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Abstract gether with its blurred version was called “primal sketch”
by Lindeberg [14]. Since multi-scale information can be or-

In order to investigate the deep structure of Gaussian dered, one obtains a hierarchy representing the subsequent
scale space images, one needs to understand the behaviowsimplification of the image with increasing scale. In one
of spatial critical points under the influence of blurring. We dimensional images this has been done by several authors
show how the mathematical framework of catastrophe the-[8, 9, 19], but higher dimensional images are more compli-
ory can be used to describe the various different types of an-cated as we will discuss below.
nihilations and creations of pairs of spatial critical points An essentially unsolved problem in the investigation of
and how this knowledge can be exploited in finding and deep structure is how to establish meaningful links across
tracing these points. We clarify the theory with an artifi- scales. A well-defined and user-independent constraint is
cial image and a simulated MR image. that points are linked if they are topological equal. Thus
maxima are linked to maxima, etc. This approach has been
used in2-D images by various authors [7, 13]. They linked
extrema, but noticed that sometimes new extrema occurred,
disrupting a good linking.
. . . . This creation of new extrema in scale space has been

The presence of structpres of various Sizes In an Image€gy,died in detail by Damon, [2], proving that these creations
dgmands almost automatically a.collectlon of image analy- are generic in images of dimension larger than one. That
sis tools that is capable to deal with these structures. Essenqans that they are not some kind of artifact, introduced by
tial is that this system is capable of handling the various, ay5ise or numerical errors, but that they are to be expected in

priori unknown sizes or scales. _ any typical case. This was somewhat counterintuitive, since
The concept of scale space has been introduced by (bothrring seemed to imply that structure could only disap-

Witkin [20] and Koenderink [11]. They showed that the he5¢ thus suggesting that only annihilations could occur.
natural way to represent an image at finite resolution is by namon, however, showed that both annihilations and cre-
convolving it with a Gaussian of various bandwidths, thus 4ions are generic catastrophes. Whereas Damons results

obtaining a smoothened image at a scale determined by thgyere stated theoretically, application of these results were
bandwidth. This approach has lead to the formulation of reported ine.g.[6, 12, 14].

various invariant expressions — expressions that are inde- "the main consequence is that in order to be able to use
pendent of the coordinates — that capture certain features iy, tonological approach one necessarily needs to take into
an image at distinct levels of scale [4]. account these creation events.

In this paper we focus on linear, or Gaussian, scale space. | this paper we describe these catastrophes in scale
This has the advantage that each scale level only requiregace - Furthermore we investigate the appearance of cre-
the choice of an appropriate scale; and that the image intenyiiong in more detail and explain why the are, albeit generic,

sity at that level follows linearly from any previous level. rarely found, a reason for current applications to simply ig-
It is therefore possible to trace the evolution of certain im- ;o' them.

age entities over scale. The exploitation of various scales

simultaneously has been referred todeep structureby

Koenderink [11]. It pertains to information of the change of 2 Theory

the image from highly detailed —including noise — to highly

smoothened. Furthermore, it may be expected that large Let L(x) denotes an arbitrany dimensional image, the
structures “live” longer than small structures (a reason thatinitial image. ThenL(x;t) denotes the: + 1 dimensional

Gaussian blur is used to suppress noise). The image toGaussian scale space imageL(x), obtained by convolu-

1 Introduction



tion of the initial image with a normalised Gaussian kernel wide popularity. A thorough mathematical treatment on sin-
of zero mean and standard deviatigf2t. Consequently, gularity theory can be found in the work of Arnol'd, see
L(x;t) satisfies the diffusion equation: e.g. [1]. More pragmatic introductions and applications are
widely published, e.g. [5].

The catastrophe points are also calea-Morse critical
points since a higher order Taylor expansion is essentially
needed to describe the qualitative properties. Although the

Here AL(x;t) denotes the Laplacean. Differentiation is dimension of the variables is arbitrary, tiieom Splitting
now well-defined, since derivatives of the image up to arbi- Leémmastates that one can split up the function in a Morse
trary orders at any scale are obtained by the convolution ofand anon-Morse part. The latter consists of variables repre-
this image with the derivatives to these orders of a Gaussianseénting the: “bad” eigenvalues of the Hessian that become
at this scale. The type ofspatial critical point defined by ~ Z€ro. The Morse part contains the-k remaining variables.
VL(x;ty) = 0 at fixed scalé, is given by the eigenvalues Consequently, the Hessian contairga- k) x (n —k) sub-
of the HessiarH, the matrix with the second order Spatia' matrix representing a Morse function. It therefore suffices
derivatives, evaluated at its location. The trace of the Hes-10 study the part of; variables. The canonical form of the
sian equa|s the Lap|acean_ For maxima (m|n|ma) all eigen_function at the non-Morse critical pOint thus contains two
values of the Hessian are negative (positive). At a spatialParts: a Morse canonical form ef — k variables, in terms
saddle pointd has both negative and positive eigenvalues. Of the quadratic part of the Taylor series, and a non-Morse
SinceL(x; t) is a continuous — even smooth — function Part. The latter can by put into canonical form called the
in (x;t)-space, spatial critical points are part of a one di- catastrophe germwhich is obviously a polynomial of de-

mensional manifold in scale space by virtue of the implicit 9ree 3 or higher. o
function theorem. Since the Morse part does not change qualitatively under

small perturbations, it is not necessary to further investi-
Definition 1 A critical curveis a one dimensional manifold ~ 9ate this part. The non-Morse part, however, does change.
in scale space on whicl L(x; t) = 0. Generally the non-Morse critical point will split into a non-
Morse critical point, described by a polynomial of lower
Consequently, the intersection of all critical curves with degree, and Morse critical points, or even exclusively into

an image at a certain fixed scalgyields the spatial critical ~ Morse critical points. This event is calledngorsification
points of the image at that scale. So the non-Morse part contains the catastrophe germ and a

perturbation that controls the morsifications.

Then the general form of a Taylor expansiffx) at a
non-Morse critical point of am dimensional function can
be written as Thom's Theorein f(x;\) = CG + PT +
@, whereCG(zy,...,z;) denotes the catastrophe germ,
PT(z,...,xk; M1, - - ., A) the perturbation germ with an
| dimensional space of parameters, &he= >_" , . | €;x7
with ¢; = £1 the Morse part.

n oo
O L(x;t) = Z %L(x; t) def AL(x;t) Q)
i=1

Catastrophe Theory The spatial critical points of a func-
tion with non-zero eigenvalues of the Hessian are called
Morse critical points TheMorse Lemmatates that at these
points the qualitative properties of the function are deter-
mined by the quadratic part of the Taylor expansion of this
function. This part can be reduced to therse canonical

formby a slick choice of coordinates. S . . .
. . . . The infinite set of so-called simple real singularities
If at a spatial critical point the Hessian degenerates, so def

that at least one of the eigenvalues is zero, the type of theave catastrophe germfs given by the infinite sefigs=
spatial critical point cannot be determined. +2M1 k> 1andDj 4f 22y £ yk=1 &k > 4, and the three
exceptional singularitiefs % 23 + %, By ' 23 + 243,
andFEg def 3 4 y®. The germsAj andA, are equivalent
for £ = 1 and k even.

Definition 2 The catastrophe pointef L(x;t,) are de-
fined as the points where both the spatial gradient and the
determinant of the Hessian vanistWL(x;tp) = 0 A
det H(x;tp) = 0.

Catastrophes and Scale Space The number of equations

The term catastrophe was introduced by Thom [17, 18]. defining the catastrophe point equals- 1 and therefore it

It denotes a (sudden) qualitative change in an object as thes over-determined with respect to thepatial variables. In
parameters on which this object depends change smoothlyscale space, however, the number of variables equald
This behaviour was already known by the terms perestroika,and catastrophes occur as isolated points.
bifurcation and metamorphosis. The name catastrophe the- Although the list of catastrophes starts very simple, it is
ory was suggested by Zeeman [21] to unify singularity the- not trivial to apply it directly to scale space by assuming
ory, bifurcation theory and their applications and gained that scale is just one of the perturbation parameters.



For example, in one dimensional images the Fold catas-3 Scale space catastrophes
trophe reduces te® + A\z. It describes the change from a
situation with two critical points (a maximum and a min- 4, Fold catastrophe The Fold catastrophe in scale space
imum) for A < 0 to a situation without critical points for  js given by
A > 0. This event can occur in two ways. The extrema are 2+ 6at + y? + 2t

annihilated for increasing, but the opposite — creation of . . -
two extrema for decreasing— is just as likely. see Definition 3. One can verify that at the origin a saddle
) and an extremum meet and annihilate.

In scale space, however, there is an extra constraint: the
germ has to satisfy the diffusion equation. Thus the catas-
trophe germz?® implies an extra ternézt. On the other Az Cusp catastrophe The cusp catastrophe germis given
hand, the perturbation term is given Byz, so by taking by z*. Its scale space addition12z?¢ + 12¢>. The pertur-
A = 6t scale plays the role of the perturbing parameter. bation term contains two termst;z + A»z”. Obviously,
Since we can only increage(diffuse), the only remaining scale takes the role 0. The scale space Cusp catastrophe
possibility for this A,-catastrophe in one-dimensional im- 9erm with perturbation is thus defined by
ages is an annihilation.

In higher dimensional images also the opposite — i.e.

an Fold catastrophe describing creation of a pair of criti- Takinga = 0 and increasing scale at the origin three critical
cal points — is possible. Then the perturbation= —6t  points transform to one critical point. Morsification by the
with increasingt requires a term of the form-6xy®, see  perturbationa # 0 yields one Fold catastrophe and one
Definition 3. continuing critical curve. One can verify that thig,, k >

The transfer of the catastrophe germs to scale space hag catastrophes represent the annihilation of critical points,

Damon’s account is probably the most rigorous. He showed
. . o . . umbilic catastrophe germ is given 2, Its scale
andcreationsof pairs of critical points. These two points phe g 9 by + ay

have ooposite sian of the determinant of the Hessian befor space addition i8zt. The perturbation term contains three
© opp 9 i Serms: Az + day + Asy?. Obviously, scale takes the role
annihilation and after creation. All other events are com-

ds of such ¢ of \;. The scale space hyperbolic umbilic catastrophe germ
pounds of such events. with perturbation is thus defined by

L(z,y;t) = & + 1202t + 126> + oz + By + 21) .

]lc_)efigitt)ion 3 The scale space catastrophe germs are de- L(z,y;t) = 2* + zy? + 8zt + a(y® + 2t) + By
ined by
where the first part describes the scale space catastrophe
FA(x;t) def 23 + 6zt + Q(x; ), germ. The seta, 3) form the extra perturbation parame-
ety € B — 6wt — 62023 + Q(x;t) ters. Then
i is defi L, = 3a2°+8t+y’
The quadratic tern@)(x; ¢) is defined L, = 2zy+2ay+p

y
det(H) 12z(z + ) — 4y°.

n

Qi t) B3 ei(a? +20),

—~ At the combinatior(«, 3) = (0, 0) four critical points exist
1=

for eacht < 0. Att = 0 the four critical curves given by
where}"" , e; # 0 ande; # 0 Vi. (z,y;t) = (£4/—35t,0;t) and (z,y;t) = (0, £/=8%;t)

annihilate simultaneously at the origin (see e.g. Kalitzin
Note that both the scale space catastrophe germs and thﬁO]).

quadratic terms satisfy the diffusion equation. The germs  \jorsification takes place in two steps. In the first step
f* andf€ correspond to the two qualitatively different Fold gne perturbation parameter is non-zero. alf# 0 and
catastrophes at the origin, an annihilation and a creation re-3 = 0, the annihilations are separated. At the origin

spectively. From Definition 3 it is obvious that annihila- 3 Fo|d catastrophe occurs with critical curvesy; ) =

tions occur in any dimension, but creations require at least \/Tt 0:8). O fth the oth tast
2 dimensions. Consequently, in 1D signals only annihila- (=4/—35,0;¢). On one of these curves the other catastro-

tions occur. Furthermore, for images of arbitrary dimen- phe takes place: Atz,y;t) = (—a,0; —2a?) the critical
sion it suffices to investigate the 2D case due to the Splitting curves(—a, £v/—3a? — 8t;t),t < —goﬂ annihilate in a
Lemma. Cusp catastrophe.



If « = 0andg # 0, the double annihilation breaks up
into two Fold annihilations with symmetric non-intersecting
critical curves.

Finally, if botha andg are non-zero, this second morsifi-
cation results in two critical curves each of them containing
an Fold annihilation.

D, Elliptic umbilic catastrophes The elliptic umbilic
catastrophe germ is given by — 6zy2. Its scale space ad-
dition is —6xt. The perturbation term contains three terms:
A1z + A2y + A3y, Obviously scale takes the role af.
The scale space elliptic umbilic catastrophe germ with per-
turbation is thus defined by

L(z,y;t) = 2 — 6xy® — 6xt + a(y® + 2t) + By, (2)
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Figure 1. a) Intensities of critical paths, v =
0. b) Close-up at both catastrophes, ~ = 0.
c) Intensities of critical paths, ~ = 21—4\/5 d)
Close-up at both catastrophes, ~ = ﬁ\/i-

Note that the intensity curve bottom-left contains two
saddle branches. The way to read this image is that at the
catastrophe in the origin two curves are created of which the
extremum one (the lower curve) is annihilated at the second
catastrophe with one of the saddle branches.

where the first part describes the scale space catastrophe A complete morsification by taking|s|| < 1 re-

germ. The sefa, 3) form the extra perturbation parame-
ters. Now

L, = 3z%—6t—6y>
L, = —12zy+2ay+p
det(H) = 12z(a — 6z) — 144y

The combination(«, 3) = (0,0) gives two critical
points for allt # 0 on the critical curveqz,y;t) =
(0,+£v/—%;t),t < 0and(z,y;t) = (£V2t,0;t),t > 0.

At the origin a so-called scatter event occurs: the critical
curve changes from y-axis to x-axis with increasingust

solves the scatter. It can be shown that the Hessian has
two real roots if and only if||8]] < 3%\/6 At these
root points subsequently a creation and an annihilation
event take place. If we take = ﬁ\/ﬁ the creation

is at (0.013,—0.032; —0.00094) and the annihilation is at
(z,y;t) = (1/12,—-1/24+/2;0). The intensity curves at
this situation are visible in Figure 1c-d. The latter shows
again a close-up around the catastrophes.

Due to this morsification the two critical curves do not
intersect each other. Also in this perturbed system the min-
imum annihilates with one of the two saddles, while the
other saddle remains unaffected.

as in the hyperbolic case, in fact two Fold catastrophes take

place; in this case both an annihilation and a creation.
The morsification forx = 0, 5 # 0 leads to the breaking
into two critical curves without any catastrophe.
The morsification forx # 0, 8 = 0 leads to only one

Creations As we showed, a creation event occurs in case
of a morsificated elliptic umbilic catastrophe. In most ap-

plications, however, creations are rarely found, giving raise
to the (false) opinion that creations are caused by numeri-

catastrophe event at the origin: the Fold creation. The sign¢g) errors and should be disregarded. The reason for their

of a determines whether the critical curve contains a maxi- r5re appearance lays in the specific requirements for the pa-
mum — saddle pair or a minimum-saddle pair. Withoutl0ss rameters in the (morsificated) umbilic catastrophe germ. Its
of generality we may choose= 1. general formulation is given by

The creation containing critical curve is given by
(z,y;t) = (£v/2t,0;t). The other critical curve given by

(z,y;t) = (3

L(z,y;t) %Lzzzxg + %Lzyyxy2 + Lyt

+%Lyy(y2 + 2t) + Lyy

5 i\/% — t;t) represents two branches con-
nected at the second catastrophe. This point is located at

(z,y;t) = (3,0;75), is an element of both curves. At \here the coefficients are the derivatives evaluated at

this point two saddle points and the created extremum go((, 0; 0). A creation requires the constraint that,, L,; <

through a Cusp catastrophe resulting in one saddle. Notgy

that ignoring this catastrophe one would find the sudden

change of extremum into saddle point while tracing the cre- Theorem 1 If the third order derivatives are uncorrelated,

ated critical points. the possible creations in 2D form a quarter of the catastro-
The intensity of the creation pair is given Hy(s) phes. Inn-D itis L arccos ﬁ

2s5+4sv/2s,s > 0, the intensity of the other pair b(s)

ﬁ +s5, s < %2 The intensities of both paths are shown Proof1 The requirementf,,.L,; < 0 can be rewritten

in Figure 1a. A close-up around the catastrophe points iSt0 L;qs(Lzzz + Layy) < 0. In the (Lyga, Layy)-Space

given in Figure 1b. his is the area spanned by the vect¢ts0) and (1, —1),

3)



a point of infection in the critical curve. At this point of
inflection, the spatial tangent vectors of the curves defined
by Eq. (4) are equal. Solving the system Eq. (4) with respect
to y results in

Figure 2. a) The fraction of the space of the _ Ly -4 1 \/mem(Lyy + Lyyyz)
third order derivatives in which creations can Lyy + Leyyx Lyyy
occur as a function of the dimension accord-

ing Theorem 1. b) Intersections of the curves the equality of the tangent vectors yields

det(H) = 0 and 9,L = 0 with different values P L, P 1

for L,. For the value given by Theorem 2 the N (—m> =3 (iL \/Lzmiv(Lyy + nyy$)>
curves touch. c) Difference in intensity be-

tween the creation and the annihilation event Solving both equalities results in

for L, increasing from O to its critical value.

_ 2 2 _
(z,y,Ly) = (— Lyy ,E BLII;LW F 3Lyy 3Lzzz) ,
Ay 16L3,, 16Leyy Lyyy

which is a quarter of the plane. Fat — D this extends

to the (Ll'l'l" Lwyiyi)'spaCQ Wlthilm(y) =n — 1, repre- which giVeS the bOUndary values fbg a
senting two intersecting planes. Their normal vectors are B B B '
(1,0,...,0)and(1,—1,..., —1). They make an angle of If we uSe Lz = 6, Lyyy = —12, Ly, = 2 we find|

L, |< 3%\/6 as given in the previous section. In Figure 2b
the ellipsedet(H) = 0 is plotted, together with the curves

(1,0,...,0) - (1,—1,...,—1) 1 0yL = 0 for L, = 0, resulting in two straight lines, inter-
(1,0, 0 [ | (L—1,--.—1)| _ Vi-vm secting af(z,y) = (%,0)_, andL, = 274/6,i = 4.7

Fori > 5 the perturbation is small enough and a creation-
Then the fraction of the space follows from twice this angle annihilation is observed. lf = 5, L, has its the critical
over the complete angle &fr, i.e. L arccos ﬁ O value and the curves touch.
Obviously the perturbatiod,, can be larger ifL,, in-

Note thatifn, = 1, the fraction the space where creations creases. If so, the structure becomes more elongated. It is
can occur is zero, fon = 2 it is a quarter and fon — known by various examples of creations given in literature
oo the fraction converges to a half, see Figure 2a. That is: that elongated structures play an important role.
the higher the dimensions, the easier critical points can be  Although creations can occur in a quarter of the 2D
created. catastrophes, the reason that they are rarely found is that

The reason that in two dimensional images the numbertheir lifetime is finite: with increasing they annihilate.
of creations is (much) smaller than a quarter is caused by
the role of the perturbation parameters. It is possible to give Theorem 3 The maximum lifetime of a creation given by
a tight bound to the perturbation of Equation (3) in terms of Equation (3) is
Ly

radians, given by

cosp =

s ) _ LacacacLZy
Theorem 2 A creation and subsequent annihilation event lifetime = 5o T L :
occur in Equation (3) if and only if

The difference in intensity is
L,|< 2 g2, |23l 8

Yy

Proof 2 The catastrophes satisty, L = 0,L = det H =

0. Since the solution of the system Proof 3 Observe that the lifetime is bounded by the two in-
tersections 09, L = 0 anddet(H) = 0, see Figure 2b. As
OyL = Ly+y(Lyy + Lyyyx) =0 L, increases from zero, the two points move towards each
det H = Lyppx(Lyy + Lyyyx) — wayyz =0 other over the archlet(H) = 0 until it reaches the value

4) given by theorem 2 with lifetime equal to zero. The largest
only contain spatial coordinates, their intersections define arch length is obtained fak,, = 0. Then the spatial coordi-
the spatial coordinates of the catastrophes, e.d.,jif= 0, nates are found b§, L(z, y;t) = y(Layyz+ Ly,) = 0and

the case considered by Damon. If they touch, there is onlydet H = L, 52(Layyx + Ly,y) — waygﬂ =0,i.e.(z,y) =



(0,0) and(z,y) = (_LL;@,

is given byo, L(z, y; t) =

,0) The location in scale space
yy

%wazlz - %Lwyny — Lyt = 0.

Consequently, the first catastrophe takes place at the origin

- since alsa@ = 0 - with zero intensity. The second is located
at

L LzzzLZ
(l',y,t) = (_ — ,0; p) Ly
Lﬂﬂyy 2nyy(L909690 + Lwyy)
with intensity
Lcat _ Lzzz(2Lzzz - Lzyy)Lzy

Then the latter is also the maximum difference in intensity.

O

To show the effect of the movement along the arch
det(H) = 0, see Figure 2c. Without loss of generality we
took Lypy = 6,L4yy = —12,Ly, = 2. Firstly the two
solutions toVL = 0 A det(H) = 0 were calculated as
function of L, | L, |< &+/6. Secondly the difference of

the intensity of the solutions was calculated for 766 subse-

quent values of,. It is clearly visible that the intensity
deceases with an increase| di, |.

From the proof of theorem 3 it is again apparent thaf
plays an important role in enabling a (long)lasting creation.
To observe this in more detail, note that the cutee H =
0 is an ellipse (see also Figure 2b). Replacingy = —
T it is located at the origin. Setting,,, = 1+ and

LayyLess = —25, We find

2 2

B x y? o, b2
detH_0<:>¥+b_2_ yyrﬁ

Assuming that we have a creatiat?, > 0. The ellipse is
enlarged with an increase &f .

DgE Parabolic umbilic catastrophes Ignoring the pertur-

2
3

zzzzzzzzzzzzzzzzzzzzz

Figure 3. Critical paths ofthe D -catastrophe.
a) Unperturbed, in the (z,0;t)-plane. b) Un-
perturbed in the (0,y;t)-plane. c) Perturbed,
with the curves det(H) = 0 in the (z;t)-plane.
d) Perturbed, in the (z,2;t)-plane.

D -catastrophes From the previous sections it follows
directly thatD,j-catastrophes yield multiple annihilation
events at the origin. Théd, -catastrophes yield scatter
(and thus in its morsification creation) events. In addition
to the elliptic umbilic catastrophe, the morsification of the
Dy -catastrophe, called Second Elliptic Umbilic with per-
turbation A1z + Aoy + As3z? + \y? + As2°, leads to a
new behaviour of critical curves. Ignoring the perturbation
terms for the moment, the scale space expression djhe
catastrophe is given by

IR D TP SRS B
=% +§m t+amt —(Emy + xt)

Its critical curves and catastrophes follow from

L(z,y;t) (6)

L, = fa*+i2%t+ 32 —t—1y°
Ly, = -y
det(H) = —gz*(a? +6t) —y?

Settingy = 0, four catastrophes occur: Atr,y;t)
(£v/6,0; —1) two Fold annihilations, at the origin a cre-
ation and atz,y;t) = (0,0;2) again an annihilation, see
Figure 3a. However, in contrast to the elliptic umbilic
catastrophe, nowothcreated branches annihilate with each

bation terms, the scale space parabolic umbilic catastrophether: the critical curve is a closed loop in scale space, see

germ is defined by

1 1 1 1
L(z,y;t) = —a* + =2t + —t* + 5(5;10;1/2 +at) (5)

4! 2! 2!

whered = =+1 Its critical curves and catastrophes follow
from

L, = gx®+at+06(t+ 397
L, = odxy
det(H) = dz(32®+1) —y?

Figure 3a.

Apart from critical curves in théz, 0; ¢)-plane, also crit-
ical curves in thg0, y; t)-plane are present. Taking= 0
yieldsL, = t*—t—1y? = 0, with two catastrophe points;
at the origin an annihilation and @t, y; t) = (0, 0; 2) a cre-
ation, see Figure 3b. So the catastrophes at-tivd@s with-
out further perturbation are elliptic umbilic catastrophes.

With small perturbations, morsification into separate an-
nihilation and creation events is obtained. For visualisation

reason we added the perturbatig 2t — (2% + 2t) to

So the catastrophe points are located at the origin (a dou£q.(6). ThenL, changes t@y — xy, with roots aty = 0

ble point) and afz,y;t) = (—26,0; —26%). The latteris a

simple annihilation (a fold catastrophe), the former is either det(H)

a double annihilation i = 1 (a hyperbolic umbilic catas-
trophe), or scatter if = —1 (a elliptic umbilic catastrophe).

andz = 2. The determinant of the Hessian changes to
(2 — z)(§2° + ot — 55) — y*, with four distinct
roots at ther-axis, see Figure 3c. The critical curves in the
(2,y;t)-plane do not contain catastrophe points, see Fig-



ure 3d. Therefore, the remaining catastrophes are generic
Folds.

In Figure 3c the critical curves in the;, 0; t)-plane to-
gether with the curvedet(H) = 0 are shown. The four
intersections are clearly visible. The loop persists under
perturbation, sinces, A4, and\; are set and the perturba-
tions\; and X, disturb only the symmetry and the location
of a catastrophe at the origin. The lifetime of the loop in the
unperturbed case is obtained by the fa@téﬁ.

Morsification summary All non-fold catastrophes mor-
sificate to Fold catastrophes. The morsification gives insight
in the structure around the catastrophe point regarding the
critical curves.

The morsification of the umbilic catastrophes (ibg)
show that the trajectories in scale space of the created crit-
ical points fall into two classes. The morsificatéd),
andDg -catastrophes describe essentially different creation
events. The morsificatel}; catastrophe describes the cre-
ation of a pair of critical points and the annihilation of one
of them with another critical point. So while tracing a crit-

ical branch of a critical curve both an annihilation and a

creation event are traversed. On the other hand, the morsifi-

catedDy -catastrophe describes &olatedclosed critical P
curve, appearing@x nihilo with two critical branches that

disappear a some larger scale. As a result, only tracing criti- %
cal points starting from the initial image one finds thig,"”

—

creations, but misses thé; " loops.

Figure 4. a: 181 x 217 artificial MR image. b)
Image on scale 8.4

o Figure 5. a) Critical paths of the MR image. b)
4 Applications Close-up of one of the paths. c) Idem.

In this section we give some examples to illustrate
the theory presented in the previous sections. the
effect is shown on the artificial MR image of Fig-
ure A4a. This image is taken from the web site
http://www.bic.mni.mcgill.ca/brainweb. An example of
creationex nihilo, the Dy -catastrophe, is shown by means
of the “bridge”-image of Figure 6a.

D; -catastrophe The scale space image of the artificial

MR image at scal®.37 (with only the large structures re-

maining) is shown in Figure 4b. Now 7 extrema are found. ."'
Figure 5a shows the critical paths in the, y; ¢)-space

calculated in the scale ran@ge37 — 33.1. Of the branch

most left a close-up of the middle partis shown in Figure 5b.
It clearly shows the appearance of an annihilation-creation-

pair described by th®; morsification. Figure 6. a: Artificial bridge image. b) Critical

paths of the bridge image.

Dy -catastrophe Figure 6a shows a “bridge”-image: two
blobs with different intensity connected by a small bridge.
First, there is only one maximum of the left blob. Then,

at some scale the bridge disappears and a maximum-saddle



pair is created. Finally, at a large scale they annihilate again. [4] L. M. J. Florack, B. M. ter Haar Romeny, J. J. Koenderink,

Since the structure is elongated, the loop remains over a rel-
atively large number of scales. Figure 6b shows the crit-
ical paths. The left string represents the largest blob, the

loop the created and annihilated maximum-saddle pair. The [5]

same behaviour is derived from the MR image. Figure 5c
shows a close-up of the branch most left in Figure 5a, taken

at the lowest scales. Here clearly a “loop event” occurs.

5 Summary and Discussion

In this paper we investigated the (deep) structure on vari-

(6]

7]

ous catastrophe events in Gaussian scale space. Although it
is known that pairs of critical points are annihilated and cre- 8]

ated (the latter if the dimension of the image is 2 or higher),
it is important to describe the local structure of the image

around these events. We therefore embedded catastropheég]
in scale space. Scale acts as one of the perturbation param-

eters. The morsification of catastrophes yield annihilations!

and creations of pairs of critical points.

Creations occur in different types. Critical paths in scale [11]

10]

space can have bumps, a subsequent occurrence of an an-
nihilation and a creation. In scale space images this is vis-[12]

ible by the creation of an extremum-saddle pair, of which
one critical point annihilates at some higher scale with an

already present critical point, while the other remains unaf- [13]

fected. It is also possible that critical paths form loops: the

created pair annihilates at some higher scale. The presence

of both types in the MR image was shown.

Furthermore we showed that the humps in the critical [14]

paths, expressed in canonical coordinates, occur only in
case of a small local perturbation. In addition, creations

are less likely to happen due to the special combination of[15]

third order derivatives. We gave a dimension dependent ex-

pectation of this event.

The lifetime of a created pair is enlarged if the local

structure is elongated. This is visualised by the example[16]

of the bridge image in section 4.

The theory described in this paper extends the knowl-

edge of the deep structure of Gaussian scale space, espe-
cially with respect to the existence of creations and the scale[17]

space lifetime of the created critical points.
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