j < g, let

J(p+1)

Ti; = U T(ve)

t=(G=1)(p+1)+1

and, forg+1<j57<s—1,let

Jjpta d
Ti:j = U T(vt) and Ti,s = U T(’Ut) U {'U'z}
t=(7—1)p+q+1 t=(s—1)p+q+1

Now all tasks of level at least k are an element of some tree 7} ;. The remaining tasks are added

to the trees as follows. For 1 < j < d*, add the tasks of p(uj,7) \ Uf;.“ p(ug, ) to subforest T ;.
Then no task of T;, ; is a predecessor of a task of T3, , if i1 < i2. Moreover, a task of T; ;, is not
a predecessor of a task in T;; if 1 < j». In addition, the roots of a forest T} ; have the same
parent.

Consider the resulting decomposition Ty 1,...,T1 sy ..., Ty 1,..., Tyr 5. If d is divisible by s,

then ¢ equals 0, p = f%] and each forest has at most k+1+p Zh_l

iZes1 AP elements. Otherwise,
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[4] = p+ 1 and each decomposition forest consists of at most k + 1+ (p + 1) Zf:_klﬂ d—k1
tasks. In either case, a decomposition forest contains at most k + 1+ [4] 32071 | d"=*~1 tasks.
From Lemma 5.1, Algorithm DECOMPOSITION TREE SCHEDULING constructs a communication-
free schedule (o, 7) for (T, 17,¢, L,0,g, P) of length at most

h—1

d .
E+1+4 |- A=k,
+ +{J >

1=k+1
Let ¢ be the length of (o, 7).

Let ¢* be the length of an optimal schedule for (T',17,¢, L, 0, g, P). For each k* < h — 1, there

are d*” tasks of level k*. Let u be a task of level k*. Then T(u) contains Ef;kl d'=*" tasks. The
path from wu to the root of T" has length k*. As a result, for all £* < h —1,

dk* h—1
s« * i—k*
N Z d
i=k*
As a result,
Pal=a
(< k+1+ —1 S oakt
i=k+1
P =
= k+1+ WW S oakt
¥ iyt
'dk+1 h—1 )
— k+1+ -‘ Z d17k71
m 1=k+1
Pdt i—k—1 — i—k—1
< kbt ld—— .Zd "‘4Zd
1=k+1 1=k+1
P = i—k—1 = i—k—1
< (k1 > d )+dk+1TZd
P p 1=k+1 i=k+1
< Eé* + dk+1€*
P P .
= (E + W)é .
Let z = [2]. Then m = d*z, P < d"(z 4+ 1) and 1 < z < d — 1. Therefore,
P P .
( < (E + W)
d*(x+1)  d¥@z+1), ,
< dkx dk+1 )
r+1 x+1
= r.
Now consider the function
r+1 x+1
fd 1T = + d
for 1 <2 <d-—1. Let f} be the derivative of f;. Then
o1
fd(x) - x2 d'

fi(x) is negative for 1 < x < V/d, zero for 2 = v/d and positive for vVd < < d — 1. Hence
fa(x) < max{fa(1), fa(d — 1)} for all x. Hence
1 2

2
< = — = ).
¢ < max{2+d,2+d_1}£ (2+d)€
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Note that if d equals two, then 2" < P < 2¥*!. Hence m = | £ |2¥ = 2*. In that case, 28+ is
divisible by m and hence ¢ < %é* < 20%.

The resulting communication-free schedule can be transformed into a feasible schedule for
(T,17,c,L,0,g, P) by introducing the communication operations. The number of communication
operations equals the total number of roots of the decomposition trees T; ;, because PT consists
of all tasks of level at most k£ — 1. Consider the forests T} ;,...,T; ;. Each of these forests consists

of at most [2] = f%] trees. Hence the total number of roots is at most

dk+1 dk+1 5
dks[ ml < dk% — +dk%
— dk+1 +m
< (d+1)P.

Note that if d equals two, then the number of roots is at most 2P. So we have proved the following
theorem.

Theorem 5.3. Let (T, 17,¢,L,0,g,P) be a LogP instance, such that T is a full d-ary intree. Let
0% be the length of an optimal schedule for (T,17,¢, L,o,g, P). In polynomial time, a schedule for
(T,17,¢,L,0,qg,P) of length at most

2.
(2 + E)é* + ((d+1)P —1)(L + 0+ ¢max max{o, g})
can be constructed. If T is a full binary intree, then a schedule of length at most

20* + (2P — 1)(L 4 0 + cmax max{o, g})

can be constructed in polynomial time.

5.2 An approximation algorithm for arbitrary d-ary intrees

In this section, we will construct decompositions for instances (T, u, ¢, L, 0, g, P), such that T is
an arbitrary d-ary intree. These will be used by Algorithm DECOMPOSITION TREE SCHEDULING
to construct a schedule for (T, u,c, L,0,g,P). Consider an instance (T, u,¢c, L, o0, g, P), where T'
is a d-ary intree. Let N be the sum of the task lengths of the tasks of T. Let 1 < 3 < N.
(T, u,c,L,o,g,P) is called S-restricted if every task of T has length at most 3 and every task with
at least two children has unit length.

If (T, u,c,L,0,g,P) is not B-restricted, then a S-restricted instance (Tg, ug,cg, L, 0, g, P) can
be constructed as follows. Let w be a task of T. Assume p(u) = ki3 + ko + 1, such that
0 < ky < B —1. Then u is replaced by a chain of ky + 2 tasks ug < w1 < ... < up < Upy1, such
that pg(uo) =1, pe(ur) = ... = pgluk,) = B and pg(ug,+1) = k2. In addition, cg(ur,+1) = c(u)
and cg(ug) = ... = cg(ug,) = 0. Note that if ko = 0, then ug, 41 does not exist. In that case,
cg(ur,) = c¢(u). Then (Tg, pg,cs, L, 0,9, P) is a B-restricted instance. The number of tasks of Tg
is at most % + 2 times the number of tasks of T

Let (T, u,c, L,o0,g, P) be a S-restricted instance, such that T is a d-ary intree. The next lemma
allows the decomposition of (T, i1, ¢, L, 0, g, P), such that the total task length of these intrees does
not differ much. By u(T'), we denote the sum of the task length of the task of T'. The following
lemma is similar to a lemma of Kosaraju [18] that considers the number of leafs of binary trees.

Lemma 5.4. Let (T, u,c,L,o,g, P) be a B-restricted LogP instance, such that T is a d-ary intree
and (T) > B. Then T contains a task w, such that § < u(T(u)) <d(B—1)+1.

Proof. This is obvious if T' contains only one task. Suppose the lemma holds for all d-ary intrees
with at most n — 1 tasks and n > 2. Let (T, u,¢, L, 0, g, P) be a B-restricted instance, such that T'
is a d-ary intree with n tasks and 8 < u(T'). Assume u is the root of T
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Case 1. u has indegree one.

Let v be the child of u. If u(T(v)) < B —1, then B < u(T(w)) < p(u) + w(T(v)) <
28 -1 < d(p — 1)+ 1. Otherwise, with induction, T'(v) contains a task w, such that
B < u(T(w) < d(f— 1)+ 1.

Case 2. u has indegree at least two.
Then u is a task of length one. If u(T'(v)) < 8—1 for all children v of u, then 8 < u(T'(u)) <
d(3 — 1) + 1. Otherwise, u has a child v, such that u(7(v)) > 8. With induction, T'(v)
contains a task w, such that 8 < pu(T(w)) <d(B8—1)+ 1.

O

Using this result, Algorithm d-ARY TREE DECOMPOSITION constructs decompositions of -
restricted instances (T, i, ¢, L, 0, g, P), such that T is a d-ary tree in at most k trees by repeatedly
removing a task and its predecessors.

Algorithm d-ARY TREE DECOMPOSITION

Input: A S-restricted instance (T, u, ¢, L, 0, g, P), such that T is a d-ary intree with n nodes and
an integer k with 1 < k < n.

Output: A decomposition T1,...,Ty of (T, u,c,L,0,g,P), such that k' < k and, for all i <
min{k — 1,k'}, B < w(T;) <d(p—1)+ 1.

1. =1

2. while u(T)>d(B—-1)+1and i <k

3. do let u; be a task of T', such that 8 < u(T'(u;)) <d(Bf—1)+1
5. T.=T\T

6. ti=14+1

7. T,:=T

Figure 7: The decomposition algorithm for arbitrary d-ary intrees

The decompositions constructed by Algorithm d-ARY TREE DECOMPOSITION are used by the
approximation algorithm. Note that every forest 7; of a decomposition constructed by Algo-
rithm d-ARY TREE DECOMPOSITION is a tree. Hence the number of roots of such a decomposition
equals the number of forests. Assume r; is the root of T;.

First we will prove some properties of decompositions of 3-restricted instances. Consider a
B-restricted instance (T, u,c, L, 0,9, P) constructed from original instance (T*, u*,c¢*, L, o0, g, P).
Let Ti,...,T; be a decomposition of (T, u,c,L,0,g, P) constructed by Algorithm d-ARY TREE
DECOMPOSITION.

Lemma 5.5. Let u be a task of T* that is replaced by wy,...,ur in T. If uy,...,u, € T; and
u; €T; NPT, then wy,...,u, €T; N PT.

Proof. Suppose u1,...,u, € T; and w; € T; N PT. w; has a predecessor outside 7;. Since
Wjy1,. .., U, are successors of u;, they have a predecessor outside T; as well. Let v be a predecessor
of u; outside T;. Then ug,...,u; ;1 are tasks on the path from v to u;, because ug,...,u; all
have indegree one. So all tasks uq,...,u, are a successor of v. Hence these are all elements of
T,NnPT. O

Lemma 5.6. Let u be a task of T* that is replaced by wy,...,ur inT. If ujpq € T; and u; & T5,
then w; is the root of a decomposition tree.

Proof. Suppose ujy1 € T; and u; ¢ T;. Then uj4q is a task of T; with a child outside Tj.
The children outside T; of such a task are roots of decomposition trees. So w; is the root of a
decomposition tree. O
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Assume (T, u,c, L, 0,9, P) is constructed by replacing tasks of length at least two from the
instance (T, u*,c¢*,L,0,g9, P). A topological order v, ...,v; of a subtree T" of T is called T*-
consistent if, for all tasks u of T* and all subtasks wu; of u, if u; and u;y; are elements of 7",
then u; = v; and w;41 = w41 for some j. Clearly, for every subtree T’ of T, there is a T*-
consistent topological order. We will assume Algorithm DECOMPOSITION TREE SCHEDULING uses
such topological orders.

Let (o, 7) be the communication-free schedule for S-restricted instance (T, u, ¢, L, 0, g, P) con-
structed by Algorithm DECOMPOSITION TREE SCHEDULING using decomposition 77, ..., Ty. From
Lemma 5.1, the length of (o, ) equals max{u(Ty), max;<, u(T;) + u(p(rj,ri))}.

(o, 7) need not be a communication-free schedule for (T, i, ¢, L, 0, g, P). It is, however, possible
to built a communication-free schedule for (T, u, ¢, L, 0, g, P) with the same length as (o, 7). The
following lemmas are used to prove this.

Lemma 5.7. Let u be a task of T* that is replaced by wi, ..., u, inT. Then w(u1) = ... = 7(u,).

Proof. Suppose m(u1) = ... = m(uj—1). Consider u;. If u; is an element of T; \ PT for some ¢,
then w;_; is an element of T; \ PT as well. In that case, uj_1 and u; are scheduled on the same
processor. If u; is an element of T; N PT for some ¢, then u;_; is the last predecessor of u;. So u;
is scheduled on the same processor as u;_1. (|

Lemma 5.8. Let u be a task of T* that is replaced by uy,...,u, in T. Then processor w(uy) does
not erecute any tasks between u; and wj4 ;.

Proof. Consider two tasks u; and w;41, such that o(u;y1) > o(u;) + p(u;). Since Algorithm DE-
COMPOSITION TREE SCHEDULING uses T*-consistent topological orders, u; is an element of ;NPT
for some ¢. All tasks scheduled on processor ¢ after u;_; are successors of u;_;. Since u; is the only
immediate successor of w;j_y, no task is scheduled on processor m(u;) between u;_; and u;. O

Using Lemmas 5.7 and 5.8, it is easy to transform a communication-free schedule (o, 7) for
(T,u,c,L,o,g,P) into a communication-free schedule for (T*, u*,c*, L, 0,9, P). Consider a task
u of T* that is replaced by wuy,...,u,. Assume o(u;y1) = o(u;) + p(u;) for all j > 4. Then set
o(u;—1) = o(u;) — u(u;—1). Then there is no idle time between u;_; and u;. By repeating this,
we get a schedule (¢*,7*) that coincides with a schedule (¢*,7*) for (T, u*,c*, L, 0, g, P): task
u is scheduled on processor 7*(u) at time o*(u1). The length of (¢*,7*) equals that of (o, 7).
Hence we can construct a communication-free schedule for (T, u*, ¢*, L, 0, g, P) of length at most
max{(Ty), max;<r (T;) + p(p(r;, 7)) }. Moreover, since no task is moved to another processor,
the communication requirement of the schedule for (T, u,c, L, 0, g, P) equals that of the schedule
for (T, u,c, L,o0,q,P).

Consider the decomposition T, ..., T of B-restricted instance (T, u,c, L, 0, g, P) constructed
by Algorithm d-ARY TREE DECOMPOSITION using parameter P. Then 3 < u(T;) < d(f—-1)+1
foralli <k —1.Ifk <P —1, then g < u(Ty) <d(B —1)+ 1. Otherwise,

N-(P-1)dB-1)+1) < wI) < N-(P-1)3

Let (o,7) be the communication-free schedule for (T, u,c, L,0,g, P) constructed by Algo-
rithm DECOMPOSITION TREE SCHEDULING using this decomposition. Let ¢ be the length of (o, )
and ¢* the length of a minimum-length (communication-free) schedule for (T, 1, ¢, L, 0, g, P). Then,

for all i < k,

1 ) N
o > ﬁu(Ti)—Fu(p(ri,rk)) and ¢* > 5

We know that ¢ = C(ry) < max{u(Ty), maxj<i u(T;) + p(p(rj,ri))}. We will consider two
cases. First, we will assume that either £ < P, or k = P and pu(Ty) < max;<x u(Ty) + p(p(rj, ri)).
In that case,
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t < r]r.lgg(u(Tj)+u(p(7’j,m)))
< max(t” + (1= H)u(T)
< £ (- 5B
< €*+(1—%)dﬁ§£*
- (1+d(P—1)%)£*.
Second, we will assume that £ = P and p(Ty) > maxj<p, u(T;) + u(p(rj, rx)). Then
< u(Ty)
< N—(P-1)p
< TN (P-p)
_ (p—p(p—1>%>e*.

Hence the length of (o, 7) is at most max{1 + d(P — 1)%,P — P(P — 1)%}6*. This bound is
as small as possible if 1 + (dP — 1)% equals P — P(P — 1)% In that case, 3 = —=5N. Then ( is

d+P
at most p?_p a(P ) oy
- -1 +
P — rr = (14+4——)" = (d+1-
=) e @15 p

Note that for § = 5 N, the number of elements of the 3-restricted instance is at most d + P + 2
times the number of elements of the original instance. So the number of tasks of the S-restricted
instance is polynomial.

)"

Earlier in this section, it was described how a communication-free schedule can be transformed
into a feasible schedule. The length of the resulting schedule exceeds that of the communication-
free schedule by the total length of the communication operations. Hence we have proved the
following theorem.

Theorem 5.9. Let (T, u,c,L,0,g,P) be a LogP instance, such that T is a d-ary intree. Let (*
be the length of an optimal schedule for (T,u,c,L,o,g,P). In polynomial time, a schedule for
(T,p,c,L,o0,9,P) of length at most

d?+d

1_
(d+1-57F

W5+ (d(P —1) = 1)(L + 0 + ¢max max{o, g})

can be constructed.

5.3 Another approximation algorithm for arbitrary d-ary intrees

In this section, we will construct different decompositions of arbitrary d-ary intrees with arbitrary
task lengths. These decompositions consist of forests that are smaller than those constructed by
Algorithm d-ARY TREE DECOMPOSITION and consist of more than one tree. The decomposition
algorithm can also be used for inforests by assuming that all roots have the same (dummy) parent.
The indegree of this dummy root need not be taken into account. The basis of the decomposition
algorithm is the following lemma.

Lemma 5.10. Let (T, pu,c,L,0,g,P) be a S-restricted LogP instance, such that T is an intree
and w(T) > B. Then T contains a collection of tasks uy, ..., uk, such that 8 < uw(T(u1)) + ...+
w(T(ur)) <28, u1,...,ur have the same parent v and if k > 2, then v has at least k + 1 children.

Proof. This is obvious if T contains only one task. Suppose the lemma holds for all intrees with
at most n — 1 tasks and n > 2. Let (T, pu,c,L,0,g, P) be a -restricted instance, such that T is
an intree with n tasks and 8 < u(7T'). Assume u is the root of T
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Case 1. u has indegree one.
Let v be the child of w. If u(T'(v)) < 8 —1, then 8 < u(T'(w)) < p(u) + p(T(v)) <28 —1.
Otherwise, |T'(v)| > B and, with induction, T'(v) contains a collection of tasks wq,...,wy
with the same parent z, such that 3 < pu(T'(w1)) + ...+ u(T(wy)) < 25 and if £ > 2, then
2 has at least £ + 1 children.

Case 2. u has indegree at least two.

We may assume p(T'(u)) > 26+1. Let vy, ..., v, be the children of u, such that u(7T'(v1)) >
oo 2 (T (o). I w(T(v1)) > B, then, with induction, T'(v1) contains a collection of tasks
w1, ..., wg such that 3 < w(T(w1)) + ...+ p(T(wy)) < 28, wi, ..., w, have the same parent
x, and if k£ > 2, then « has at least k£ + 1 children. So we will assume u(7T'(v1)) < 3—1. We
know that p(T'(v1)) + ... + u(T(vm)) = (T (u)) —1 > 25. Let k be the smallest integer,
such that u(T'(v1)) + ...+ u(T(vx)) > B. Then £ <m —1 and pu(T(v1)) + ...+ pu(T(vx)) <
B—1+u(T(0p)) < 26— 2.

O

Like Algorithm d-ARY TREE DECOMPOSITION, Algorithm TREE DECOMPOSITION shown in
Figure 8 constructs decompositions of arbitrary intrees by repeatedly removing a subforest.

Algorithm TREE DECOMPOSITION

Input: A S-restricted instance (T, u,c, L,0,g, P), such that T is an intree with n nodes and an
integer £ with 1 < £ < n.

Output: A decomposition T4,..., Ty of (T, u,c, L, 0,g, P), such that k' < k and 8 < u(T;) <208
for all 4 < min{k — 1,%'}.

1. 2:=1

2. while u(T)>28 and i < k

3. do let u;1,...,u;,, be tasks of T with one parent, such that § < E;l:l w(T (u;5)) <28
4. Tz = T(U,i’1) U...uU T(U’i,ni)

5. T.=T\T,

6. ti=1+1

7. T;:=T

Figure 8: The decomposition algorithm for arbitrary intrees

Let (T, u,c, L, o0, g, P) be a B-restricted instance, such that T is an intree. Let T}, ..., Tj be the
decomposition of (T, u,c, L, 0, g, P) constructed by Algorithm TREE DECOMPOSITION using pa-
rameter P. Using this decomposition, Algorithm DECOMPOSITION TREE SCHEDULING constructs
a communication-free schedule (o, 7) for (T, u,c, L, 0,g, P). If (T*, u*,c*, L,0,g, P) is the instance
from which (T, u,c, L,0,g, P) is constructed, then we assume that the topological orders used by
Algorithm DECOMPOSITION TREE SCHEDULING are T*-consistent.

From Lemma 5.1, the length of (o, 7) is at most

max{u(Tx), max u(Ti) + p(riz, 7o)}
where r; ; is the the root of the j*" subtree of Tj.

If t <P -1, then u(Ty) <28. Otherwise, k = P and

wTe) = w(T)=(WT)+...+u(Tp-1)) < wT)—(P-1)8
Define N = u(T). Let ¢ be the length of (o, 7) and let ¢* be the length of an optimal schedule for
(T,p,c,L,o,g,P). Obviously,

> w(T;) + p(p(rin, me,1))  and €5 >

|2

1
P
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The length of (o, 7) equals C(ry1), since ry 1 is the root of T. Two cases need to be taken into
account. First, suppose that either & < P, or k = P and u(T}y) < max;cp w(T;) + p(p(ri, ri)-
Then

¢ < max(u(T;) + p(p(rsa.mia))
. 1
< max(f" + (11— 5)ilT3))
< 21— F)B
1..P
< F+21- =)=l
- + A P)ZN
= (14+2(P- I)N)E*.
Second, suppose that k = P and u(T%) > max;<, u(Tj) + p(p(r;1,7%,1)). In that case,
< u(Tx)
< N—(P-1)3
P
< TN -(P-1a)
B\
= (P—-—PP-1)=)(".
(P~ P(P 1))

Hence the length of (o, 7) is at most max{1 + 2(P — 1)%, P—- PP - 1)%]%*. This bound is
as small as possible if 1 + (2P — 1)% and P— P(P — 1)% are equal. In that case, 8 = PL+2N and
( is at most P 6

1+2——)0" = (83— )"
(1+ P+2)€ ® P+2)£

Suppose (T, i, ¢, L, 0, g, P) is constructed from original instance (T, u*,c¢*, L, 0, g, P). Similar
to Lemma 5.7, we can prove that the subtasks in T of a task u of T are scheduled on the same pro-
cessor. There may be other tasks that are scheduled between these subtasks, but it is not difficult
to transform (o, 7) into a communication-free schedule (o*, 7*) for (T*, u*, c*, L, 0, g, P) with the
same length. The number of communicating pairs does not increase, because no task needs to be
scheduled on a different processor. So the communication requirements of both communication-
free schedules are equal.

Each decomposition forest T; consists of a collection of trees whose roots have the same parent.
Using Lemma 5.10, if a decomposition forest consists of more than one tree, then the parent of the
roots of these trees has another child. In addition, decomposition forest T} consists of one tree.
Hence the number of roots of the decomposition forests is bounded by max{d—1,1}(P—-1)+1 =
(d—1)(P —1)+ 1, where d is the maximum indegree in 7.

Since the indegree of a possible dummy root need not be considered, we have proved the
following theorem.

Theorem 5.11. Let (T, u,c,L,0,g,P) be a LogP instance, such that T is a d-ary inforest. Let
0% be the length of an optimal schedule for (T, u,c,L,o0,g,P). In polynomial time, a schedule for
(T,p,c,L,o0,9,P) of length at most

6

(8= 55)0" + (@ = 1)(P = 1) = 1)(L + 0+ cmax max{o, g})

can be constructed.

In Sections 5.2 and 5.3, two algorithms are presented that construct decomposition of arbi-
trary d-ary intrees with arbitrary task lengths. The first constructs decompositions consisting of
subforests that consist of one intree. The sizes of these subforests differ by at most a factor of d.
The second constructs decompositions into a collection of subforests that consist of at most d — 1
intrees. The sizes of these subforests differ at most a factor of two.
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The length of the schedules constructed by Algorithm DECOMPOSITION TREE SCHEDULING
using the decompositions constructed by Algorithms d-ARY TREE DECOMPOSITION and TREE
DECOMPOSITION consist of two parts; the first depends on the task lengths and the precedence
constraints and is independent of the communication requirements, the second only depends only
on the communication requirements.

The decompositions of Algorithms d-ARY TREE DECOMPOSITION and TREE DECOMPOSITION
give a trade-off between computation and communication: the lengths of the schedules constructed
using decompositions constructed by Algorithm d-ARY TREE DECOMPOSITION have a rather large
computation part and a small communication part, whereas the lengths the schedules constructed
using decompositions of Algorithm TREE DECOMPOSITION have a small computation part and a
larger communication part.

Concluding remarks

The algorithm presented in Section 5 can be used in a very general setting. The decomposi-
tions are used by Algorithm DECOMPOSITION TREE SCHEDULING to construct communication-
free schedules. These schedules can be transformed into feasible schedule for any model of parallel
computation by introducing communication tasks between every communicating pair.

Hence, for any model of parallel computation, we can construct schedules on P processors for
full d-ary intrees with unit-length tasks whose lengths are at most 2 + % times that of an optimal
schedule plus the duration of (d + 1)P — 1 communication operations.

In addition, for arbitrary d-ary intrees, schedules of length at most d + 1 — % times the
length of a minimum-length schedule plus the duration of d(P — 1) — 1 communication operations
can be constructed in polynomial time. The same holds for schedules of length at most 3 — PL_I_Q
times the length of an optimal schedule plus the duration of d(d — 1)(P — 1) — 1 communication

operations.
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