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Abstract

If onedefinesavisualfront-endto bethatpartof avisualsystemn which the structureof
theopticalworld is representeth someleastcommittedform, thenit is plausibleto assert
thatit reflectsthe structuralproperties,notably symmetriesof the optical environment.
We proposea methodologyfor constructingreceptve field assembliexonsistentwith
thesesymmetries,which contriltutesto our understandingf the visual front-endin a
predictive andretrodictive way.
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1 Introduction

If onedefinesavisualfront-endto bethe sensorystageof avisual systemin which the struc-
ture of the opticalworld is representeth someleastcommittedform, i.e. prior to semantical
processingthenit is naturalto subjectit to the sameconstraintsasthosethatgovernthe phe-
nomenologicakrnvironment,notablythe structureof spacetimeln physicsa commonway to
describespacetimas in termsof the symmetrieshatunderlythe behaiour of spatiotemporal
phenomenaln particular classicakpacetimeanbedescribedn termsof spatiotemporashift
invariancg homogeneityandspatialrotationinvariance(isotropy). Oneshouldadd(isotropic)
spatialandtemporalscaleinvariance which areinstance®f the universallaw of scaleinvari-
ance(the rationalebehinddimensionalanalysis,cf. Olver [1]). An elegantway to combine
thesymmetrystatementsoncerning'empty spacetimewith operationallydefinableconcepts
suchasretinal irradiances receptve fields and neuralsignals,is provided by the so-called
“carry-along” principle. This is a preciserecipefor expressingspacetimdransformationsn
termsof actionson real objects,and captureghe intuitive ideaof a transformatioras some-
thing carriedout onthingsonecangraspratherthanon physicallyvoid “points in spacetime”.
Koenderinkproposess modelof the front-endbasedon similar reasonindg2]. Centralto
this is a receptve field taxonomy[3], which is not merelya schemefor modellingreceptve
field profiles, but anorderingof varioustypesin ahierarchical/heterarchicalannemnotunlike
the periodicsystemof the elementausedin physicsandchemistry Sucha systematizatiotis
usefulfor bothits predictive andretrodictve power (stipulatingthe existenceof novel types

Typical tolerancesof single cell recordingsin the visual systemleave room for a variety of datamodels;
decisionshetweerthesecannothe basedn dataevidencealone.



of receptve fields or interrelationsasyet unknavn, respectrely addingstructureto a hitherto
unsortedbody of empiricaldata).

The standardGaussianfamiliar for its role in scale-spacé¢heory[4, 5], constituteshe
pivot of Koenderinks model. Ironically, thereis hardly ary empirical evidencefor sucha
receptve field profile in mammalianvision, but its strengthlies in the factthat certainbasic
operationgarriedout on it, suchasdifferentiation linear superpositionandparticulartypes
of affine transformationgv.i.), do generateéemplateshat agreewith physiologicalevidence
[6, 7,8, 9,10,11, 12,13, 14]. Below a completegroup of operationss deducedrom the
physicsof classicakpacetimeonsistentvith availableevidence.

2 Theory

Considera tentatve profile ¢ intendedto modelthe shapeof a putatve receptve field dis-

regardingattributessuchassize, orientation,and basepoint. Let us call it a “template” for

easeof reference.Theideais thatif we “transformit in the right way” we obtaina function
that may actually correspondo a receptve field profile found someavherealong the visual
pathway. Similarly we introducea scalarfunctionw representing fiducial retinalirradiance
distribution modulosuchspacetimattributes.Of coursethis functioncoulda priori have ary

form. Severalfundamentafuestionsarise ,which will be addressebelow:

1. How doesastimulusw interactwith areceptvefield soasto produceaneuralresponse?
2. Whatis areasonablehoiceof templatep?
3. How shouldonetransformit soasto becomecompatiblewith empiricalfindings?

In orderto tacklethesequestionsa simplifying assumptioris madeconcerninghe first, viz.
that of bilinearity. Thatis to say a neuralresponsearisesby linear filtering of w usinga
suitablytransformedp asthe correlatingfilter. This assumptions not asrestrictve asmight
appearon first sight, sinceoneis not compelledto identify w with the physicalphotonflux
impinging on the retina; any monotonicmappingwill do. Typically onefinds a logarithmic
compressiomf photonflux attheretinallevel. Accountingfor this, linearsignalproductionis
appropriatevithin alimited rangebetweerthresholdandsaturatiorevels.

Theassumptiorof bilinearity leadsusinto therealmof differentialgeometrywhich deals
with manifolds(lik e spacetime)yectors(receptve fields), covectors(local retinal irradiance
patterns)etc. Althoughit is probablyno harderto retut any of theassertionsnadebelow than
it is for bilinearity, it is interestingo putthevisualfront-endinto the perspectie of differential
geometryandseewhatit leadsto. (As the AmericanstatesmarsamuelRaylurn onceput it:
“Any jackasscankick down abarn,but it takesa carpenteto build one?)

As for thesecondjuestion)et usadoptthe standardsaussiarasthe basictemplate Koen-
derink hasmotivatedthis choiceby amguing thatit is the only reasonabl®nein the context
of a linear generalisatiorprinciple [4]: Only Gaussiarfiltering will preventcreationof spu-
riousintensitylevelsthatareabove or below all thosein theimmediateneighbourhooaf an
extremalpoint (“spuriousresolution”). Giventhe straticulatenatureof the visual pathway, an
entirely differentbut equallycompellingdemands that of algebraicclosure statingthatany



concatenationf linearfilterings by elementdrom a putatie classshouldcorrespondo a sin-
gle filtering by a memberof the sameclass[15]. Thisis atleastin agreementvith findings
thatsimilar receptve field profilesshav up atvariouslocationsalongthevisual pathway. The
only positive smoothfunction generatingan autocorolution algebra(“in-itself-closed”) is,
again,the normalisedGaussian Anyway, for the procedureoutlinedbelow, pertainingto the
third andfinal questionjt doesnot somuchmatterwhatthetemplateis, aslong asit permits
usto modelactualreceptve fields by simpletransformationsThe Gaussianndeedturnsout
to bea corvenienttemplatefor this purposecf. thedatamodellingby Young[16, 17].
Let usturn to the detailsof the carry-alongprinciple andinvestigateits implicationsfor
receptve field modelling. Fig. 1 illustratesthe conceptin termsof a commutatve diagram.
If we denotethe neuralsignal producedby exposinga receptve field template¢ to areti-
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Figure 1: Left: The carry-alongprinciple relatesspacetimdransformation® to their corre-
spondingactionson receptve field templatesp (“pushforward”) andretinalirradiancedistri-
butionsw (“pull back”). By constructioronehasw(f.¢] = 0*w[¢]. Right: pushforward of a
receptve field templateunderanaffine transformation.

nal irradiancedistribution w by w[¢], thenthe correspondingctionsinducedby a spacetime
transformatiorf on ¢ andw are definedsuchthat w(f.¢] = 6*w[¢]. Heref,.$ denotesthe
f-transformedemplate,and*w the transformed-etinal irradiancedistribution equialentto
it. Thusary changeof neuraloutputcanalwaysbe explainedby a suitablechangeof either
w or ¢ (“duality”). Notethata labelhasbeenattachedo the classef receptve fields, A,
andretinalirradiancesy,, indicatingthe spacetimattribute x of the respectre objectsbeing
transformedFromthedirectionsof thearranvs oneappreciatesvhy mathematicianarewont
to call ,¢ andf*w the “pushforward” and“pull back” of ¢, respectiely w, by the mapping
. By definitiononetakesf*w = w o #, i.e. the original retinalirradiancefunction evaluated
in f-transformedpoints(a “warping”; physicistscall this “scalartransformation”).By duality
onethenfindsthatf,¢ = | det VO™ |¢ o ™, i.e. the original templateevaluatedin inversely
transformedpoints,with a Jacobiardeterminanthatpreseresnormalisation(*filter tuning”;
in the jargon of physics“density transformation”). It is understoodhat the attributesof the
variousobjectsandtheir respectie transformsaref-relatedaswell, recallthelabelsin Fig. 1.



Sincethenatureof classicakpacetime&anbedescribedn termsof atransformatiorgroup?
[18], it is interestingto seewhatkind of profilesareobtainedf we subjectthe Gaussiartem-
plateto it. The collectionof 6,¢ for all 8 in this group thenreflectsthe very structureof
the spacetimemanifold. If the transformatioris non-infinitesimalandcanbe describedoy a
numberof (Lie) parametersthentypically (but not necessarilythe resultwill alsodepend
on theseparameters.However, infinitesimal transformationsre also of interest;e.g. anin-
finitesimal displacementnducesan action which correspond$o operationallywell-defined
andwell-poseddifferentiationin the senseof distributiontheory[19]. In thiswaythe standard
Gaussiameadily produceghe Gaussiariamily of derivative profiles[3]: Fig 2.

Figure 2. Cartesiarrepresentatiof the Gaussiarfamily up to third order This scheme
canbecontinuedo ary ordet yieldingincreasinglycomplex shapesvith oneadditionalzero-
crossingperorder

The Gaussiarfamily constitutesa completebasis,which allows us, at leastin principle,
to modelarbitraryprofiles. However, its strengthlies of coursein the potential,to be verified
or refutedby empirics,thatonewill needonly simplecombinations(Otherwiseary function
basiswould trivially be a perfectmodel!) Indeed singlecell recordingsn mammaliarnvisual
front-endsrevealanabundanceof spatialprofileslik e thosein Fig. 2 up to orderfour or so,or
linearcombinationf these Familiarare“centre-surroundprofiles(muchlik e Laplaciansof
aGaussiangassociatewvith ganglioncells,“edge”and“bar detectors{directionalderivatives),
“end-stopped’and“grating detectors’(mixedderivatives),etc.

Althoughthe carry-alongrecipeby infinitesimaltransformationgppliedto the zerothor-
der Gaussiarfexplains” the entire Gaussiarfamily, it remainsto be shovn how exactly em-
pirical receptve field recordingsrelateto the templatesof this family. For this we needto
considemon-infinitesimalransformationsln practiceoneproceedsy picking anappropri-

2In fact,a so-calledLie group.



atetemplatemoving it to theretinallocationof interest,orientingit in the properway (if not
isotropic),andscalingup its spatialextentandamplitudeto theright size. But recallthatthis
is just the pushforward recipeappliedto the appropriateemplatefor the spatial part of the
classicalpacetimesymmetrygroup! In additionthis recipeexplainswhy andhow amplitude
and spatialextent are confoundedthe way they are, why there mustbe a denseoverlap of

receptve fields,andwhy they occurreplicatedat multiple scales.It alsoexplainstheir soma-
totopicorganizationg.g. in thecorticalcolumnsdiscoveredby the NobellaureatedHubeland
Wiesel.

It seemseasyto extendthe procedurdo thetime domain:Simply includetime shifts(static
model)andpossiblyGalileanboostgkinematicmodel). Thelattertype of spacetimeés onein
whichthereis no notionof absolutevelocity; systemsbehace alike if they move with constant
relatve speed. The static modelintroducesone parameteiin the form of a temporalbase
point,i.e. themomentat—orrather around—whichareceptve field is mostactive, aswell as
onetime scaleparameterlt is a specificinstanceof the kinematicmodel,which bringsin an
additionalparameterviz. thetuningvelocity of thereceptve field® [20].

However, if we proceedalongthisline of reasoningoo navely we arein for anunpleasant
surprise. First of all a time shift appliedto any memberof the Gaussiarfamily will never
yield a profile thatis completelywithin the causalpartof thetime axis, althoughlarger shifts
towardsthe past(given fixed temporalscale)will of coursealleviate the degreeof causality
violation. Evenworse,the profilesobtainedsimply fail to resemblehe onesactuallyfound.
Apart from causality onetypically obsenesa peculiartime-skew; the profilesappeaincreas-
ingly stretchedowardstheremotepast.If oneinsistsontheuseof Gaussianemplateswhich
arebothof infinite supportaswell asof definiteparity (symmetricalbr anti-symmetrical)pne
wondershow onecouldever “save thephenomena”.

But it turnsoutthatnot only canonedo so,the solutionis a simpleandratherelegantone.
It waspointedoutby Koenderinkin his causatheoryof “scale-time”for the zerothordercase
[21], is in perfectagreementvith anempirically testeduniversalscalingphenomenofnown
asBenfordslaw [22], andpreseresall thesymmetrie®f classicabpacetimgl5]. The“trick”
is to maptime logarithmically suchthatthe future partof thetime axisis discardedrom the
outsetandthe presenimomentbecomes singularity As thereademay verify, pushforward
of the 1D Gaussiarfamily yields temporalprofileswhich dependon the presentmomentin
additionto a characteristicscaleanddelayparameterVarying scaleanddelaywill affectthe
amountof skew, but the profilesarealwaysmanifestlycausal.Spatiotemporateceptve fields
ariseby inclusion of the spatialdomainin the usualway. SeeFig. 3.  Profileslike those
of Fig. 3 areempirically confirmed,cf. the photoreceptocurrentsreportedby Baylor [6] and
thereceptve field studiesby DeAngeliset al. [9]. The Galilean-boostegrofilesare similar
to rotatedcopiesof their staticcounterpartsand have indeedbeenmodelledin this way, see
e.g. Adelsenand Bergen’s procedureg23]. However, unlike boosts,rotationsin spacetime
malke no sensan physics;spaceandtime “do not mix” soto speak.For this reasonandfor
its theoreticalunderpinningof time-skew and otherfundamentakpacetimgghenomenathe
carry-alongprinciple outlinedin this work is to be preferred.

3In the literature“v elocity sensitvity” is sometimesattributedto profileswhich areasymmetricarelative to
aworldline alignedparallelto thetime axis. This would qualify mary nontrivial spatiotemoparakceptve fields
asvelocity sensitve, e.g. all oddtime derivatives.
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Figure 3: Left: Logarithmictime mappingandthe inducedpushforward on Oth, 1stand
2nd orderGaussiarderivative templates.Right: Pushforward of mixed spacetimeénd order
Gaussiarderivative template. Time variesalongthe vertical axis; the bottomline corresponds
to the presenimoment. Onespatialdimensionhasbeenintegratedout, the otheris presented
horizontally Theleft profile pertainsto the staticmodel,theright oneto thekinematicmodel
incorporatinga Galileanboostof finite velocity.

3 Conclusion

The carry-alongprinciple providesa rigorousmathematicatecipefor adaptingtemplatere-

ceptve field profiles to apparentsymmetriesof the ernvironment. Applied to the classical
spacetimesymmetrygroup and Gaussiarderivative templatest yields profilesthat are con-
firmed by a body of cell recordingsn mammalianvisual front-ends putstheseinto a hierar

chical/heterarchicabrdetr and hasthe potentialof predictingnovel typesof receptve fields
andtheir relationsto existing ones.
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