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Abstract

If onedefinesavisualfront-endto bethatpartof avisualsystemin whichthestructureof
theopticalworld is representedin someleastcommittedform, thenit is plausibleto assert
that it reflectsthe structuralproperties,notablysymmetries,of the optical environment.
We proposea methodologyfor constructingreceptive field assembliesconsistentwith
thesesymmetries,which contributes to our understandingof the visual front-endin a
predictive andretrodictive way.
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1 Introduction

If onedefinesa visualfront-endto bethesensorystageof a visualsystemin which thestruc-
tureof theopticalworld is representedin someleastcommittedform, i.e. prior to semantical
processing,thenit is naturalto subjectit to thesameconstraintsasthosethatgovernthephe-
nomenologicalenvironment,notablythestructureof spacetime.In physicsa commonway to
describespacetimeis in termsof thesymmetriesthatunderlythebehaviour of spatiotemporal
phenomena.In particular, classicalspacetimecanbedescribedin termsof spatiotemporalshift
invariance(homogeneity)andspatialrotationinvariance(isotropy). Oneshouldadd(isotropic)
spatialandtemporalscaleinvariance,which areinstancesof theuniversallaw of scaleinvari-
ance(the rationalebehinddimensionalanalysis,cf. Olver [1]). An elegantway to combine
thesymmetrystatementsconcerning“emptyspacetime”with operationallydefinableconcepts
suchas retinal irradiances,receptive fields andneuralsignals,is provided by the so-called
“carry-along”principle. This is a preciserecipefor expressingspacetimetransformationsin
termsof actionson real objects,andcapturesthe intuitive ideaof a transformationassome-
thingcarriedouton thingsonecangraspratherthanonphysicallyvoid “points in spacetime”.

Koenderinkproposesa modelof the front-endbasedon similar reasoning[2]. Centralto
this is a receptive field taxonomy[3], which is not merelya schemefor modellingreceptive
fieldprofiles1, but anorderingof varioustypesin ahierarchical/heterarchicalmannernotunlike
theperiodicsystemof theelementsusedin physicsandchemistry. Sucha systematizationis
usefulfor both its predictive andretrodictive power (stipulatingthe existenceof novel types

1Typical tolerancesof singlecell recordingsin the visual systemleave room for a variety of datamodels;
decisionsbetweenthesecannotbebasedondataevidencealone.
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of receptivefieldsor interrelationsasyet unknown, respectively addingstructureto a hitherto
unsortedbodyof empiricaldata).

The standardGaussian,familiar for its role in scale-spacetheory [4, 5], constitutesthe
pivot of Koenderink’s model. Ironically, thereis hardly any empirical evidencefor sucha
receptive field profile in mammalianvision, but its strengthlies in the fact that certainbasic
operationscarriedout on it, suchasdifferentiation,linearsuperposition,andparticulartypes
of affine transformations(v.i.), do generatetemplatesthat agreewith physiologicalevidence
[6, 7, 8, 9, 10, 11, 12, 13, 14]. Below a completegroupof operationsis deducedfrom the
physicsof classicalspacetimeconsistentwith availableevidence.

2 Theory

Considera tentative profile
�

intendedto model the shapeof a putative receptive field dis-
regardingattributessuchassize,orientation,andbasepoint. Let us call it a “template” for
easeof reference.The ideais that if we “transformit in theright way” we obtaina function
that may actuallycorrespondto a receptive field profile found somewherealong the visual
pathway. Similarly we introducea scalarfunction � representinga fiducial retinal irradiance
distributionmodulosuchspacetimeattributes.Of coursethis functioncoulda priori haveany
form. Severalfundamentalquestionsarise,which will beaddressedbelow:

1. How doesastimulus� interactwith areceptivefield soasto produceaneuralresponse?

2. Whatis a reasonablechoiceof template
�
?

3. How shouldonetransformit soasto becomecompatiblewith empiricalfindings?

In orderto tacklethesequestionsa simplifying assumptionis madeconcerningthefirst, viz.
that of bilinearity. That is to say, a neuralresponsearisesby linear filtering of � using a
suitablytransformed

�
asthecorrelatingfilter. This assumptionis not asrestrictive asmight

appearon first sight, sinceoneis not compelledto identify � with the physicalphotonflux
impinging on the retina;any monotonicmappingwill do. Typically onefinds a logarithmic
compressionof photonflux at theretinallevel. Accountingfor this, linearsignalproductionis
appropriatewithin a limited rangebetweenthresholdandsaturationlevels.

Theassumptionof bilinearity leadsusinto therealmof differentialgeometry, whichdeals
with manifolds(like spacetime),vectors(receptive fields),covectors(local retinal irradiance
patterns),etc.Althoughit is probablynoharderto rebut any of theassertionsmadebelow than
it is for bilinearity, it is interestingto putthevisualfront-endinto theperspectiveof differential
geometryandseewhat it leadsto. (As theAmericanstatesmanSamuelRayburn onceput it:
“Any jackasscankick down abarn,but it takesa carpenterto build one.”)

As for thesecondquestion,let usadoptthestandardGaussianasthebasictemplate.Koen-
derink hasmotivatedthis choiceby arguing that it is the only reasonableonein the context
of a linear generalisationprinciple [4]: Only Gaussianfiltering will preventcreationof spu-
rious intensitylevels thatareabove or below all thosein the immediateneighbourhoodof an
extremalpoint (“spuriousresolution”).Giventhestraticulatenatureof thevisualpathway, an
entirelydifferentbut equallycompellingdemandis thatof algebraicclosure,statingthatany
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concatenationof linearfilteringsby elementsfrom aputativeclassshouldcorrespondto asin-
gle filtering by a memberof thesameclass[15]. This is at leastin agreementwith findings
thatsimilar receptivefield profilesshow up atvariouslocationsalongthevisualpathway. The
only positive, smoothfunction generatingan autoconvolution algebra(“in-itself-closed”) is,
again,thenormalisedGaussian.Anyway, for theprocedureoutlinedbelow, pertainingto the
third andfinal question,it doesnot somuchmatterwhat thetemplateis, aslong asit permits
us to modelactualreceptive fieldsby simpletransformations.TheGaussianindeedturnsout
to bea convenienttemplatefor this purpose,cf. thedatamodellingby Young[16, 17].

Let us turn to the detailsof the carry-alongprinciple andinvestigateits implicationsfor
receptive field modelling. Fig. 1 illustratesthe conceptin termsof a commutative diagram.
If we denotethe neuralsignalproducedby exposinga receptive field template

�
to a reti-

�
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�θ

�Σ

∆

Σ

∆

�

�

� �
θ � � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �

� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �� � � � � � � � � � � � � � � � �

� � � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � �� � � � � � � � � � �
� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � �� � � � � � � � � � push forward

*
θ  φ

φ

Figure 1: Left: The carry-alongprinciple relatesspacetimetransformations	 to their corre-
spondingactionson receptive field templates

�
(“pushforward”) andretinal irradiancedistri-

butions � (“pull back”). By constructiononehas ��
�	�
 ����� 	 
 ��
 ��� . Right: pushforwardof a
receptivefield templateunderanaffine transformation.

nal irradiancedistribution � by ��
 ��� , thenthecorrespondingactionsinducedby a spacetime
transformation	 on

�
and � aredefinedsuchthat ��
�	�
 ����� 	 
 ��
 ��� . Here 	�
 � denotesthe

	 -transformedtemplate,and 	 
 � the transformedretinal irradiancedistribution equivalentto
it. Thusany changeof neuraloutputcanalwaysbe explainedby a suitablechangeof either
� or

�
(“duality”). Note thata labelhasbeenattachedto theclassesof receptive fields, ��� ,

andretinalirradiances,��� , indicatingthespacetimeattribute � of therespectiveobjectsbeing
transformed.Fromthedirectionsof thearrows oneappreciateswhy mathematiciansarewont
to call 	�
 � and 	 
 � the“pushforward” and“pull back” of

�
, respectively � , by themapping

	 . By definitiononetakes 	 
 � � ����	 , i.e. theoriginal retinal irradiancefunctionevaluated
in 	 -transformedpoints(a “warping”; physicistscall this “scalartransformation”).By duality
onethenfindsthat 	�
 ���! #"%$'&�( 	 inv  �� �)	 inv, i.e. theoriginal templateevaluatedin inversely
transformedpoints,with a Jacobiandeterminantthatpreservesnormalisation(“filter tuning”;
in the jargon of physics“density transformation”). It is understoodthat the attributesof the
variousobjectsandtheir respective transformsare 	 -relatedaswell, recallthelabelsin Fig. 1.
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Sincethenatureof classicalspacetimecanbedescribedin termsof atransformationgroup2

[18], it is interestingto seewhatkind of profilesareobtainedif we subjecttheGaussiantem-
plate to it. The collection of 	�
 � for all 	 in this group then reflectsthe very structureof
thespacetimemanifold. If the transformationis non-infinitesimalandcanbedescribedby a
numberof (Lie) parameters,then typically (but not necessarily)the resultwill alsodepend
on theseparameters.However, infinitesimal transformationsarealsoof interest;e.g. an in-
finitesimaldisplacementinducesan actionwhich correspondsto operationallywell-defined
andwell-poseddifferentiationin thesenseof distributiontheory[19]. In thiswaythestandard
GaussianreadilyproducestheGaussianfamily of derivativeprofiles[3]: Fig 2.

Figure 2: Cartesianrepresentationof the Gaussianfamily up to third order. This scheme
canbecontinuedto any order, yielding increasinglycomplex shapeswith oneadditionalzero-
crossingperorder.

The Gaussianfamily constitutesa completebasis,which allows us, at leastin principle,
to modelarbitraryprofiles.However, its strengthlies of coursein thepotential,to beverified
or refutedby empirics,thatonewill needonly simplecombinations.(Otherwiseany function
basiswould trivially bea perfectmodel!) Indeed,singlecell recordingsin mammalianvisual
front-endsrevealanabundanceof spatialprofileslike thosein Fig. 2 up to orderfour or so,or
linearcombinationsof these.Familiarare“centre-surround”profiles(muchlikeLaplaciansof
aGaussian)associatedwith ganglioncells,“edge”and“bardetectors”(directionalderivatives),
“end-stopped”and“gratingdetectors”(mixedderivatives),etc.

Althoughthecarry-alongrecipeby infinitesimaltransformationsappliedto thezerothor-
derGaussian“explains” theentireGaussianfamily, it remainsto beshown how exactly em-
pirical receptive field recordingsrelateto the templatesof this family. For this we needto
considernon-infinitesimaltransformations.In practiceoneproceedsby picking anappropri-

2In fact,a so-calledLie group.
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atetemplate,moving it to theretinal locationof interest,orientingit in theproperway (if not
isotropic),andscalingup its spatialextentandamplitudeto theright size.But recall thatthis
is just the pushforward recipeappliedto the appropriatetemplatefor the spatial part of the
classicalspacetimesymmetrygroup! In additionthis recipeexplainswhy andhow amplitude
andspatialextent are confoundedthe way they are, why theremust be a denseoverlapof
receptive fields,andwhy they occurreplicatedat multiple scales.It alsoexplainstheir soma-
totopicorganization,e.g. in thecorticalcolumnsdiscoveredby theNobellaureatesHubeland
Wiesel.

It seemseasyto extendtheprocedureto thetimedomain:Simply includetimeshifts(static
model)andpossiblyGalileanboosts(kinematicmodel).Thelattertypeof spacetimeis onein
which thereis nonotionof absolutevelocity;systemsbehavealike if they movewith constant
relative speed. The static model introducesone parameterin the form of a temporalbase
point, i.e. themomentat—orrather, around—whicha receptivefield is mostactive,aswell as
onetime scaleparameter. It is a specificinstanceof thekinematicmodel,which bringsin an
additionalparameter, viz. thetuningvelocityof thereceptivefield3 [20].

However, if weproceedalongthis line of reasoningtoonaively wearein for anunpleasant
surprise. First of all a time shift appliedto any memberof the Gaussianfamily will never
yield a profile that is completelywithin thecausalpartof thetime axis,althoughlargershifts
towardsthe past(given fixed temporalscale)will of coursealleviate the degreeof causality
violation. Evenworse,theprofilesobtainedsimply fail to resembletheonesactuallyfound.
Apart from causality, onetypically observesapeculiartime-skew; theprofilesappearincreas-
ingly stretchedtowardstheremotepast.If oneinsistson theuseof Gaussiantemplates,which
arebothof infinite supportaswell asof definiteparity (symmetricalor anti-symmetrical),one
wondershow onecouldever “save thephenomena”.

But it turnsout thatnotonly canonedoso,thesolutionis asimpleandratherelegantone.
It waspointedoutby Koenderinkin hiscausaltheoryof “scale-time”for thezerothordercase
[21], is in perfectagreementwith anempiricallytesteduniversalscalingphenomenonknown
asBenford’slaw [22], andpreservesall thesymmetriesof classicalspacetime[15]. The“trick”
is to maptime logarithmically, suchthat thefuturepartof thetime axis is discardedfrom the
outsetandthepresentmomentbecomesa singularity. As thereadermayverify, pushforward
of the 1D Gaussianfamily yields temporalprofileswhich dependon the presentmomentin
additionto a characteristicscaleanddelayparameter. Varyingscaleanddelaywill affect the
amountof skew, but theprofilesarealwaysmanifestlycausal.Spatiotemporalreceptivefields
ariseby inclusionof the spatialdomainin the usualway. SeeFig. 3. Profileslike those
of Fig. 3 areempiricallyconfirmed,cf. thephotoreceptorcurrentsreportedby Baylor [6] and
the receptive field studiesby DeAngeliset al. [9]. The Galilean-boostedprofilesaresimilar
to rotatedcopiesof their staticcounterparts,andhave indeedbeenmodelledin this way, see
e.g. Adelsenand Bergen’s procedure[23]. However, unlike boosts,rotationsin spacetime
make no sensein physics;spaceandtime “do not mix” so to speak.For this reason,andfor
its theoreticalunderpinningof time-skew andother fundamentalspacetimephenomena,the
carry-alongprincipleoutlinedin this work is to bepreferred.

3In the literature“velocity sensitivity” is sometimesattributedto profileswhich areasymmetricalrelative to
a worldlinealignedparallelto thetimeaxis.This wouldqualify many nontrivial spatiotemoparalreceptivefields
asvelocitysensitive,e.g. all oddtimederivatives.
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Figure 3: Left: Logarithmic time mappingand the inducedpushforward on 0th, 1st and
2ndorderGaussianderivative templates.Right: Pushforwardof mixedspacetime2ndorder
Gaussianderivative template.Timevariesalongtheverticalaxis;thebottomline corresponds
to thepresentmoment.Onespatialdimensionhasbeenintegratedout, theotheris presented
horizontally. Theleft profilepertainsto thestaticmodel,theright oneto thekinematicmodel
incorporatingaGalileanboostof finite velocity.

3 Conclusion

The carry-alongprinciple providesa rigorousmathematicalrecipefor adaptingtemplatere-
ceptive field profiles to apparentsymmetriesof the environment. Applied to the classical
spacetimesymmetrygroupandGaussianderivative templatesit yields profilesthat arecon-
firmedby a bodyof cell recordingsin mammalianvisual front-ends,putstheseinto a hierar-
chical/heterarchicalorder, andhasthe potentialof predictingnovel typesof receptive fields
andtheir relationsto existingones.
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