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1 Introduction

This report presents detailed formal proofs of the correctness of distributed hylomorphisms with respect
to their termination. The main objectives of the verification strategy are (a) to reduce proof effort and
complexity by using the refinements framework from [VS01] and re-using as many results as possible,
and (b) to write (or represent) comprehensible proofs by incrementally constructing invariants that are
not pulled out of a hat.

2 Preliminaries, terminology and notation

Function application will be represented by a dot. In definitions we shall use 4 meaning “is defined by”.

The complement of a set W is denoted by W¢€.

A relation R is bitotal on A and B (denoted by bitotal.R.A.B), when for every element in A there
exists at least one element on B to which it is related, and similarly for B.

A relation < is well-founded over A, when it is not possible to construct an infinite sequence of
decreasing values in A.

Universal quantification will be written like (Vz : P z : @ =) meaning for all z if P holds for z then also
Q. If P is true for all x we just write (Vx :: Q x). Similar notation is used for existential quantification.

When referring to a theorem or definition we — when convenient for the reader — include the page
number where the referred item can be found as a subscript.

Every definition and theorem is marked by the name it is identified with in the HOL theories that
were constructed (see Section 11).

Preliminaries on states, actions, programs and specifications can be found in Appendix A.

3 A refinement relation

In [VSO01] a refinement relation is formalized for UNITY programs, that defines P C @) to be true when
program P can be refined to ) using any composition of guard strengthening and superposition program
transformations. In the next two sections we will formalize this refinement relations. For a more thorough
treatment the reader is referred to [VSO1].

3.1 The formalisation

First we define action refinement. We say that action A; is refined by action A,., or A, refines A;, with
respect to a set of variables V' and a state-predicate J (denoted by 4; Cv,; A,), when:

e the conjunction of J with the guard of A, is stronger then the guard of A;.

e the results of 4; and A,, both executed in the same state s where J.s holds, on the variables in V'
are the same.

Definition 3.1 AcTioN REFINEMENT A_ref_DEF
Let A; and A, be two actions from the universe ACTION, J be a state predicate, and V be a set of
variables, then action refinement is defined as follows:

A Cy s A, = Vs :: guardof.A,.s A J.s = guard_of.4;.s
A
Vs,t,t" :: (compile.A;.s.t A compile.A,..s.t' A guard_of A..s A J.s) =t =y t'

Next, we define our relation of program refinement. P is refined by @, or @ refines P, with respect
to some relation R and state-predicate J, (denoted by P Cg 5 @), if we can decompose the actions of
program @ into a@); and a@)2, such that

e R is a bitotal relation on the two sets of actions aP and a@)q, i.e. for every action Ap in aP there
exists at least one action in a); to which aP is related by R, and similarly for every action Ag in
a@); there exists at least one action in aP to which Ag is related by R.



e for all actions Ap of aP and Ag of a@); that are related to each other by R (i.e. Ap R Ag holds),
we can prove that Ag refines Ap with respect to the write variables of P and state-predicate .J.

e the actions of ) that are in a@), refine skip with respect to the write variables of P and J.

Definition 3.2 PROGRAM REFINEMENT P_ref_DEF
Let P and @ be two UNITY programs, R be a relation, and J be a state predicate, then program
refinement is defined as follows:

PLCgr @ = daQp,aQ2: a@ =a@Q; Ua@: A bitotal R.aP.a@;
A
VAPAQ :Ap€aP A APRAQ :Ap EwP,JAQ
A
VAg : Ag € aQ2 :skip Cwp,s AgQ

Note that P Cr ;s @ does not say anything about () inheriting properties or correctness from P. Nor
does it say anything about the explicit program transformations that were (or could have been) applied
to P in order to obtain Q.

3.2 Property preservation

Safety properties p unless ¢ and O p, where p and ¢ do not depend on the values of any superposed
variables, are always preserved under refinement of two UNITY programs.

Theorem 3.7 unless PRESERVATION P_ref_AND_SUPERPOSE_WRITE_PRESERVES_UNLESSe

P Cr.g QA Unity.P AUnity.Q A ( oFOJg) A (Jg = J)
AW (wQ =wPUW)A(pC W) A(qC We)
- punless g = oF (Jo Ap) unless g

Theorem 3.8 () PRESERVATION P_ref_AND_SUPERPOSE_WRITE_PRESERVES_STABLEe
P Cr.g QA Unity.P AUnity.Q A ( oFOJg) A (Jg = J)
AW (wQ =wPUW) A (pC We)
Pl_Op = Q|_O (JQ /\p)

Progress properties p — ¢ and p ~ ¢ are preserved under certain verification conditions stated in the
theorems in Figure 1. Theorem 3.3 is the most general theorem, the other three are corollaries. Note
that the Theorems in Figure 1 state property preservation in refinements independently from the specific
program transformations that were applied. To read more about these theorems the reader is referred to
[VSO01].

4 The communication network

The communication networks are assumed to be connected centralised communication networks employ-
ing bi-directional asynchronous communication.

4.1 Centralised

A centralised communication network is modelled by the tuple (P, neighs, starter), where

P is a finite set of processes. Since we are talking about networks of processes, we assume that P at least
has two processes.

neighs is a function that given some process p € P, gives the set of neighbors of p. In other words, for
p € P, neighs.p is the set of processes that are connected to p by a bi-directional communication
link. Obviously, the function neighs should satisfy: Vp € P : neighs.p C P. We will only consider
communication between distinct processes and not allow self-loops, thus neighs must also satisfy:
Vp € P, q € neighs.p : p # ¢. Since communication is bi-directional it holds that: Vp,q € P: (¢ €

neighs.p) = (p € neighs.q).



Let < be a well-founded relation over some set A, M € State—A, and P and @) be UNITY programs.

Theorem 3.3 P_ref_SUPERPOSE_AND_WF_FUNC_PRESERVES_REACHe_GEN
P_ref_SUPERPOSE_AND_WF_FUNC_PRESERVES_CONe_GEN

PCrys QA (oFOJIp Adg)A(Jp Ndg = J)
IV (wQ=wPUW)A(Jp C WA (WP C WF)

VAg:Ag €aQ A (3Ap :: (Ap € aP) A (Ap R Ag)) : (guardof. Ao C wQ)
VAp : Ap € aP : (Jp A Jg) ot guard_of . Ap — (JAg :: (Ap R Ag) A guard_of.Aq)
IM (M CwQ)A(VEk:keA: oF (Jp AJg AM =k) unless (M < k))

/\Vk‘APAQ:kEA/\Ap EaP/\ApRAQz
oF (Jp A Jg A guardof.Ag A M = k) unless (—~(guard_of.Ap) V M < k)

((JppEp—q)= (JpANJg oFp—q)) A ((Jp pkp~ q) = (Jp AJg oFp~ q))

Theorem 3.4 P_ref_SUPERPOSE_PRESERVES_REACHe_GEN
P_ref_SUPERPOSE_PRESERVES_CONe_GEN

PCrysQA(oFOJIp AJo)A(Jp Ndg = J)
IW: (wQ=wPUW)A (Jp C W) A (WP C W)
VAg:Ag €aQ A (3Ap :: (Ap € aP) A (Ap R Ag)) : (guardof. Ag C wQ)
VAp:Ap € aP : (Jp A Jg) ot guard_of . Ap — (JAqg :: (Ap R Ag) A guard_of.Ap)
VAp Ag : Ap € aPANAp R Ag : oF (Jp A Jg A guard_of.Ap) unless =(guard_of.Ap)

((Jp pEp—q) = (Jp ANJg oFp—q)) A ((Jp pkp~ q) = (Jp A Jg oFp~ q))

Theorem 3.5 P_ref_SUPERPOSE_AND_WF_FUNC_PRESERVES_REACHe
P_ref_SUPERPOSE_AND_WF_FUNC_PRESERVES_CONe

PCrs QA (oFOJIp ANJQ)A(Jp ANJg = J)
IW = (wQ=wPUW)A(Jp C W) A (WP C W)
VAp Ag : Ap€aP N Ap R Ag : (Jp A Jg) of guard_of Ap — guard_of.Aqg
IM (M CwQ)A(VEk:keA: oF (Jp AJo AM =k) unless (M < k))
/\Vk,‘ApAQ:k,‘EA/\AP €aPAAp RAQ:
oF (Jp A Jg A guard_of. Ag A M = k) unless (—~(guard_of . Ap) V M < k)

((JpeFp—q)= (Jp ANJg ok p—q)) A ((Jp pFp~ q) = (Jp A Jg o P~ q))

Theorem 3.6 P_ref_AND_SUPERPOSE_WRITE_PRESERVES_REACHe
P_ref_AND_SUPERPOSE_WRITE_PRESERVES_CONe

PCryQA(oFOJIPp AJo)A(Jp ANJg = J)
IV (wQ=wPUW)A(Jp C W A (WP C WF)
VAp Ag : Ap €aP N Ap R Ag : (Jp N Jq) of guard_of Ap — guard_of.Ag
VAp Ag : Ap €aP A Ap R Ag : oF (Jp A Jg A guard_of.Ag) unless —~(guard_of.Ap)

((JppFp—q)= (JpANJg okp—q)) A ((Jp pkp~ q) = (Jp AJg oFp~ q))

Figure 1: Preservation of ~— and ~+ properties.




starter is a process in P that distinguishes itself from all other processes (called the followers), in that it
can spontaneously start the execution of its local algorithm (e.g. because it is triggered by some
internal event). The followers can only start execution of their local algorithm after they have
received a first message from some neighbour.

Definition 4.1 CENTRALISED COMMUNICATION NETWORK Network_DEF

FINITE.P A card.P > 1

starter € P

Vp € P: neighs.p CP

Vp € P,q € neighs.p : p #¢q

Vp,q € P : (q € neighs.p) = (p € neighs.q)

Network.[P.neighs.starter

> > > > |

4.2 Connected

A connected network is a network in which every pair of processes is connected by a path of communication
links. Let us define the set of processes that are reachable from processes in a set S by following at most
one communication link:

Definition 4.2 ACCUMULATE NEIGHBOURS Neighs_DEF
Neighs.neighs.S = {q¢ | 3p :: p € S A q € neighs.p} U S

If, for any p € P, there exists a number n such that the n-fold iterated application of the function
Neighs.neighs on {p} returns P, then we can conclude that every pair of processes in P is connected by
a path of communication links. Consequently, since starter € P, the following is a valid definition of
connected networks:

Definition 4.3 CONNECTED NETWORK Connected_Network

Connected_Network.P.neighs.starter = Network.[P.neighs.starter
Adn :: P = iterate.n.(Neighs.neighs).{starter}

Since we only consider communication networks that have at least two processes we have the following
property of connected networks:

Theorem 4.4 Connected_Network_IMP_EXISTS_neigh

Connected_Network.P.neighs.starter A p € P

Jg :: q € neighs.p

4.3 Bi-directional asynchronous communication

The type of communication employed in a communication network is assumed to be asynchronous, i.e.
send and receive operations work on buffered channels. To model asynchronous communication each
algorithm on a communication network Network.P.neighs.starter should have the following variables:

e nr_rec.p.q that indicate the number of messages p has received from ¢ via directed link (g, p).
e nr_sent.p.q that indicate the number of messages p has sent to ¢ via directed link (p, q).
e M.p.q that represent the buffers that store messages in transit from p to gq.
So if nr_rec, nr_sent, M are functions of type € P—»P—Var, every algorithm needs the following variables:

Definition 4.5 ASYNC_Vars
ASYNC_Vars.P.neighs
= {nr_rec.p.q | p € PAq € neighs.p} U {nr_sent.p.q | p € PAq € neighs.p} U {M.p.q | p € PAq € neighs.p}

Moreover, all algorithms should incorporate the following initial condition for these variables:



prog PLUM and ECHO
init (Vp e P: (p = starter) # (idle.p)) A (father.starter = starter) A initg
assign

lgeneighs.p if idle.p A mit.g.p

(IDLE)
then receive.p.q.(mes) || father.p := ¢ || idle.p := false
[
lyeneighs.p if —idle.p A mit.g.p A collectingr.p
(coL)
then receive.p.q.(mes)
[
lgcneighs.p if = idle.p A can_propagate.p.q A propagatingr.p
(PROP)
then send.p.q.(mes)
[
if finished_collecting_and_propagating.p N\ —reported_to_father.p
(DONE)
then send.p.(father.p).(mes)
Figure 2: The the local algorithm of process p € P for I € {PLUM, ECHO}.
<
Definition 4.6 INITIALISE THE COMMUNICATION VARIABLES ASYNC_Inst

ASYNC_Init.P.neighs.s = Vp € P, q € neighs.p :: s.(nr_rec.p.q) =0 s.(nr_sent.p.q) = 0 s.(M.p.q) =[]

For this report it is sufficient to just state the functionality of the primitives (send, receive) and some
additional operations (mit, nr_sent_to and nr_rec_from):

e send.p.¢g.m implements that a process p sends message m to g;

e receive.p.q.f.v makes sure that if there is a message in transit from ¢ to p, process p receives a
message from ¢, and the value of the received message is assigned to variable v after function f has
been applied to it;

e mit.p.q the name is an acronym for message in transit, can be used to check for a message in transit
from p to ¢;

e p nr_sent_to ¢ enables processes to check how many messages they have already sent to a neighbour
q (i.e. returns the value of variable nr_sent.p.q)

e p nr_rec_from g enables processes to check how many messages they have already received from a
neighbour ¢ (i.e. returns the value of variable nr_rec.p.q)

5 Distributed hylomorphisms

The class of distributed hylomorphisms from [Vos00] consists of 4 algorithms: PLUM, ECHO, TARRY and
DFS. They are displayed in Figures 2 until 4 respectively. All four algorithms build a rooted spanning
tree (using the father variable) in the connected network of processes and use this tree to let the required
information (e.g. the values of which the sum has to be computed, or the feedback of the information



prog TARRY

init (Vp e P: (p = starter) # (idle.p)) A (father.starter = starter)
A ‘Vp € P: (p = starter) # (—le_rec.p) ‘

assign

lgeneighs.p if idle.p A mit.g.p

(IDLE)
then receive.p.q.(mes) || father.p := ¢ || idle.p := false ||
[
ﬂqeneighs.p if - idle.p A mit.g.p A ‘ collectingTARRy.p‘
(coL)
then receive.p.q.(mes) ||
[
lgeneighs.p if —idle.p A can_propagate.p.q A ‘propagatingTARRy.p
(PROP)
then send.p.q.(mes) || ‘ le_rec.p := false‘
[
if finished_collecting_and_propagating.p A\ —reported_to_father.p
(DONE)
then send.p.(father.p).(mes) || ‘ le_rec.p := false‘
Figure 3: The local algorithm of process p € IP of the TARRY algorithm.
<

that has to be propagated through the network) flow from the leaves to the root of the spanning tree.
The similarities of the algorithms are captured by the characterisation of the following predicates:

rec_from_all_neighs.p = Yq € neighs.p : nr_rec.p.q =1 (1)
sent_to_all_non_fathers.p = VYq € neighs.p : (q¢ # father.p) = (nr_sent.p.q = 1) (2)
can_propagate.p.q = (nr_sent.p.q = 0) A (¢ # father.p) (3)
finished_collecting_and_propagating.p = rec_from_all_neighs.p N\ sent_to_all_non_fathers.p (4)
reported_to_father.p = (nr_sent.p.(father.p) = 1) (5)
sent_to_all_neighs.p = Vq € neighs.p : nr_sent.p.q = 1 (6)
done.p = rec_from_all_neighs.p A sent_to_all_neighs.p (7)

The differences between the algorithms are in the communication protocols, i.e. when they are allowed
to collect messages and propagate them.

5.1 The pPLUM algorithm

The pLUM algorithm allows a process to freely merge its propagating and collecting actions as long as it
has not yet received messages from all its neighbours, and it has not yet sent to all its neighbours that
are not its father. Consequently:

propagating ,, ,,,-p = — sent_to_all_non_fathers.p (8)

collecting oy -p = — rec_from_all_neighs.p (9)



prog DFS

init Vp e P: (p = starter) # (idle.p) A (father.starter = starter)
A Vp € P: (p = starter) # (—le_rec.p)

assign

lyeneighs.p if idle.p A mit.g.p

(IDLE)
then receive.p.q.(mes) || father.p:=q || idle.p:=false || le_rec.p:=true || | Ip-rec.p:=¢q
[
lgcneighs.p if —idle.p A mit.g.p A | collectingpes.p
(coL)

then receive.p.q.(mes) || le_rec.p:=true || | Ip-rec.p:=¢q
[

lgeneighs.p if - idle.p A can_propagate.p.q A ‘pmpagatingms .p‘ A ‘ q = lp_rec.p

(PROP_LP_REC)
then send.p.q.(mes) || le_rec.p:=false

lyeneighs.p if - idle.p A can_propagate.p.q A | propagatingpes .p‘ A ‘ —(can_propagate.p.(Ip_rec.p)) ‘
(PROP_NOT_LP_REC)

then send.p.q.(mes) || le_rec.p:=false

[

if finished_collecting_and_propagating.p N\ —reported_to_father.p
(DONE)
then send.p.(father.p).(mes) || le_rec.p:=false

Figure 4: The local algorithm of process p € IP of the DFS algorithm.

5.2 The ECHO algorithm

In the ECHO algorithm, a non-idle process p can only receive a message, after p has sent messages to
all its non-father-neighbours. So, the propagating activities must be completed before starting collecting
from non-father-neighbours. Consequently:

Propagating yo.o-p = — sent_to_all_non_fathers.p (10)

collecting yoyo-p = — rec_from_all_neighs.p A —propagating . .c-p (11)

5.3 The TARRY algorithm

In the TARRY algorithm, a non-idle process p can only propagate to a neighbour if the last event of p was
a receive event; otherwise it has to wait until it receives something. So, the propagating and collecting
activities alternate. From Figure 3 we can see that a boolean-typed variable le_rec.p (i.e. last event
was a receive) has been introduced for every process p. The assignments (le_rec.p := true) and (le_rec.p
:= false) in the then clauses of (COL) and (PROP) respectively, guarantee that the the value of le_rec.p
indicates whether the last event of p was a receive event. Consequently, we characterise the collecting and
propagating predicates as follows:

Propagating papny-P = 7 sent_to_all_non_fathers.p A (le_rec.p) (12)

collecting papny-p = — rec_from_all_neighs.p A —(le_rec.p) (13)



PLUM

TARRY

VA € {IDLE, COL, PROP, DONE}, p € P, ¢ € neighs.p

R-PLUM_ECHO.(ApLom-P-q)-(Agcuo -p-q)
R-PLUM_TARRY.(Apron-P-q)-(Ararry-P-q)
R_-TARRY _DFS.(Ararry-P-q)-(Aprs-p-q)

(a) (b)

Figure 5: (a) refinement relation on PLUM, ECHO, TARRY, and DFS. (b) bitotal relations

5.4 The DFs algorithm

The characterisation of the propagating and collecting predicates for the DFs algorithm are identical to
those of TARRY. The difference with TARRY is in the lesser freedom to choose a neighbour to send a
message to in the propagating phase (see Figure 4). More specifically, for a non-idle process p in its
propagating phase (i.e. there are still non-father-neighbours to which p has not yet sent) whose last event
was receiving a message from some neighbour ¢: if p can propagate a message back to ¢, i.e. ¢ is not p’s
father, and p has not yet sent to ¢, then p has to send a message back to this process g, otherwise it can
act like in TARRY, and just pick any non-father-neighbour to which it has not yet sent a message (i.e. to
which it can propagate). In order to be able to formalise and check these conditions each process in the
DFS algorithm, remembers the identity of the sender of its last incoming message in the variable lp_rec.p
(last process of which p has received a message).

Propagating pps.p = propagating r,ppy-P (14)
collecting pps.p = collecting pppy-P (15)

5.5 A refinement ordering on the distributed hylomorphisms

The algorithms in Figure 2 until 4 are ordered by our refinement relation as is visualised with venn-
diagrams in Figure 5(a). The bitotal relations, with respect to which the different refinements are
proved, are listed in Figure 5(b). Their definitions are straightforward, in that they relate all IDLE, COL,
PROP and DONE actions of the original program to the corresponding actions in the refinement. For the
relation between TARRY and DFS this results in PROPTagry-p-g¢ being related to both PROP_LP_REC.p.q
and PROP_NOT_LP_REC.p.q. Although tedious, proving the bitotality of these relations and subsequently
verifying the refinement ordering depicted in Figure 5 is reasonably easy. The resulting refinement
theorems are listed below.

Theorem 5.1 PLUM._refines_ECHO
VJ :: PLUM CR_prum_scno, J ECHO

Theorem 5.2 PLUM_refines_Tarry
VJ :: PLUM CR_prum_tarry, J TARRY

Theorem 5.3 Tarry_refines_DFS

VJ :: TARRY CR_rarry_prs, J DFS

10



Theorem 6.2 VARIABLES IGNORED BY IDLE

{idle.p, father.p, M.q.p, nr_rec.p.q,V.p}¢ < IDLE.p.q

Theorem 6.3 VARIABLES IGNORED BY COL

{M.g.p,nr_rec.p.q,V.p}°¢ <+ COL.p.q

Theorem 6.4 VARIABLES IGNORED BY PROP

M.p.q, nr_sent.p.q}¢ <+ PROP.p.q
{

Theorem 6.5 VARIABLES IGNORED BY DONE

{M.p.q,nr_sent.p.q}¢ <+ DONE.p.q

Figure 6: Variables ignored by the actions from PLUM

Vars_IG_BY_IDLE

Vars_IG_BY_COL

Vars_IG_BY_PROP

Vars_IG_BY_DONE

Theorem 6.6
guard_of .(IDLE.p.q) = idle.p A mit.q.p
Theorem 6.7

guard_of.(COL.p.q) = —idle.p A mit.q.p A —rec_from_all_neighs.p

Theorem 6.8

guard_of .(PROP.p.q)
= —(idle.p) A (nr_sent.p.qg = 0) A (q # (father.p)) A —sent_to_all_non_fathers.p

Theorem 6.9

guard_of .(DONE.p.q)
= finished_collecting_and_propagating.p A —reported_to_father.p A (¢ = (father.p))

Figure 7: Guards of the actions from PLUM

|

guard_of_IDLE

guard_of_COL

guard_of_PROP

guard_of_DONE

<
6 The correctness of PLUM
The UNITY specification, stating termination of PLUM, reads:
Theorem 6.1 HYLO_PLUM

Jorom prou  INIPLUM ~» Vp:p € P: done.p

This specification is refined and decomposed — using the laws of the UNITY logic from Section A.4
and Appendices B and C — until it is expressed in one-step progress (i.e. ensures ) and safety (i.e. O)
properties that can be proved directly from the actions of the PLUM algorithm (see Figure 2).

6.1 Incremental, demand-driven construction of invariants

As already stated, we shall construct our invariant Jpyy incrementally in a demand driven way during the
process of refinement and decomposition. More specific, at the begin of the refinement and decomposition,
the invariant Jppyy is unspecified. Subsequently, at those points in the proof where an invariant is needed

11



we propose a candidate cJPiLUM for part of the invariant which suffices for that particular point in the
proof. After decomposition, we gather all the candidates we have proposed during the refinement and
decomposition of the initial specification, and from them deduce the minimal invariant Jp 5y that implies
all the proposed candidates. To give a clear indication when a candidate for part of the invariant is
proposed we shall mark this point by:

i _
T eIy = - -

Once introduced it is assumed that Jp.yy implies the candidate, since this shall be ensured at the end
of the decomposition. Similarly, we shall assume the stability of Jppyy throughout the whole process of
refinement and decomposition. Finally, we will call a candidate that is proposed for being part of the
invariant, an invariant-candidate.

6.2 PLUM’s variables and actions

During the verification, we shall assume that all of PLUM’s variables are distinct. That is, e.g. for the
idle variables it is assumed that:

Vp,q € P: (idle.p = idle.q) = (p = q)

Similar properties are assumed for the V, father, nr_rec, nr_sent, and M variables. Moreover, we assume
that the various kinds of variables are different, e.g. for the idle variables we assume:

Vp,q,r € P: (idle.p # V.q) A (idle.p # father.q) A (idle.p # nr_rec.q.r)
(idle.p # nr_sent.q.r) A (idle.p # M.q.r)

Again similar properties are assumed for the V, father, nr_rec, nr_sent, and M variables. The exact defi-
nition capturing these properties of PLUM’s is not presented here, since obviously it is very tedious and
takes up a lot of space.

Theorems 6.2 through 6.5 indicate which variables are written by the various actions of the PLUM algo-
rithm. (For the definition of <+ see A.553.) Since we assume the validity of distinct_.PLUM_Vars, we know
that if, for example, (p # p’), then action IDLE.p.q does not write to the variables idle.p’, father.p’, M.q.p’,
nr_rec.p'.q, and V.p'.

For ease of referring to the guards of the various actions of PLUM, Theorems 6.6 through 6.9 state them.
6.3 Presenting proofs of unless and ensures properties

During the refinement and decomposition of the specification, various one-step safety (i.e. unless) and
progress (i.e. ensures) properties have to be verified. To enhance the readability of their proofs, this
section shall introduce the proof format for the verification of these properties.

The proof obligations stating ensures -properties are introduced through an application of the ~~
InTrRODUCTION (C.355) theorem. More specifically, applying this theorem results in proof obligations of
the form:

F (JoLum A ) ensures y
Rewriting with Definitions A.853 and A.125,4 gives us:

VA € aPLUM,s,t € State: Jopou.5 A 2.5 A —y.s A compile. A.s.t = (Jeruu-t A 2.t) Vy.t } unless—part

A

JA € aPLUM : Vs, t € State: Jppyn.S A 2.5 A —y.s A compile.A.s.t = y.t }exists — part

To prevent tedious rewriting with unless and ensures, and repeated discharging of the hypotheses at the
left hand side of the implications, we introduce the proof-format displayed in Figure 8.
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F (JeLum A ) ensures y

unless-part.
IDLE.p'.q'.s.t
the proof that is displayed here, implicitly assumes the validity of
e Jooou-S (and because of the assumed stability of Jepuy (Section 6.1) also Jepyy.t)
® 1.5
® MY.S
e compile.(IDLE.p .q").s.t
and aims to verify that z.t V y.t.
coL.p'.¢'.s.t dito, but then for coL
PROP.p'.q'.s.t dito, but then for PROP
DONE.p'.¢".s.t dito, but then for DONE

exists-part: directly after the colon we shall write that action A that is used to reduce the existential
quantification.

Then, we present a proof that — under the implicit assumptions that Jpryy-s, x.s, and —y.sAcompile.A.s.t
— verifies that the action establishes the desired progress (i.e. y.t).

Figure 8: The proof-format for the verification of ensures -properties

<
Theorem 6.10 not_evalb_sent_2_all_ezcept_f
—sent_to_all_non_fathers.p.s3q : q € neighs.p A q # s.(father.p) A s.(nrsent.p.q) # 1
Theorem 6.11 not_evalb_rec_from_all_neighs
—rec_from_all_neighs.p.s = q : q € neighs.p A s.(nr_rec.p.q) # 1
Theorem 6.12 finished_and_sent_2_f IMP_sent_2_all_neighs
finished_collecting_and_propagating.p.s A reported_to_father.p.s
sent_to_all_neighs.p.s
Figure 9: Some useful theorems for arbitrary processes p € P and states s € State
<

6.4 Some more theorems, notation and assumptions

Figure 9 displays some simple theorems that turn out to be useful during the verification, they all follow
naturally from (1) through (7) on page 8.

During the whole process of verification, we shall assume that we have a connected centralised commu-
nication network. i.e. Connected_Network.[P.neighs.starter.

Moreover, during the process of decomposition:

F abbreviates JpLom promt-

6.5 Refinement and decomposition strategy

The global strategy applied to decompose the specification stating termination of distributed hylomor-
phismes, is inherent to the structure of distributed hylomorphisms:

let the information flow from leaves to root of the RST o build an RST

cata ana
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Distributed hylomorphisms build an RST by flooding messages to all processes in such a way that:
e when an idle process p receives its first message from ¢, it marks ¢ as its father and opens its
floodgate by becoming non-idle
e non-idle processes only flood (i.e. propagate) messages to non-father-neighbours.
Consequently, the shape of the rooted spanning tree is established by the father relation, once all processes
have become non-idle. The construction of the tree, however, is finished only when
(1) every process has sent messages to all its neighbours that are not its father (i.e. it has sent messages
to all of its non-father-neighbours)
(2) all messages meant in (1) are actually received (i.e. every process has received messages from all of
its non-child-neighbours)
Requirement (1) is captured by the definition of sent_to_all_non_fathers (see (2) on page 8). Requirement
(2) is, for some process p € P, characterised by the following definition:

Definition 6.13 RECEIVED FROM ALL NON-CHILDREN rec_from_all_non_child
rec_from_all_non_children.p = Yq € neighs.p : (p # (father.q)) = (nr_rec.p.q = 1)

this predicate states that process p has at least received messages from those neighbours of which p is
not the father. Thus, in other words, p has at least received messages from all its non-child-neighbours.

Applying this global proof strategy to the initial specification results in the following anamorphism-
and catamorphism-part:

F iniPLUM ~ Vp : p € P: done.p

<(~ TransiTivity (C.555))

F  iniPLUM
~~
(Vp € P: —idle.p) anamorphism — part
A(Vp € P : sent_to_all_non_fathers.p)
A(Vp € P : rec_from_all_non_children.p)

F o (Vp e P: —idle.p)
A(Vp € P : sent_to_all_non_fathers.p)
A(Vp € P : rec_from_all_non_children.p) catamorphism — part

~

Vp:p€P: donep

6.6 Verification of the anamorphism part

Decomposition of the anamorphism-part is straightforward and follows naturally from the discussion
in the previous section: first prove that the shape of the RST is established by proving that all processes
eventually become non-idle (ana_1); then prove that all processes end the construction of the RST by
sending messages to all their non-father-neighbours (ana_2); finally prove that all messages sent in order
to construct the RST are eventually received (ana_3).

F  iniPLUM

A

(Vp € P: —idle.p) anamorphism — part
A(Vp € P : sent_to_all_non_fathers.p)

A(Vp € P : rec_from_all_non_children.p)

<(~ Accumuration (C.7s4), twice)

F  iniPLUM

~> ana_l

Vp € P: —idle.p
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F VpeP: —idlep
~ ana_2
Vp € P : sent_to-all_non_fathers.p

F (VpeP: —idle.p) A (Vp € P: sent_to_all_non_fathers.p)
~s ana_3
(Vp € P: —idle.p) A (Vp € P : rec_from_all_non_children.p)

The verification of ana_1

Decomposition of ana_1 proceeds by induction on the structure of the connected network underlying the
PLUM algorithm. That is, we prove that when a process p is non-idle, then eventually all its neighbours
will become non-idle. Consequently, from the connectivity of the network it can be deduced that since
the starter is non-idle, eventually all processes will be non-idle.

F iniPLUM ~ Vp € P: —idlep }ana.1l
<(~ SusstiTuTioN (C.255), using characterisation of initial condition PLUM)
F Vp € {starter} : —idle.p ~ Vp € P : —idle.p
<(rewrite with the definition of Connected_Network (4.35))
F Vp € {starter} : —idle.p ~ Vp € iterate.n.(Neighs.neighs).starter : —idle.p
<(~ ITERATE (C.1354))
VL CP:FVpe L: -idle.p ~» Vp € Neighs.neighs.L : —idle.p
<(~ SusstiTuTioN (C.255), prepare for ~» ConjuncTioN (C.1156))
VL CP:+Vpe L,Vq € neighs.p : —idle.p A —idle.p ~» Vp € L,Vq € neighs.p : —idle.q
<(~ ConsunctioN (C.1156), three times)
VLCP,p€ L,q € neighs.p : (F —idle.p ~ —idle.p) A (+ —idle.p ~ —idle.q)

The first conjunct can be proved using ~» RerLEXIVITY (C.455), and the stability of —idle.p, stated below:
Theorem 6.14 STABLEe_not_idle
Vp €P: ppout O-idlep

We now proceed with the second conjunct. Since ¢ is assumed to be an arbitrary neighbour of p, we have
to make a distinction as to whether ¢ is p’s father or not.

<(~» Casg pISTINCTION (C.655))
VLCP,pe L,q € neighs.p:
F —idle.p A (¢ = father.p) ~ —idle.q A F —idle.p A (¢ # father.p) ~~ —idle.q

an:;il .1 an:;il 2

Examine the first conjunct ana_1.1, we need to verify that when a process p is non-idle, then eventually
its father will be non-idle. When a process p is not idle, it has received a message from its father. Hence
its father is not idle since otherwise it would not have been able to send a message to p. Therefore, the
first conjunct should be provable from the invariant as follows: for arbitrary p € P and ¢q € neighs.p:

F —idle.p A ¢ = father.p ~ —idle.q
<(~ IntrODUCTION (C.355))

((Jerum A —idle.p A (g = father.p)) = —idle.q) A F O(JpLum A —idle.q)

In order to establish this proof we introduce our first candidate for part of the invariant Jpy,ywm:

B chlLUM =Vp € P, q € neighs.p : —idle.p A ¢ = father.p = —idle.q
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Obviously, when Jppuy implies ¢J.. ., the stability of Jppum, and the stability of (-idle.q) (stated in
Theorem 6.14) establish ana_1.1.

The second conjunct ana_1.2, states that when a process p is non-idle, then eventually its non-father
neighbours will be non-idle. Evidently, when p is non-idle, it shall eventually send a message to its
non-father neighbour ¢; moreover, g shall eventually receive this message and, when not already non-idle,
shall become non-idle. This is reflected in the following decomposition strategy: for arbitrary p € P and
q € neighs.p:

F —idle.p A q # father.p ~~ —idle.q
<(~ TrANsITIVITY (C.555))
F —idle.p A q # father.p ~ nrsent.p.g =1 A F nrsent.p.q =1~ —idle.q
anarl.2.1 anaI.2.2

ana_1.2.1 can be proved using ~ INTRODUCTION (C.355), leaving us with the proof obligations:

F O (JprLum A nrsent.p.qg = 1)
A
F (Jprum A —idle.p A q # father.p) ensures (nr_sent.p.q = 1)

Stability of (nr_sent.p.q = 1) can be proved separately from invariant Jprum, since, for all p € P and
q € neighs.p, the guards of PROP.p.q and DONE.p.q imply that nr_sent.p.q = 0. The proof is straightforward
and the resulting theorem is presented below.

Theorem 6.15 STABLEe_nr_sent_is_1
Vp,q € P prout O (nr_sent.p.qg = 1)

Consequently,
F O (Jprum A (nrsent.p.qg = 1))
< (O ConyuncTioN A.1153)
F OJerum A F O(nrsent.p.g =1)
Which is proved by the assumed stability of Jppum, and Theorem 6.15 from above.

The validation of the ensures -property is below:
F (JpLum A —idle.p A g # father.p) ensures (nr_sent.p.q = 1)

unless-part
IDLE.p .¢ 5.t
- if p # p', then idle.p and father.p are not written by IDLE.p'.¢'.s.t and thus s.(idle.p) = t.(idle.p)
and s.(father.p) = t.(father.p).
- if p=p', then (s = t) since the guard of IDLE.p'.¢'.s.t is disabled by —s.(idle.p). (see the explanation
on the implicit assumptions implied by the presentation of ensures -properties from Section 6.3).
coL.p'.q".s.t, PROP.p'.q¢'.s.t, DONE.p'.¢'.s.t do not write to the idle and father variables (Theorems 6.31;
through 6.511).
exists-part: PROP.p.q.s.t.
In order to verify that this action indeed sends a message to its neighbour ¢, we have to prove that its
guard is enabled in state s. More specific (Theorem 6.811) this comes down to verifying that:

=s.(idle.p) A (s.(nr_sent.p.q) = 0) A (q # s.(father.p)) A —sent_to_all_non_fathers.p.s
The implicit assumptions of ensures -proofs (Figure 8) tell us that —s.(idle.p), (¢ # s.(father.p)), and
(s.(nr_sent.p.q) # 1), and hence Theorem 6.10,3 implies that —sent_to_all_non_fathers.p.s, the following

proof obligation remains:

s.(nr_sent.p.q) =0
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In order to prove this, we need to propose an additional candidate for part of the invariant. Since,
we have that (s.(nr_sent.p.q) # 1), the invariant-part that suffices here, is a predicate stating that the
number of messages a process has sent to a neighbour is always 0 or 1.

B chzLUM =Vp € P,q € neighs.p: nrsent.p.g =0 V nrsent.p.qg =1

This ends the validation of ana_1.2.1.

Using Theorem 6.1445, the assumed stability of Jpr,um, © ConjuncTiON A 1153, and ~ INTRODUCTION
(C.355), the proof obligation ana_1.2.2 can be reduced to:

F (Jprum A nr_sent.p.q = 1) ensures (—idle.q)

unless-part
IDLE.p'.¢".s.t, COL.p'.q'.s.t do not write to the nr_sent variables (Theorems 6.2;; and 6.317).
PROP.p .q'.5.t
-If (p#p') or (¢ # ¢'), the variable nr_sent.p.q is not written.
- If (p=p') and (¢ = ¢'), then s =t because the guard of PROP.p'.q".s.t is disabled by the fact that
nr_sent.p’.q’ =1 in state s.
DONE.p .q'.s.t
- If (p#p') or (¢ # ¢') the variable nr_sent.p.q is not written.
- Suppose (p = p') and (¢ = ¢').
- If ¢’ # s.(father.p') then the guard of DONE.p'.¢".s.t is disabled and hence s = t.
- Suppose ¢’ = s.(father.p’).
- If —=finished_collecting_and_propagating.p.s, then, from Theorem 6.91;, we can deduce that
the guard of DONE.p'.¢'.s.t is disabled, and hence that s = t.
- If finished_collecting_and_propagating.p.s, then p has sent_to_all_non_fathers in state s (4)s.
Moreover, since we know that nr_sent.p’.(father.p') = 1 in state s we have that (Theorem
6.1213) sent_to_all_neighs.p.s and thus done.p.s. Consequently, the guard of DONE.p'.¢ ..t
is disabled and hence s = t.
exists-part: IDLE.q.p.s.t
In order to verify that process ¢ indeed receives a message from its neighbour p, and becomes non-idle
we have to prove that the guard of IDLE.q.p.s.t is enabled in state s. Using Theorem 6.61;, and the
assumption that s.(idle.p) this comes down to verifying that:

mit.p.q.s

The implicit assumptions and the already proposed invariant-candidates c¢J..,, and cJ2,,, do not give
enough information to prove this. Consequently, we shall again have to construct some additional
invariant-candidates. Intuitively, when a message is in transit from p to ¢ this will always mean that
(nr_rec.q.p < nr_sent.p.q). Moreover, when a process p is idle this means that is has not yet received any
message and hence all its nr_rec variables are 0. Proposing these as candidates for part of the invariant,
enables us to prove the current exists-part. Since we have here that ¢ is idle and s.(nr_sent.p.q = 1), we
can deduce that (s.(nr_rec.q.p) < s.(nr_sent.p.q)) and hence mit.p.q.s.

B cJP3LUM =Vp € P,q € neighs.p : idle.p = nr_rec.p.q =0

B ¢ty = VP € P, q € neighs.p : (nr_rec.q.p < nr_sent.p.q) = mit.p.q

This establishes the proof of ana_1.2.2, ana_1.2, and hence ana_1. For future reference the results are
summarised in Figure 10.

The verification of ana_2

Proving that a non-idle process shall eventually send messages to all its non-father-neighbours can be
proved by re-using ana_1.2.1 (Theorem 6.16). The following derivation aims at bringing ana_2 into the
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Theorem 6.16 ana_1.2.1
Vp € P,q € neighs.p : Joryu
Theorem 6.17 ana_1.2.2
Vp € P,q € neighs.p : Joryu
Theorem 6.18 ana 1.1

Vp € P,q € neighs.p : Joryu
Theorem 6.19 ana 1.2

Vp € P,q € neighs.p : Joryu

Theorem 6.20 ana_1

prumt Tidle.p A (g # father.p) ~» nr_sent.p.q = 1

pomt Nrsent.p.q = 1 ~~ —idle.q

promt Tidle.p A (¢ = father.p) ~ —idle.g

prumt Tidle.p A (g # father.p) ~» —idle.q

Jorum prowt INi(PLUM.A.h.PROP_mes.DONE_mes) ~ Vp € P : —idle.p

Figure 10: Verification of ana_1

not_tdle_CON_sent_2_neighs_ex_f

sent_to_q_CON_not_idle_q

not_idle_CON_idle_father

not_idle_.CON_not_tdle_neighs

Init_CON_all_not_idle

|

correct form for application of ana_1.2.1. (The notes 41, with which some of the derivation steps are
marked, can be ignored here. Their purpose will become clear later on.)

FVpeP: —idlep ~ Vp € P: sent_to_all_non_fathers.p }ana_2
<(~ SussTiTuTioN (C.255), (2)s; prepare for ~ Conjunction (C.1156))
F  VpeP,q € neighs.p: —idle.p

oad

Vp € P, q € neighs.p : (midle.p A (¢ = father.p)) V (nr_sent.p.q = 1)

<(~ ConsunctioN (C.1156), twice)
Vp € P, q € neighs.p : - —idle.p ~ (—idle.p A (¢ = father.p)) V (nr_sent.p.q = 1)
<(~ Casg pisTINCTION (C.655))

Vp € P,q € neighs.p :

F —idle.p A (¢ = father.p) ~~ (—idle.p A (¢ = father.p)) V (nr_sent.p.qg = 1)

A

F —idle.p A (g # father.p) ~~ (—idle.p A (¢ = father.p)) V (nr_sent.p.qg = 1)

<(~ SusstiTuTiON (C.255) on the right hand side of both conjuncts)

Vp € P,q € neighs.p :

F —idle.p A (¢ = father.p) ~» —idle.p A (¢ = father.p)

A

F —idle.p A (g # father.p) ~~ (nr_sent.p.q = 1)
<(Second conjunct is proved by Theorem 6.161g)

Vp € P,q € neighs.p : F —idle.p A (¢ = father.p) ~~ —idle.p A (¢ = father.p)

&(~ RerFLExvVITY (C.455), O ConguncTionN A.1153, and assumed stability of Jppum)
F O-idle.p A (g = father.p)

This stability predicate is straightforward to prove since a non-idle process stays non-idle (Theorem
6.14;5) and does not write to its father variables.

Theorem 6.21

Vp,q € P: prout O -idle.p A (¢ = father.p)

For future reference we again summarise:
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Theorem 6.22 ana_2 not_tdle_CON_not_propagating

Jerom prumt V0 € P —idle.p ~» Vp € P sent_to_all_non_fathers.p

Theorem 6.23 not_idle AND_q_IS_f_p_CON_REFL
Vp € P,q € neighs.p : Jorum promt —idle.p A (g = father.p) ~~ —idle.p A (¢ = father.p)

Verification of ana_3

Proving ana_3 comes down to verifying that when a message is sent, it shall eventually be received. In
order to derive this proof obligation, we proceed as follows:

F (Vp e P: —idle.p) A (Vp € P: sent_to_all_non_fathers.p)
~ ana_3
(Vp € P: —idle.p) A (Vp € P : rec_from_all_non_children.p)
<(~ SussTiTuTiON (C.255), (2)s, and Definition 6.1314)
F Vp € P,q € neighs.p : —idle.p A ((¢ # father.p) = (nr_sent.p.qg = 1))
o d
Vp € P, q € neighs.p : —idle.p A ((¢ # father.p) = (nr_rec.q.p = 1))
<(~ ConsunctioN (C.1156), twice)
Vp € P,q € neighs.p :
F —idle.p A ((¢ # father.p) = (nr_sent.p.q = 1))
~~
—idle.p A ((g # father.p) = (nr_rec.q.p = 1))
= (logic)
Vp € P,q € neighs.p :
F (—idle.p A (g = father.p)) Vv (-idle.p A (nr_sent.p.g = 1))
A
(—idle.p A (¢ = father.p)) V (—idle.p A (nr_rec.q.p = 1))
<(~» Dissuncrion (C.1056))
Vp € P,q € neighs.p :
F  =idle.p A (¢ = father.p) ~ —idle.p A (¢ = father.p)
A
F  —idlep A (nr_sent.p.g = 1) ~» —idle.p A (nr_rec.q.p = 1)
< (First conjunct is proved by Theorem 6.23;9)
Vp € P,q € neighs.p :
F  —idlep A (nr_sent.p.g = 1) ~» —idle.p A (nr_rec.q.p = 1)
<(~ ConyunctioN (C.1156))
Vp € P,q € neighs.p :
(F  —idle.p ~» —idle.p) A (F  nrsent.p.g =1~ nr_rec.q.p = 1)
<(First conjunct is proved using ~» RErFLEXIVITY (C.455), and Theorem 6.14;5)
Vp € P,q € neighs.p : F nr_sent.p.g =1~ nr_rec.q.p=1

So we have to prove that when a process p sends a message to a neighbour ¢, then ¢ shall eventually
receive this message. Since nothing is known about ¢, there are two possibilities:

q is non-idle In this case the execution of COL.q.p shall ensure that p’s message is eventually received.

q is idle This case is more subtle, since it is not ensured that execution of IDLE.q.p shall receive p’s
message. In illustration, suppose another neighbour r (r # p) has also sent a message to the idle
process q. If ¢ decides to receive r’s message before it receives the one from p, then ¢ registers r
as its father and becomes non-idle. Consequently, subsequent executions of ¢’s IDLE-actions will
behave like skip and therefore shall not be responsible for the receipt of p’s message. In this case
¢’s COL actions will ensure that p’s message is eventually received.

This is reflected in the following proof:

19



Vp € P,q € neighs.p : F nr_sent.p.g =1~ nr_rec.q.p=1
<(~ Casg DisTiNcTION (C.655))

Vp € P,q € neighs.p

I: nr_sent.p.g = 1 A —idle.q ~» nr_rec.q.p =1

anz;i?).l

A

F nr_sent.p.g = 1 Aidle.q ~> nr_rec.q.p =1
an:;:3.2

As indicated, when ¢ is non-idle (ana_3.1) the execution of COL.q.p shall ensure that p’s message is even-
tually received. Consequently, ~» INTRODUCTION (C.355) is applied to ana_3.1 giving us: for arbitrary
p € P and ¢ € neighs.p

F OJprum Anrrec.qg.p =1
A
F (Jprum A nr_sent.p.q = 1 A —idle.q) ensures (nr_rec.q.p = 1)

Stability of (nr_rec.q.p = 1) cannot be proved separately from the stability of Jpr,um. The reason for
this is that — unlike the guards of PROP.p.q and DONE.p.q that imply that (nr_sent.p.¢ = 0) and hence
allow for the separate verification of O (nr_sent.p.q = 1) — the guards of IDLE.p.q and COL.p.q actions do
not imply that (nr_rec.p.¢ = 0). However, in combination with the proposed invariant-candidates they
do. ¢J2 ,, implies that when q is idle, nr_rec.q.p = 0. Therefore, when the guard of IDLE.¢q.p (Definition
6.611) is enabled the validity Jpruy implies nrrec.q.p = 0. cJoy,, together with cJ2 ,,, implies that
when mit.q.p holds, nr_rec.q.p = 0. Therefore, when the guard of coL.q.p (Definition 6.7;;) is enabled the

validity Jprum implies nr_rec.q.p = 0. Consequently, we have the following theorem:
Theorem 6.24 STABLEe_Invariant_AND_nr_rec_is_1
Vp,q € P pront O (Jprum A nrorec.p.g = 1)

The validation of the ensures -property is below:
F (JpLum A nr_sent.p.q = 1 A —idle.q) ensures (nr_rec.q.p = 1)

unless-part
IDLE.p'.q' 5.t
- if (p' = q), then (s =t) since the guard of IDLE.p'.¢".s.t is disabled by —s.(idle.q).
- if (p' # q) the variables idle.q and nr_sent.p.q are not written
coL.p'.q".s.t does not write to idle and nr_sent variables (Theorem 6.311).
PROP.p'.¢'.5.t
- If (p #p') or (¢ # ¢') the variable nr_sent.p.q is not written. (idle variables are not written at all
by PROP)
-If (p=yp') and (¢ = ¢'), then (s =t) since the guard of PROP.p'.¢'.s.t is disabled by the validity of
(s.(nr_sent.p'.¢’) = 1).
DONE.p'.q'.s.t
- If (p #p') or (¢ # ¢') the variable nr_sent.p.q is not written. (idle variables are not written at all
by DONE)
- Suppose (p = p') and (¢ = ¢').
- If ¢’ # s.(father.p') then, from Theorem 6.911, we can deduce that the guard of DONE.p'.¢ ..t
is disabled and hence s = t.
- Suppose ¢’ = s.(father.p’).
- If —=finished_collecting_and_propagating.p.s, then, from Theorem 6.91;, we can deduce that
the guard of DONE.p'.¢'.s.t is disabled and hence s = ¢.
- If finished_collecting_and_propagating.p.s, then sent_to_all_non_fathers.p.s follows from (4)g.
Moreover, since p’ has already sent to its father (i.e. (s.(nr_sent.p'.(s.(father.p’))) = 1))
we have that (Theorem 6.123) sent_to_all_neighs.p.s and thus done.p.s. Consequently, the
guard of DONE.p'.¢'.s.t is disabled and hence s = .
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exists-part: COL.q.p.s.t

In order to verify that process ¢ indeed receives a message from its neighbour p, and establishes
t.(nr_rec.q.p) = 1 we have to prove that the guard of COL.¢.p.s.t is enabled in state s, and s.(nr_rec.q.p) =
0. Since s.(nr_rec.q.p) # 1, Theorem 6.11;3 gives us —rec_from_all_neighs.q. Using Theorem 6.711, and
the assumption that —s.(idle.p) the proof obligations that remain are:

mit.p.q.s A s.(nr_rec.q.p) =0

= (eJoy s and the assumption that s.(nr_sent.p.q) = 1)
s.(nr_rec.q.p) <1 A s.(nr_rec.q.p) =0

= (arithmetic)

s.(nr_rec.q.p) =0

Again, looking at the assumptions and the already proposed invariant-candidates, we do not have enough
information to prove this. Consequently, we introduce the following candidate, which obviously suffices
in this case.

I cJ3 ., = Vp € P, q € neighs.p : (nr_rec.p.q = 0) V (nr_rec.p.q = 1)

We hereby end the proof of ana_3.1.

Theorem 6.25 ana_3.1 not_idle_AND_neigh_has_sent_CON_rec

Vp € P,q € neighs.p: JpLum pLumt Nr_sent.p.g = 1 A —idle.q ~» nr_rec.q.p =1

We continue with ana_3.2 using the strategy delineated earlier on page 19.

Vp € P,q € neighs.p : F nr_sent.p.g =1 Aidle.q ~» nr_rec.q.p =1
<(~ TrANsITIVITY (C.555))
Vp € P,q € neighs.p :
F nrsent.p.¢ = 1 Aidle.q ~ nr_sent.p.q = 1 A —idle.g A (3r : nr_rec.q.r = 1)
A
F nrsent.p.q = 1 A —idle.g A (3r : nr_rec.q.r = 1) ~ nr_rec.q.p = 1

Using ~» SusstituTioN (C.255), the second conjunct can be reduced to, and hence proved by, Theorem
6.2551. The first conjunct is proved by ~» INTRODUCTION (C.355):

F O(JpLum A nr_sent.p.g = 1 A —idle.g A (3r : nr_rec.q.r = 1))
A
F (JeLum A nr_sent.p.g = 1 Aidle.q)
ensures
(nr_sent.p.g = 1 A —idle.g A (3r : nr_rec.q.r = 1))

The stability requirement can be proved using O ConjuncTioN A.1153, Theorems 6.1415, 6.1514, and
6.2459. The proof of the ensures-property is similar to that of ana_3.1 on the understanding that
IDLE.q.p.s.t in instantiated in the exists-part instead of COL.q.p.s.t.

Theorem 6.26 ana_3.2 idle_AND_neigh_has_sent_CON_rec

Vp € P,q € neighs.p: JpLum pLumt Nr_sent.p.g = 1 Aidle.q ~~ nr_rec.q.p =1
Theorem 6.27 ana_3 not_propagating_and_not_idle CON_not_idle_rec_from_all_non_child

Jorom prom (VP € P2 —idle.p) A (Vp € P : sent_to_all_non_fathers.p)

~

(Vp € P: —idle.p) A (Vp € P : rec_from_all_non_children.p)
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Figure 11: Rooted spanning tree; process p has depth 3.

6.7 Theory on rooted spanning trees

A rooted spanning tree of a connected communication network (P, neighs) (see Figure 11) is a directed
graph and consists of:

e a unique designated process r of the network which is considered to be the root of the tree, and
hence has no outgoing edges to other processes in the network.

e 3 subset of communication links of the network, such that for all processes p € P it holds that there
is a unique path from p to r in the tree.

The tree is characterised by a process r and a function f € P—P (see Figure 11). To formalise the fact
that the root is a process in the network, and has no outgoing edges to any other process, we define

(reP)An(fr=r)

Consequently, since the communication links in the tree have to be a subset of those in the network, f
has to satisfy:

VpeP: (p#r)= (f.p € neighs.p)

For ease of reference, when ¢ = f.p, we call ¢q the ancestor or father of p, and similarly p the descendant
or child of q. To specify that for every process p € P there is a unique path from p to r in the tree, we
define the depth of a process p, as follows:

Definition 6.28 depth
depth.f.r.p.k = (r = iterate.k.f.p) AVm < k : (r # iterate.m.f.q)

In words, process p has depth k, if the shortest path from p to r in the tree has length k. Since f is a
function, the existence of a unique path from p to r equals the existence of a shortest path from p to r in
the tree. Consequently, the requirement that for every process p € P there has to be a unique path from
p to r in the tree can be characterised by:

Vp € P: 3k : depth.frp.k

Summarising, we have the following definition of a rooted spanning tree of a connected network:
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level 0

level 1
level 2
level 3
Figure 12: Processes categorised into levels.
<
Definition 6.29 ROOTED SPANNING TREE RST

RST.f.r.P.neighs = (reP)A(r=1fr)
VpeP: (p#r)= (f.p € neighs.p)
Vp e P: Jk: depth.f.rp.k

Since every process in a rooted spanning tree has a unique depth, we can categorise processes into levels
by using their depths. This is depicted in Figure 12. The set of processes at level k is defined as follows:

Theorem 6.30 level

level. P.f.r.k = {p | p € P Adepth.f.rp.k}

When it is clear from the context which P, f, and r are used, we shall abbreviate level.P.f.r.k by level.k.
The height of a rooted spanning tree is defined to be the maximum of the depths of all processes in
the underlying network:

Definition 6.31 HEIGHT OF TREE height
height.P.f.r.neighs.h = (h = max.{k | p € P A depth.f.r.p.k})

Again, when it is clear which P, f, r, and neighs are used, we abbreviate height.IP.f.r.neighs.h by height.h.
The reader can check that the height of the rooted spanning tree in Figure 11 is 4. Moreover, it is not
hard to see that:

Theorem 6.32 RST_has_height

Connected_Network.P.neighs.starter A RST.f.r.P.neighs
3h : height.P.f.r.neighs.h

6.8 Verification of the catamorphism part

F o (VpeP: —idle.p)
A (Vp € P : sent_to_all_non_fathers.p)
A (Vp € P : rec_from_all_non_children.p) catamorphism — part

~

Vp:p € P: donep
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First of all we need to construct the function f € P—P, that characterises the rooted spanning tree.
Obviously, the father variables were set as to define such a function. Consequently, we start by bringing
this function f into the left hand side of ~~ as follows. In order to avoid confusion between the type of
father and f we explicitly denote the state s in the last conjunct of the left hand side of ~.

<(~ SusstiTuTiON (C.255))
F o 3f e PP
(Vp € P : —idle.p)
A (Vp € P : sent_to_all_non_fathers.p)
A (Vp € P : rec_from_all_non_children.p)
A (VYp € P: (As. f.p = (s ofather).p))
Vp:p€P: donep
<(~ DissuncTioN (C.1054))
Vi € PP
F (VpeP: —idlep)
A (Vp € P : sent_to_all_non_fathers.p)
A (Vp € P : rec_from_all_non_children.p)
A (Vp € P: (As. f.p = (s o father).p))

Vp:pe€ P: donep

Second, we have to prove that we have indeed built a rooted spanning tree. That is, we need to bring the
conjunct RST.P.f.starter.neighs into the left hand side of ~». Using ~» SuBsTiTUTION (C.255) this means
we have to prove that:

Vs € State: Jpryu-S
AYp € P: = s.(idle.p)
AVp € P : sent_to_all_non_fathers.p.s
AYp € P : rec_from_all_non_children.p.s

AVp € P: f.p = (sofather).p (6.33)
=

(starter = f.starter) P,

Vp e P: (p # starter) = (f.p € neighs.p) P,

Vp € P: 3k : depth.f.starter.p.k P;

Evidently, in order to be able to prove this, we shall need to invent some new candidates for part of the
invariant. The first invariant-candidate follows naturally from the proof obligation P;. Since, initially
the starter is defined to be non-idle and father.starter equals® starter, the following is a valid (Theorem
6.215) invariant-candidate®:

B cJS oy = (As. (s o father).starter = starter A —s.(idle.starter))

The next invariant-candidates are introduced as to establish proof obligation P, and Pg3 respectively.
Since processes only receive messages from their neighbours, and once non-idle never change the value of
their father variable again, we propose:

ST oy = (As. Vp € P: (p # starter) A —s.(idle.p)
= ((s o father).p € neighs.p))

B I oy = (As. Vp € P : —s.(idle.p) = Tk : depth.(s o father).starter.p.k)

It is not hard to see that these candidates are sufficient to prove 6.33.

Theorem 6.33 all_not_idle_IMP_RST

INote that in order to be able to prove that this is invariant we need the initial condition: father.starter = starter.
2 Again we explicitly denote the state to avoid confusion.
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For all f € P—P, s € State:

Jorvm-$ A (Vp € P : = s.(idle.p)) A (Vp € P : sent_to_all_non_fathers.p.s)
(Vp € P : rec_from_all_non_children.p.s) A (¥p € P : f.p = (s o father).p)

RST.P.f.starter.neighs

For arbitrary f € P—P, we now proceed with the catamorphism part as follows:

F o (VpeP: —idle.p)
A (Vp € P: seni_to_all_non_fathers.p)
A (Vp € P : rec_from_all_non_children.p)
A (Vp € P: (As. f.p = (s o father).p))
~s

Vp:p€P: donep

<(~ SusstituTioN (C.255), using Theorem 6.3324)3

F o (VpeP: —idle.p)
A (Vp € P: seni_to_all_non_fathers.p)
A (Vp € P : rec_from_all_non_children.p)
A (Vp € P: (As. f.p = (s o father).p))
A (As. RST.P.f.starter.neighs)

~

Vp:p€P: donep

<(~ StaBLE SHIFT (C.956))

(Vp € P : —idle.p)

A (Vp € P: sent_to_all_non_fathers.p)

A (Vp € P : rec_from_all_non_children.p)

A (Vp € P: (As. f.p = (s ofather).p))

A (As. RST.P.f.starter.neighs) F true

S

Vp:p€P: donep

Before continuing with this proof obligation, it shall be clear that we need to do something about its
readability. For this we introduce the following definition, which contains all conjuncts located at the left
hand side of F (including Jppuy, which is there implicitly (Section 6.3)). We call it J,,, since it refers to

properties that were established during the anamorphism part.

Definition 6.34

Jana = Jprom
A (Vp € P : —idle.p)
A (Vp € P : sent_to_all_non_fathers.p)
A (Vp € P : rec_from_all_non_children.p)
A (Yp € P: (As. f.p = (s ofather).p))
A (As. RST.P.f.starter.neighs)

Invar_and_ANA

Using O ConyunctioN (A.1153), 6.1516, 6.2420, 6.21;5, and the assumed validity of Jeruy, we can derive:

Theorem 6.35

PLUM|_ O Jana

This reduces our current, proof obligation to:

Jana F true ~» Vp € P : done.p

STABLe_Invar_and_ANA

3Note that RST is not a state-predicate. We have State-lifted it by enclosing it in between (As. ...).
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Now we can proceed with the proof strategy presented in Section 6.5; that is prove that the required
information flows from the leaves to the root of the rooted spanning tree. In the case of proving termi-
nation this comes down to proving that when the leaves of the RST are done, then eventually all the
processes will be done. From Theorem 6.3233 we can deduce the height h of the RST, and consequently
we know that the leaves of the RST equal the processes at level h. Therefore we decompose our proof
obligation as follows:

Jana | true ~» Vp € P : done.p
<(~ SusstituTioN (C.255), Definition 6.3425, and Theorem 6.3253)
Jana F (Fh.height.P.f.starter.neighs.h) ~» Vp € P : done.p
<(~» Dissuncrion (C.1056))
Vh : Jana b height.P.f.starter.neighs.h ~» ¥p € P : done.p
< (~ TransiTiviTy (C.555))
Vh : Jana b height.P.f.starter.neighs.h ~ Vp € (level.P.f.starter.h) : done.p

cat;_l
A

Vh: Jana b Vp € (level.P.f.starter.h) : done.p ~ Vp € P: done.p

cata_2

Verification of cata_1

Since leaves have no descendants (i.e. children), and J,,, states that:

e all processes have received messages from all their non-child-neighbours

e all processes have sent messages to all their non-father-neighbours
we can prove that the leaves (i.e. the processes at level h in a RST of height h) have finished their
collecting and propagating phases:

Theorem 6.36 height_Invar_IMP_leaves_fintshed

Jana A height.P.f.starter.neighs.h
Vp € (level.P.f.starter.h) : finished_collecting_and_propagating.p

Consequently, we can proceed with cata_1 as follows:

Vh : Jana b height.P.f.starter.neighs.h ~> Vp € (level.P.f.starter.h) : done.p
<(~ SussTiTuTION (C.255), using Theorem 6.3624)
Vh: Janab  Vp € (level.P.f.starter.h) : finished_collecting_and_propagating.p
A
Vp € (level.IP.f.starter.h) : done.p
<(~ Conyuncrion (C.1156))
Vh,p € (level.P.f.starter.h) :
Jana I finished_collecting_and_propagating.p ~> done.p

Since the rec_from_all_neighs part of the done predicate (see (7)s) was already established by the validity
of finished_collecting_and_propagating (see (4)g), we continue as follows:

((7)s and (4)s)
Vh,p € (level.P.f.starter.h) :
Jana B rec_from_all_neighs.p A finished_collecting_and_propagating.p
VY
rec_from_all_neighs.p A sent_to_all_neighs.p
<(~ ConyunctioN (C.1156))
Vh,p € (level.P.f.starter.h) :
Jana F rec_from_all_neighs.p ~ rec_from_all_neighs.p
A
Jana F finished_collecting_and_propagating.p ~~ sent_to_all_neighs.p
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The first conjunct can easily be proved by ~» RerLExiviTy (C.455), O Conyunctivity (A.11s3), and
Theorem 6.245.

For the second conjunct, we argue as follows. When a follower process has finished its collecting
and propagating phase, it is ready to sent its final message to its father after which it becomes done
and hence has sent_to_all_neighs. However, when the starter has finished_collecting_and_propagating, and
hence sent_to_all_non_fathers, it has already sent_to_all_neighs, since cJPGLUM states that the father of the
starter is the starter itself; and the definition of Network (Definition 4.16) defines that a process cannot
be a neighbour of itself.

Theorem 6.37 sent_2 all_except_f_starter_IMP_sent_2_all_neighs_starter

Jerom A sent_to_all_non_fathers.starter

sent_to_all_neighs.starter

Consequently, we make the following case distinction: (note that this is a case distinction on the outer-
most level, not inside - using ~» Casg DistiNcTION (C.655))

Vh,p € (level.P.f.starter.h) :
Jana I finished_collecting_and_propagating.p ~> sent_to_all_neighs.p
<((p = starter) V (p # starter))
Jana F finished_collecting_and_propagating.starter ~ sent_to_all_neighs.starter
A
Vh,p € (level.P.f.starter.h), p # starter:
Jana I finished_collecting_and_propagating.p ~> sent_to_all_neighs.p

Evidently, the first conjunct can be proved by ~» InTrODUCTION (C.355), using Theorem 6.3727, The-
orem 6.1516, and (4g). We carry on with the second conjunct by noticing that when a process has
finished_collecting_and_propagating, it has already sent a message to its father or not.

Vh,p € (level.P.f.starter.h), p # starter:
Jana F finished_collecting_and_propagating.p ~~ sent_to_all_neighs.p
<(~» Case DistincTioN (C.655))
Vh,p € (level.P.f.starter.h), p # starter:
Jana = finished_collecting_and_propagating.p A reported_to_father.p

~

sent_to_all_neighs.p
A
Jana F finished_collecting_and_propagating.p N\ —reported_to_father.p

~

sent_to_all_neighs.p

The first conjunct can again be easily proved by ~~ INTRoDUCTION (C.355), using Theorem 6.12;3, and
Theorem 6.154¢.
Progress stated in the second conjunct is ensured by the DONE action of process p. Consequently:

Vh,p € (level.P.f.starter.h), p # starter:
Jana F finished_collecting_and_propagating.p N\ —reported_to_father.p
A
sent_to_all_neighs.p
<(~ SusstiTuTiON (C.255), to recognise guard of DONE)
Vh,p € (level.P.f.starter.h),p # starter:
Jana = 3q € neighs.p :  finished_collecting_and_propagating.p
A—reported_to_father.p A (q = father.p)
A
Jq € neighs.p :  sent_to_all_neighs.p
<(~» DissuncrioN (C.1056))
Vh,p € (level.P.f.starter.h), p # starter,q € neighs.p :
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Jana F finished_collecting_and_propagating.p N\ —reported_to_father.p
A (g = father.p)
A
sent_to_all_neighs.p
<(~ InTrODUCTION (C.355), Theorem 6.1516)
Vh,p € (level.P.f.starter.h), p # starter,q € neighs.p :
F Jana A finished_collecting_and_propagating.p A —reported_to_father.p
A (g = father.p)
ensures
sent_to_all_neighs.p
As the reader can verify, this ensures -property can be easily proved. This ends the verification of:

Theorem 6.38 finished_collecting_and_propagating CON_done

Vh: Jaa b Vp € (level.P.f.starter.h) : finished_collecting_and_propagating.p

oad

Vp € (level.IP.f.starter.h) : done.p
and consequently, of cata_1:

Theorem 6.39 cata_1 height_h_CON_all_done_at_height_h

Vh : Jana b height.P.f.starter.neighs.h ~ Vp € (level.P.f.starter.h) : done.p

Verification of cata_2
The proof of cata_2 proceeds by induction on h.
INDUCTION BASE: case 0

Jana - Vp € (level.P.f.starter.0) : done.p ~> Vp € P : done.p
INDUCTION HYPOTHESIS:

Vh : Jana b Vp € (level.P.f.starter.h) : done.p ~ Vp € P: done.p
INDUCTION STEP: case (h + 1)

Jana F Vp € (level.Pf.starter.(h + 1)) : done.p ~ Vp € P: done.p

proof of INDUCTION BASE

Since, the only process residing at level.IP.f.starter.0 is the starter, and the starter can only be done when
all other processes are done, the INDUCTION BASE can be proved by ~~ InTroODUCTION (C.355) as follows:

Jana - Vp € (level.P.f.starter.0) : done.p ~ Vp € P: done.p
<(~ SussTiTuTiON (C.255), Definition 6.3023)

Jana | done.starter ~» ¥p € P : done.p
<(~ InTrODUCTION (C.355))

F O (Jana AVp € P: done.p)

A

Vs € State.Jyna.8 A done.starter.s = Vp € P : done.p.s

The stability predicate can be proved by © ConjuncTion (A.1153), using Theorem 6.1516, Theorem 6.245,
and 6.3525. To prove the second conjunct, assume for arbitrary states s:

Al : Jana-s
A, : done.starter.s
A3 I pE P

We prove done.p.s by contradiction, by assuming that:
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Ay : —~donep.s
and proving that —done.starter.s, which establishes false with A,.

The proof strategy will be the following. Since process p is not done, we know that is has not yet sent a
message to its father. Consequently, p’s father has not yet received a message from p, and hence cannot
be done. Iterating this argument until the father of the process under consideration is the starter, will
establish the proof.

However, in order to apply this strategy, we shall have to introduce two new invariant-candidates
since, as the reader can verify, the ones introduced until now do not suffice. We propose:

B T = VD, q € P : —(idle.p) A ~done.p A (q = father.p) = nr_sent.p.q = 0

So we can deduce that when a process p is not done, it has not yet sent a message to its father. Fur-
thermore, we propose the invariant-candidate that states that the number of messages a process ¢ has
received from p is always less than or equal to the number of messages p has sent to g:

BHEEEE chlL%M =Vp,q € P: nr_rec.q.p < nr_sent.p.q

So we can deduce that when p has not yet sent a message to some neighbour ¢, ¢ has not yet received a
message from p. When a process ¢ still has neighbours p from which it has not received a message (i.e.
it holds that nr_rec.q.p = 0), we can prove (using cJi,,) that ¢ has not rec_from_all_neighs and hence is
not done. Consequently, equipped with the new invariant-candidates proposed above, we can now prove
that when p is not done, neither is its father:

Theorem 6.40 not_done_IMP_f_not_done
For all states s € State:

Joruu-8 A p € P A —s.(idle.p) A =done.p.s A (¢ = (s o father).p)
—done.q.s

Subsequently, by induction we can prove that:

Theorem 6.41 not_done_IMP_iterate_f_not_done
For all states s € State:

Jorum-s Ap € P A =s.(idle.p) A ~done.p.s
Vm,q : (¢ = iterate.m.(s o father).p) = —done.q.s

Consequently, using invariant-part CJPSLUM we can prove that:

Theorem 6.42 not_done_IMP_starter_not_done
For all states s € State:

Joruu-8 A p € P A —s.(idle.p) A =done.p.s
—done.starter.s

Assumptions Aj, As, A4, Theorem 6.4299, and the characterisation of Jana (Definition 6.3425) now es-
tablish that —done.starter.s.

end of proof INDUCTION BASE
proof of INDUCTION STEP

Jana - Vp € (level.P.f.starter.(h + 1)) : done.p ~» Vp € P : done.p
<(~ TransITIVITY (C.555), and INDUCTION HYPOTHESIS)

Jana - Vp € (level.P.f.starter.(h + 1)) : done.p ~ Vp € (level.P.f.starter.h) : done.p

The intuitive idea behind the proof strategy for this last proof obligation is the following: because pro-
cesses at level (h+1) are done, these have sent messages to their fathers who all reside at level h; eventually
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chlLUM =Vp € P, q € neighs.p : —idle.p A ¢ = father.p = —idle.q

cJ?

oom = VP € P, g € neighs.p : nrsent.p.g =0 V nrsent.p.q =1

cJP3LUM =Vp € P,q € neighs.p : idle.p = nr_rec.p.q =0

cJP4LUM =Vp € P,q € neighs.p : (nr_rec.q.p < nr_sent.p.q) = mit.p.q

¢J3 . =Vp € P, q € neighs.p : (nrrec.p.qg = 0) V (nr_rec.p.q = 1)

cJS u = (As. (s o father).starter = starter A —s.(idle.starter))

eIl o = (As.Vp € P: (p # starter) A —s.(idle.p) = ((s o father).p € neighs.p))
cJB

PLUM

= (As. Vp € P: =s.(idle.p) = Ik : depth.(s o father).starter.p.k)
eI ou = Vp,q € P =(idle.p) A ~done.p A (¢ = father.p) = nr_sent.p.q = 0)

chlL%M =Vp,q € P: nr_rec.q.p < nr_sent.p.q

Figure 13: Invariant-candidates proposed during refinement and decomposition

<

all processes at level h shall receive these messages and (since already having sent_to_all_non_fathers and
rec_from_all_non_children (Jsa)) will have finished_collecting-and_propagating; consequently, all processes
at level h will eventually send a message to their father and become done.

Jana F Vp € (level.P.f.starter.(h + 1)) : done.p ~> ¥p € (level.P.f.starter.h) : done.p
<(~» TransITIVITY (C.555))
Jana ' Vp € (level.P.f.starter.(h + 1)) : done.p

~

Vp € (level.P.f.starter.h) : finished_collecting_and_propagating.p
A
Jana = Vp € (level.P.f.starter.h) : finished_collecting_and_propagating.p

A
Vp € (level.P.f.starter.h) : done.p
<(The second conjunct is proved by Theorem 6.3825)
Jana ' Vp € (level.P.f.starter.(h + 1)) : done.p
A
Vp € (level.P.f.starter.h) : finished_collecting_and_propagating.p
<(~ SusstiTuTION (C.255), and (4)s, (7)s, 6.3425, 6.3023)
Jana = Vp € (level.Pf.starter.(h + 1)), q € neighs.p : nr_sent.p.q = 1 A —idle.g
o d
Vp € (level.P.f.starter.(h + 1)), q € neighs.p : nr_rec.q.p =1
<(~ ConsunctioN (C.1156), twice)
Vp € (level.P.f.starter.(h + 1)), q € neighs.p :
Jana F nrsent.p.g = 1 A —idle.q ~ nr_rec.q.p =1
<(~ StABLE STRENGTHENING (C.856), Definition 6.3455, and Theorem 6.3525)
Vp € (level.P.f.starter.(h + 1)), q € neighs.p :
Jprum - nresent.p.g = 1 A —idle.q ~» nr_rec.qp =1

Since p € level.P.f.starter.(h + 1), implies p € P, Theorem 6.259; establishes the INDUCTION STEP.

end of proof INDUCTION STEP
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Definition 6.43 PLUM’S INVARIANT Invariant_DEF

Jeron =

Vp € P, q € neighs.p : —idle.p A ¢ = father.p = —idle.q eIl i
A Vp € P,q € neighs.p : nr_sent.p.q =0 V nrsent.p.gq=1 cJPQLUM
A Vp € P, q € neighs.p : idle.p = nr_rec.p.q =0 cJP3LUM
A Vp € P, q € neighs.p : (nr_rec.q.p < nr_sent.p.q) = mit.p.q cJP‘lLUM
A father.starter = starter A —(idle.starter) eI
AVp € P: (p# starter) A —(idle.p) = (father.p € neighs.p) eI
A (As.Vp e P: —s.(idle.p) = Tk : depth.(s o father).starter.p.k) IS
A Vp,q € P: =(idle.p) A —done.p A (¢ = father.p) = nr_sent.p.¢g =0 eI o
A Vp,q € P: nr_rec.q.p < nr_sent.p.q cjplL%M
AVp,qeP:Mpg=1[V (3z: Mp.q=]|z] CJ%L}M
A Vp,q € P:idle.p = nr_sent.p.g =0 coriom
Theorem 6.44 STABLEe_Invariant

PLUM|_ O JPLUM

Theorem 6.45 INVe_Invariant

PLUMl_ a JPLUM

Figure 14: PLUM’s invariant

6.9 Construction of the invariant

As indicated in Section 6.1 the invariant Jpyy iS constructed such that it implies all the candidates that
were proposed during the process of refinement and decomposition. All the proposed candidates are
collected in Figure 13. Finding the minimal invariant is now like a nice puzzle. In order to solve this
puzzle, we shall start by analysing the different candidates. The first thing we notice is that:

eJ2 A et

5
PLUM poom = CpLun

Consequently, aiming for minimality, cJPSLUM can be dropped. Subsequently, we shall start verifying the
stability of the conjunction of the remaining candidates. That is, we verify that:

1 2 3 4 6 7 8 9 10
F OCJPLUM A c‘]PLUM A c‘]PLUM A c‘]PLUM A CJPLUM/\ CJPLUM A CJPLUM A CJPLUM A CJPLUM

During these verification activities, two more invariant-candidates had to be proposed. One, — e¢Jit
below — had to be introduced to prove the stability of ¢Jo,,; and another — ¢Jo,, below — was needed
in order to prove the stability of ¢S . and ¢J2) ... Since, the verification activities are straightforward

we shall not describe them here, and just state the two invariant-candidates:

BT chlLlUM =Vp,g eP:Mp.qg=[V (3z: Mp.g=][z])

Stating that, on every communication channel there is no message in transit , or precisely one.

S cJi2 ., =Vp,q € P:idle.p = nr_sent.p.q = 0

Stating that idle processes have not yet sent messages to their neighbours.

Finally, we construct our invariant consisting of the conjunction of: cJg ., through cJi2  with the
exception of ¢J2 ;. The resulting definition, together with the theorems stating stability and invariance
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Theorem 7.3 guard_of_IDLE_ECHO

guard_of .(IDLEgcuo -p.q) = guard_of.(IDLE.p.q)

Theorem 7.4 guard_of_COL_ECHO

guard_of .(COLgcno-p-q) = guard_of.(COL.p.q) A sent_to_all_non_fathers.p

Theorem 7.5 guard_of_PROP_ECHO

guard_of .(PROPgcuo.p.q) = guard_of.(PROP.p.q)

Theorem 7.6 guard_of_DONE_ECHO

guard_of .(DONEgcuo.p-q) = guard_of .(DONE.p.q)

Figure 15: Guards of the actions from ECHO

|

in PLUM are in Figure 145;,. In the characterisation of Je,yy (Definition 6.433;), all logical operators,
except for those in ¢J3 ., are overloaded to denote their State-lifted versions.
7 Using refinements to derive termination of ECHO

This section shall describe how termination of the ECHO algorithm is proved using the refinements
framework from [VS01] summarized in Section 3, and the already proved fact that:

VJ :: PLUM CR_prov_scno, 7 ECHO
The UNITY specification reads:

Theorem 7.1 HYLO_ECHO
Jorom A Jecno senot INIECHO ~» Vp i p € P : done.p

where invariant Jreno captures additional safety properties for ECHO (if any). Again, Jgeno shall, if

necessary, be constructed incrementally in a demand-driven way following the conventions described in

Section 6.1.

Using O PreservATION Theorem 3.8, it is straightforward to derive that Jpyy is also (Theorem 6.443;)
a stable predicate in ECHO.

Theorem 7.2 STABLEe_Invariant_in_ECHO
ECHOI_ O JPLUM

The stability of:  gepob® Jprom A Jecno Will be implicitly assumed throughout the verification process,
and verified when the precise characterisation of Jycno has been established. For ease of reference, Figure
15 displays theorems about the guards of ECHO’s actions. For readability we introduce the notational
convention that - abbreviates JoLoum A Jecuo scuob -
Termination of ECHO is proved using the property preserving Theorem 3.65.

scnor INIECHO ~»Vp : p € P: done.p

<:(Theorem 3.65, 6.1411, 5.110)
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W :: (wWECHO = wPLUM U W) A (Jpruu C We) A (WPLUM C W¢€)
N
VAp A : Ap € aPLUM A Ap R_rrum_ecuo Af :
scunol guard_of . Ap ~— guard_of . Ap
N
VAp A : Ap € aPLUM A Ap R_rrum_ecuo Ag :
sorol (Jprum A Jecno A guard_of . Ag) unless —(guard_of.Ap)

Since no variables are superimposed on PLUM in order to construct ECHO, the first conjunct can be
proved by instantiation with (). Subsequently, using:

e the characterisation of R_rrum_scuo (Figure 51¢)

e the Theorems from Figure 1535, stating that the guards of the IDLEgcuo, PROPgcro, and DONEgcuo

actions are equal to those of PLUM

e anti-reflexivity of unless (Theorem A.1053)

e reflexivity of — (Theorem B.4;4)

e the implicit assumption stating stability of (JeLum A Jecuo)

we can reduce the second and the third conjunct to:

Vp € P,q € neighs.p :
sonol guard_of .COL.p.q — guard_of .COLyuo.p.¢  } reach — part
A
scor Jerum A Jecmo A guard_of .COLgcno.p-q unless ~guard_of .COL.p.q } unless — part

The unless-part is not hard to verify and will be left up to the enthusiastic reader. In order to prove it,
the current conjuncts from Jppyy suffice, and hence no additional safety properties have to be added to

JECHO .

The proof of the reach-part proceeds by rewriting with Theorem 6.71; and 7.435:

Vp € P,q € neighs.p :
ecuo  Tidle.p A mit.q.p A —rec_from_all_neighs.p
b d
—idle.p A mit.q.p A —rec_from_all_neighs.p A sent_to_all_non_fathers.p
<(— CasE pISTINCTION (B.655))
Vp € P,q € neighs.p :
ecuo  Tidle.p A mit.q.p A —rec_from_all_neighs.p A sent_to_all_non_fathers.p
—

—idle.p A mit.q.p A —rec_from_all_neighs.p A sent_to_all_non_fathers.p
A
gcaor  —idle.p A mit.q.p A —rec_from_all_neighs.p A —sent_to_all_non_fathers.p

—
=idle.p A mit.q.p A —rec_from_all_neighs.p A sent_to_all_non_fathers.p
<(— RerLEXIVITY (B.454) proves the first conjunct)
Vp € P,q € neighs.p :
gcaor  —idle.p A mit.q.p A —rec_from_all_neighs.p A —sent_to_all_non_fathers.p
b d
=idle.p A mit.q.p A —rec_from_all_neighs.p A sent_to_all_non_fathers.p
<(— SussTITUTION (B.254), to bring into correct form for — PSP (B.855))
Vp € P,q € neighs.p :
sonol  (—idle.p A —sent_to_all_non_fathers.p)
A
(—idle.p A mit.q.p A —rec_from_all_neighs.p)
—
(sent_to_all_non_fathers.p A (—idle.p A mit.q.p A —rec_from_all_neighs.p))
V
(—idle.p A mit.q.p A —rec_from_all_neighs.p A sent_to_all_non_fathers.p)
<:(>—> PSP (B855))
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Vp € P,q € neighs.p :
ECHO|_ ‘]PLUM /\ JECHO
A —idle.p A mit.q.p A —rec_from_all_neighs.p
unless PSP — unless
=idle.p A mit.q.p A —rec_from_all_neighs.p

A sent_to_all_non_fathers.p
A

VpelP:
scno  —idle.p A —sent_to_all_non_fathers.p
— PSP — reach
sent_to_all_non_fathers.p

The proof of the PSP-unless-part is not complicated, again the characterisation of Jp,yy suffices, and

hence no additional safety properties have to be added to Jgcuo. Note, that at this point Jgzco can be
substituted by true.

We shall proceed with the PSP-reach-part. If we look at it closely, we can see that it resembles ana_2,
a proof obligation we encountered during the verification of termination of PLUM (see pages 15, 17).
Obviously, if we can transform the PSP-reach-part into a ana_2, we can re-use the proof-strategy used
to prove ana_2 in the context of PLUM, to prove the PSP-reach-part in the context of ECHO. Since,
ana_2’s proof-strategy uses conjunctivity of ~» (theorem C.1154), and — does not have this property, we
first replace ~— by ~~:

<(~ CONVERGENCE IMPLIES PROGRESS (C.155))
VpelP:
pcol  —idle.p A —sent_to_all_non_fathers.p

S

sent_to_all_non_fathers.p

Then, we apply a ~» SusstiTuTiON (C.255) step similar to the f-marked-substitution step made on page
18 to obtain:

VpelP:
sciol Vg € neighs.p : —idle.p

b d
Vq € neighs.p : (midle.p A (¢ = father.p)) V (nr_sent.p.q = 1)

Subsequently, we apply a conjunction step similar to the J-marked-conjunction step made on page 18.
Now, our proof obligation has become equal to that of ana_2 only now in the context of ECHO:

Vp € P,q € neighs.p : geuot —idle.p ~ (midle.p A (¢ = father.p)) V (nr_sent.p.q = 1)

Consequently, the same proof strategy applies. Inspecting ana_2’s proof strategy on page 18 this comes
down to proving:

Theorem 7.7 STABLEe_not_idle_AND_q_IS_f_p_in_ECHO
Vp,q € P: penot O (midle.p A (¢ = father.p))

which is straightforward, using the stability preserving Theorem 3.8,. Moreover, we need an ECHO
equivalent for Theorem 6.1615 (i.e. ana_1.2.1, page 16). Again, the proof-strategy of ana_1.2.1 can be
re-used. Returning to page 16, we can see this comes down to proving the following two properties. First,

Theorem 7.8 STABLEe_nr_sent_is_1_in_ECHO
Vp,q € P: porot O (nrsent.p.q = 1)

which again is easy using stability preserving Theorem 3.84. Second,

scno (JeLum A Jecno A —idle.p A ¢ # father.p) ensures (nr_sent.p.q = 1)
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This last proof obligation can be proved similarly to that of the ensures-part of ana_1.2.1 (see page 16),
and doing so, the unless-part of the ensures-part of ana_1.2.1 can be inherited by using unless-preserving
Theorem 3.74.

This ends the verification of the reach-part. Since, no additional safety properties have to be proved
for ECHO, we can define Jgcgo to be true.

Definition 7.9 Invariant_ECHO

JEcHO = true

since true is trivially stable, this ends verification of termination of ECHO. Although the definition for
Jecno might appear superfluous, we decided to include it for two reasons. The first one being preservation
of consistency throughout this report. The second reason is that by explicitly defining Jrcpo to be true,
it immediately becomes clear that PLUM and ECHO have the same safety properties.

8 Using refinements to derive termination of TARRY

This section shall describe how termination of the TARRY algorithm is proved using the refinements
framework from Section 3, and the already proven fact that:

VJ:: PLUM ER_PLUM_TARRY, J TARRY
The UNITY specification reads:

Theorem 8.1 HYLO_Tarry

Jerum A JTarry Tarryt IMITARRY ~~ Vp:p € P : done.p

where invariant Jpyrry captures additional safety properties for TARRY. Again, Jrsgrry shall be constructed
incrementally in a demand-driven way following the conventions described in Section 6.1.

Using O PreservATION Theorem 3.8, it is straightforward to derive that Jpyy is also (Theorem 6.443;)
a stable predicate in TARRY.

Theorem 8.2 STABLEe_Invariant_in_Tarry

TARRY|_ O JPLUM

The stability of: tarryFO (Jprom A JTarry) Will be implicitly assumed throughout the verification process,
and verified when the precise characterisation of Jypsrry has been established. For ease of reference, Fig-
ure 16 displays theorems about the guards of TARRY’s actions. For readability we, again, introduce the
notational convention that - abbreviates Jprym A JTarry Tarrvl -

Termination of TARRY is proved using property preserving Theorem 3.55. The reason for using this
theorem is that Theorem 3.65 — which is easier and hence preferable — cannot be used since its application
results in the following, not provable, proof obligation:

TarryE Jerum A JTarry A guard_of .(PROPraggy-p.q) unless —guard_of.(PROP.p.q)

The reason why this cannot be proved is because, during the execution of TARRY, it is possible that the
guard of PROPragry-p-q is falsified while the guard of PROP.p.q¢ still holds. For the sake of clarity, we shall
elucidate this below. We rewrite the unless-property from above, using Definition A.853, Theorem 6.8;;
and Theorem 8.536. (Note that we have omitted compile):

VA € aTARRY, s,t € State:
Jorun-8 A JTarry-$ A —s.(idle.p) A —sent_to_all_non_fathers.p.s A can_propagate.p.q.s A s.(le_rec.p) A A.s.t
=
Jorun-t A Jrarey -t A —t.(idle.p) A —sent_to_all_non_fathers.p.t A can_propagate.p.q.t A t.(le_rec.p))
Vv
t.(idle.p) V sent_to_all_non_fathers.p.t V —can_propagate.p.q.t
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Theorem 8.3 guard_of_IDLE_Tarry

guard_of .(IDLETaggy.p-¢) = guard_of.(IDLE.p.q)

Theorem 8.4 guard_of_COL_Tarry

guard_of .(COLTaggy-p-q) = guard_of.(COL.p.q) A —le_rec.p

Theorem 8.5 guard_of_PROP_Tarry

guard_of .(PROPTsggy-p-q) = guard_of.(PROP.p.q) A le_rec.p

Theorem 8.6 guard_of_DONE_Tarry

guard_of .(DONETpry-p.q) = guard_of.(DONE.p.q)

Figure 16: Guards of the actions from TARRY

|

We have to prove this for arbitrary actions of TARRY. Consider the propagating action PROPryppy.p-q',
with (¢ # ¢'). Assume for arbitrary states s and ¢ that:

A Jorom-8 A JTagey-S

Ay —s.(idle.p) A —sent_to_all_non_fathers.p.s A can_propagate.p.q.s N s.(le_rec.p)

A3: PROPrappy-p-q .5t

A (¢ #4)

If p cannot propagate to ¢’ in state s, then s = t and there is no problem in the sense that the con-
clusion of the implication stated above can be proved. However, suppose p can propagate to ¢’ (i.e.
can_propagate.p.q’.s). Then the guard of PROPrspry.p.¢'.s.t is enabled and execution of this action estab-
lishes: —it.(le_rec.p). Consequently, the guard of PROPrsrey.p-¢ is disabled in state ¢, and in order to prove
the conclusion of the implication we have to prove that the guard of PROP.p.q is also disabled in state t.
That is, we have to prove one of:

t.(idle.p) V sent_to_all_non_fathers.p.t V —can_propagate.p.q.t

However,
e t.(idle.p) cannot be proved, since from As we know that p is non-idle in state s, and since PROP-
actions do not write to idle-variables we know that p is still non-idle in state .
e —can_propagate.p.q.t cannot be proved, since from A, we know that, in state s, p can propagate to
q (can_propagate.p.q.s), and since (¢ # ¢') we know that p can still propagate to ¢ in state ¢ (i.e.
can_propagate.p.q.t).
e sent_to_all_non_fathers.p.t is not necessarily valid. It can hold in state ¢, but it might as well be the
case that is does not.
Consequently, we cannot prove the unless-property from above. What we need is a function which is
non-increasing with respect to some well-founded relation, and which decreases when a message is sent.
Since then, we can ensure that this kind of premature falsification of the guard of PROPpsgry.p.q, while
the guard of PROP.p.q still holds, cannot happen infinitely often.

As an aside: The guards of IDLE and DONE actions in TARRY are equal to those of PLUM (Theorems
8.336 and 8.636). Consequently, for these actions, a unless-property similar to the one above can if
necessary be proved using unless ANTI-REFLEXIVITY A.1053.

For the coL-actions, the construction of a non-increasing function is not required, since we can, if
necessary, prove that when the guard of COLpspry.p.¢ (Theorem 8.434) is falsified, then so is the
guard of cOL.p.q. This is because, intuitively, TARRY has the additional invariant that there is
always at most one message in transit. Therefore, if some action COLparry-p-¢' (¢ # ¢') receives the
message that is in transit from ¢' to p and as a consequence falsifies the guard of COLpypry.p-q by
setting le_rec.p to true, then we can prove that afterward there are no messages at all in transit and
hence that the guard of cOL.p.q cannot be true.
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So, since the least complicated property preservation Theorem (3.65) cannot be used to derive termi-
nation of TARRY, we move on to the second least complicated one, i.e. 3.55. Since the bitotal relation
defined on the actions of PLUM and TARRY is one-to-one, this one turns out to be sufficient.

Tarryl INi(TARRY.iA.h.PROP_mes.DONE_mes) ~Vp : p € P: done.p

<:(Theorem 3.95, 6.111, 5.210)
For some well-founded relation <:

IW :: (WTARRY = wPLUM U W) A (Jopou C W€) A (WPLUM C W°)

AN
VAp At : Ap € aPLUM A Ap R_rrum_tarry A7 : h— ¢
Tarryl guard_of . Ap — guard_of . Ap reac par
AN
M :: (M C wTARRY) )
A
VE :: Tareyt (Jerom A JTarey A M = k) unless (M < k)
A

Vk Ap Ar : Ap € aPLUM A Ap R_rrum_tarry A7 : ( unless — part

TARRYl_ (JPLUM A JTARRY N guard_of.AT A M - k)
unless
(~(guard-of Ap) V M < k) )

Since, le_rec.p variables are superimposed on PLUM in order to obtain TARRY, the first conjunct is
instantiated with the set {le_rec.p | p € P}. Proving that Jepuy is confined by the complement of this set
is tedious but straightforward, since the variables le_rec do not appear in it.

Verification of the unless-part involves the construction of a function over the variables of TARRY, that
is non-increasing with respect to some well-founded relation <. From the discussion above, we can deduce
that we need a function that decreases when a message is sent. However, it turns out that the verification
of the reach-part involves an application of »— BounpeD ProgrEss (B.1055) that needs a function that
decreases not only when a message is sent, but also when a message is received. Consequently, we shall
continue with the construction of a function over the variables of TARRY, that is non-increasing with
respect to some well-founded relation <, and that decreases when a message is sent as well as received.
Obviously, this function can then be used for both purposes.

8.1 Construction of a non-increasing function

Constructing a non-increasing function that decreases when a message is sent, and when a message is
received is not complicated. Observe the following:

e the sending of a message is always accompanied by incrementing a nr_sent variable
similarly, receiving a message is always accompanied by incrementing a nr_rec variable
from Jpryy it follows that at most one message is sent over each directed communication link
consequently, at most one message is received over each directed communication link
consequently, the total amount of messages sent and received has an upper-bound, that equals twice
the cardinality of the set of directed communication links

From these observations a non-increasing function is constructed as follows. First, we define the upper-
bound on the total amount of messages sent and received.

Definition 8.7 MAX_MAIL

MAX_MAIL =2 x card.(links.PP.neighs)

Next, we define the total amount of messages that a process p € IP has sent, and respectively received, in
some state s.

Definition 8.8 NUMBER OF MESSAGES SENT BY PROCESSES p NR_SENT
NR_SENT.p.s = Z s.(nr_sent.p.q)
gEneighs.p
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Theorem 8.12 rec_from.all_p_EQ_NR_REC_EQ_CARD_p

J, .S
Vp € P,s € State: PLUM

rec_from_all_neighs.p = (NR_REC.p.s = card.(neighs.p))
Theorem 8.13 sent_2_all_p_EQ_NR_SENT_EQ_CARD_p

JoLum S
sent_to_all_neighs.p = (NR_SENT.p.s = card.(neighs.p))

Vp € P,s € State:

Theorem 8.14 NR_-REC_leq_CARD

Jorom -8

P State:
Vp € I,s € State NR_REC.p.s < card.(neighs.p)

Theorem 8.15 NR_REC_SUC_NR_SENT_IMP_not_sent_2_all

Jorum-8 A (NR.REC.p.s = NR.SENT.p.s + 1)
—sent_to_all_neighs.p

Vp € P,s € State:

Theorem 8.16 sent_2_all_ezcept. f IMP_SUC_NR_SENT_EQ_CARD

Jerum-S A sent_to_all_non_fathers.p.s A =sent_to_all_neighs.p.s

Y P State:
p €L, s € State NRSENT.p.s + 1 = card.(neighs.p)

Figure 17: Some properties of NR_REC and NR_.SENT

<
Definition 8.9 NUMBER OF MESSAGES RECEIVED BY PROCESSES p NR_REC
NR_REC.p.s = Z s.(nr_rec.p.q)
gEneighs.p

The total amount of messages that are sent, and respectively received, in the whole network of processes
can be defined as follows:

Definition 8.10 TOTAL NUMBER OF MESSAGES SENT IN THE NETWORK TOTAL_NR_SENT

TOTAL_NR_SENT.s = Z NR_SENT.p.s
pEP

Definition 8.11 TOTAL NUMBER OF MESSAGES RECEIVED IN THE NETWORK TOTAL_NR_REC

TOTALNRREC.s =»  NRREC.p.s
peP

Finally, we define our non-increasing function as follows:
Definition 8.17 NON-INCREASING FUNCTION OVER THE VARIABLES OF TARRY Y_DEF
Y.s = MAX_MAIL — (TOTAL_-NR_SENT.s + TOTAL_NR_REC.s)

The value of Y only depends on the variables nr_rec and nr_sent. Since these are write variables of TARRY
is it easy to verify that:

Theorem 8.18 CONF_Y_Write_Vars_Tarry

Y C wTARRY

The following lemma states that whenever a message is sent or received — because the guard of one of
TARRY’s actions is enabled — the value of Y decreases.
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Lemma 8.19 A_DECR_Y

For arbitrary processes p € P, ¢ € neighs.p, and actions A4;
Ae {IDLETARRY7 COLTARRY; PROPTARRY) DONETARRY}:

Jorun-S A A.p.q.s.t A guard_of.(A.p.q).s A (YV.s = k)

vk Yi<k

Using this lemma, it is straightforward to prove that, during the execution of TARRY, Y is non-increasing
with respect to the well-founded relation < on numerals.

Theorem 8.20 DECREASING_DECR_FUNCTION
For arbitrary characterisations of Jrapgy:

Vk = Tareyt (Jerom A JTarey AY = k) unless (Y < k)

Verification of the unless-part

Return to page 37 for the unless-part. Instantiating this proof obligation with Y, and rewriting with
Theorems 8.1835 and 8.2039 results in the following proof obligation:

Vk Ap Ar : Ap € aPLUM A Ap R_prum_tarry A :
Tarry™ (Jorum A JTarey A guard_of A7 AY = k) unless (—(guard_of Ap) VY < k)

Proving this is straightforward using the characterisation of R_rLum_Tarry from Figure 5,9, and Lemma
8.1939. Note that, since Y is constructed as to decrease when a message is sent as well as when a message
is received, we do not have to use the proof strategy delineated in the aside on page 36 for the coL
actions. Consequently, constructing a non-increasing function that decreases upon the sending as well as
upon receiving of a message is not only more efficient since it is re-usable in the proof of the reach-part,
it also simplifies the verification of the unless-part.

Verification of the reach-part

We shall now continue with the reach-part, which is re-displayed below for convenience.

VAp A1 : Ap € aPLUM A Ap R_rrum_tarry A7 :
Tarryl guard_of . Ap — guard_of . Ap

Subsequently, using:

the characterisation of R_rrum_Tarry (Figure 51¢)

Theorems 8.33¢5 and 8.634, stating that the guards of the IDLETsrry, and DONET,rry actions are
equal to those of PLUM

reflexivity of — (Theorem B.454)

the implicit assumption stating stability of (JeLum A JTarry)

we reduce the reach-part for arbitrary p € P and ¢ € neighs.p, as follows:

Tareyl guard_of .(COL.p.q) — guard_of .(COLrarry-p-q) } reach — COL — part
A
Tareyl guard_of .(PROP.p.q) — guard_of .(PROPTyrey-p.q) } reach — PROP — part

Verification of reach-coL-part

Rewriting with the characterisations of the guards (Theorem 6.711 and 8.434) gives:

Tarry™  —idle.p A mit.q.p A —rec_from_all_neighs.p

—

—idle.p A mit.q.p A —rec_from_all_neighs.p A —le_rec.p
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Due to the alternating sending and receiving of messages, which is inherent to TARRY, we know that it
must be provable that there is always at most one message in transit during the execution of TARRY’s
algorithm. This means that if there is a message in transit, it is the only one, and hence the event last
executed by all processes was a send-event and thus not a receive-event. Consequently, the above proof
obligation must be provable from the invariant, by using ~— InTroDUCTION (B.354). In order to establish
this we propose the following invariant-candidate:

TS I pnny = (30 € P, q € neighs.p : mit.p.q) = (Vp € P : —le_rec.p)

which, evidently, suffices to establish the reach-coL-part.

Verification of reach-pPrROP-part

Rewriting with the characterisations of PROPsrgy’s the guard (8.534) gives:
Tarryl  guard_of .(PROP.p.q) — guard_of .(PROP.p.q) A le_rec.p
If p’s last event was a receive event this is easy to prove:

< Case DistiNcTioN (B.655), p’s last event was a receive event or not)
Tarryl guard_of .(PROP.p.q) A le_rec.p — guard_of .(PROP.p.q) A le_rec.p
A
Tarrvl  guard_of .(PROP.p.¢) A —le_rec.p »— guard_of .(PROP.p.q) A le_rec.p
<(— RerLEXIVITY (B.454), proves the first conjunct)
Tarryl  guard_of .(PROP.p.¢) A —le_rec.p »— guard_of .(PROP.p.q) A le_rec.p

To explain the proof-strategy that is used to verify the conjunct from above, we refer to Figure 184;. The
p and ¢ in this figure correspond to the p and g in the current proof-obligation, z, y, z, and w are arbitrary
processes. We already indicated that, during an execution of TARRY’s algorithm, there is always at most
one message in transit. This message is indicated with a e in Figure 18. In Figure 18(b), this message is
in transit from w to z, and hence from invariant-candidate ¢J., .., we can infer that Vp € P : —le_rec.p In
18(a) this message has just been received by z, and hence we can infer that le_rec.z. In order to establish
our current proof obligation, we need to invent a proof strategy that enables us to prove that this message
shall eventually reach p such that the latter can set le_rec.p to true. Suppose that guard_of.(PROP.p.q)

holds, and that the last event of p was not a receive event. Using Theorem 6.81):
—idle.p A ¢p.p.q A —sent_to_all_non_fathers.p A —le_rec.p  (3%)

If the current situation is that of Figure 18(a), then x has just received the message, and hence le_rec.x
holds. Since, we have assumed that —le_rec.p, we know that (z # p). There are now two possibilities:
either PROPTsggy-Z-y Or action DONETsrey-2.y is enabled (y is arbitrary) and will execute. Consequently,
we know that a message will be sent and hence that Y will decrease. Since (z # p), we know that (3¥)
still holds, and subsequently, we have arrived in a situation similar to that of Figure 18(b).

If the current situation is that of Figure 18(b), then either IDLETsppy.2.w Or action COLTsppy-2z-w iS en-
abled. If (z = p), then we know that le_rec.p will become true, and hence we are ready. If (z # p), then
we know that, since the message will be received by z, again Y shall decrease. Since (z # p), we know
that (3*) still holds, and subsequently, we have arrived again in a situation similar to that of Figure 18(a).

Since we have already proved that Y is a non-increasing function with respect to the well-founded relation
<, we know that we cannot infinitely proceed from the situation in Figure 18(a) to the situation in Figure
18(b). Therefore, we shall eventually end in Figure 18(b) where (z = p), and hence le_rec.p will be set to
true.

Tarryl  guard_of .(PROP.p.q) A —le_rec.p — guard_of.(PROP.p.q) A le_rec.p
<(— BouNDED ProGRESS (B.1055), using V)
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dz € P: le_rec.z

Vo € P: —le_rec.x

Figure 18: Possible situations when guard_of.(PROP.p.q) A —le_rec.p holds
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Tarryl  guard_of .(PROP.p.q) A —le_rec.p A (Y = k)
—
guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))

< CasE pISTINCTION (B.655): situation of Figure 18(a), or 18(b))

Tarryl  guard_of .(PROP.p.q) A —le_rec.p A (Y = k) A (x € P: le_rec.x)
— 18(a)
guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))

A

Tarry™  guard_of .(PROP.p.q) A —le_recp A (Y = k) A (Vp € P : —le_rec.p)
— 18(b)
guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))

Verification of 18(a)

We shall proceed with proof-obligation 18(a), using the proof-strategy explained above. That is, we
shall need to decompose the proof-obligation in such a way that we can use »— INTRODUCTION (B.354)
to prove that either PROPTyppy.T.y O DONETarry.Z.y Will decrease Y. First, we shall identify process x
(from Figure 18(a)) in the left hand side of »— as follows:

Tarryl  guard_of .(PROP.p.q) A —le_rec.p A (Y = k) A (Jx € P: le_rec.x)

—

guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))
(— SussTiTION (B.254), »— DisjuncTiON (B.955),
and (z # p) since (—le_rec.p A le_rec.z))

Ve € P,(x #p):
Tarryl  guard_of .(PROP.p.q) A —le_rec.p A (Y = k) A le_rec.z
—

guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))

Whether PROPTapgy-Z-y Or DONETsrry-Z.¥ is the action that will decrease Y, depends on whether = has
sent_to_all_non_fathers, or not. Therefore, we proceed making the following case distinction:

<(— Case DistiNcTION (B.655))

Ve € P,(x #p):

Tarryl  guard_of .(PROP.p.q) A —le_rec.p A (Y = k) )
A le_rec.x A =sent_to_all_non_fathers.x 18(a)
— —PROP
guard_of.(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p)) |

A

Tarry™  guard_of.(PROP.p.q) A —le_rec.p A (Y = k) )
A le_rec.z A sent_to_all_non_fathers.x [ 18(a)
— —DONE

guard_of .(PROP.p.q) A ((—le_recp A (Y < k)) V (le_rec.p)) )

Verification of 18(a)-PROP

The proof strategy for 18(a)-PROP shall consists of using — INTRoDUCTION (B.354), and proving that,
for some y, PROPTArry-Z-y ensures that the value of Y decreases. Consequently, we have to substitute the
left hand side »— in such a way that it implies the existence of an y such that the guard of PROPTappy.2.y
holds. In order to be able to do this it suffices to prove that for arbitrary states s:

Jorum-S A Jrarry-S A s.(le_rec.z) A —sent_to_all_non_fathers.z.s
=
Jy € neighs.z : —idle.x A ¢p.x.y.s A —sent_to_all_non_fathers.z.s A s.(le_rec.x)

Using Theorem 6.1013, and cJP2LUM from Jppyu, it is straightforward to prove that:
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Theorem 8.21 not_sent_2_all_except_f_IMP_cp

Jerum-s A msent_to_all_non_fathers.p.s

VpelP: -
p dq € neighs.p : cp.p.q.s

Consequently, it remains to prove that x is non-idle. Since the fact that z has not sent_to_all_non_fathers
is not sufficient to deduce this, we need a new invariant-candidate for Jragry- Evidently, the one that
suffices here is:

B cJpmy = VP € P : le_rec.p = —idle.p

Subsequently, 18(a)-PROP is established as follows:

(> SUBSTITUTION (B.254), €J i pnys
Ve € P,(x #p):
Tarry™ Y € neighs.z :
guard_of.(PROP.p.q) A —le_rec.p A (Y = k) A guard_of .(PROPTArry-Z-Y)
—
guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))
< (— DissuncTioN (B.955), — INTRODUCTION (B.354))
Va € P,(x # p),y € neighs.x :
TARRY|_ JPLUM A JTARRY
A guard_of.(PROP.p.q) A —le_rec.p A (Y = k) A guard_of .(PROPTsppy-Z.Y)
ensures
guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))

and Theorems 8.536 and 8.2143)

Proving this ensures-property is straightforward using Lemma 8.1939.

Verification of 18(a)-DONE

The proof strategy for 18(a)-DONE is similar to that of 18(a)-ProP. That is, we use — INTRODUCTION
(B.354) and prove that DONEsggy-Z.y ensures that the value of Y decreases. Again we have to substitute
the left hand side — in such a way that it implies the guard of DONEsgry.z.y. However, since the guard
of DONETsggy 18 never enabled for the starter, we first have to prove that (z # starter). In order to do
this we prove 18(a)-DONE for the case when (z = starter) and (z # starter).

Verification of 18(a)-DONE when = = starter

We have to prove that, when (starter # p),

Tarryl  guard_of .(PROP.p.q) A —le_rec.p A (Y = k)
A le_rec.starter A sent_to_all_non_fathers.starter

—

guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))

Since the guard of DONETsgry is never enabled for the starter, the only possible way to proceed here is:
use — INTRODUCTION (B.354), and subsequently prove that the left hand side of the »— in conjunction
with Jopum and Jrarry €valuates to false. So assume, for some state s, it holds that:

Aq : Jorom-8 A JTarey-S

A, : guard_of .(PROP.p.q).s A —s.(le_rec.p)

A; : s.(le_rec.starter) A sent_to_all_non_fathers.starter.s

We shall now try to reach a contradiction. From As, we can, using (2)g through (7)s and 6.8, deduce
that:

Ay —done.p.s

As a result, from Theorem 6.4259 together with assumptions A, Ay, and Ay, we can infer that:

As: —done.starter.s

From Theorem 6.3757 and assumption Az, we can derive that:

Ag: sent_to_all_neighs.starter

Since the starter’s last event was a receive event, we can argue, due to the alternating send and receive
behaviour of TARRY, that the starter has rec_from_all_neighs, and consequently (Ag and (7)s) is done.
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Obviously, this establishes the desired contradiction with assumption Aj. In order to be able to prove
that the starteris indeed done, we need to introduce a new invariant-candidate for TARRY. Since initially,
the le_rec variable of the starter is set to true, we state the following candidate:

BNy =  le_rec.starter = (NR_SENT.starter = NR_REC.starter)
A
—le_rec.starter = (NR_SENT.starter = NR_REC.starter + 1)

Using 8.1235 and 8.133g, this candidate suffices to prove — under the assumptions stated above — that the
starter is done.

Verification of 18(a)-DONE when z # starter

Now we know that x is not the starter, we have to substitute the left hand side of — in such a way that
it implies the guard of DONETsgry.z.y. According to Theorems 8.636, 6.911 and (4)s, it suffices to prove
that for arbitrary states s:

Jorum-S A Jrarry-S A s.(le_rec.z) A sent_to_all_non_fathers.z.s
=
Jy € neighs.z :  rec_from_all_neighs.z.s
A sent_to_all_non_fathers.z.s
A —sent_to_all_neighs.x.s
A (y = (father.z))

Similar to the line of reasoning above, we introduce the following invariant-candidate for this purpose:

PSSy = VP EP: lerec.p = (NR.REC.p = NR.SENT.p + 1)
A
—le_rec.p = (NR_REC.p = NR_SENT.p)

Subsequently, 18(a)-DONE for the case that (x # starter) is established as follows:
<(— SussTITUTION (B.254), cJT‘lARRy, 6.911, 8.636, 8.1235, and 8.1635)

Vz € P, (x # p), (x # starter) :
Tarryl Jy € neighs.z :
guard_of .(PROP.p.q) A —le_rec.p A (Y = k) A guard_of .(DONETsgry-Z.Y)

—

guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))

<(— DissuncTioN (B.254), — INTRODUCTION (B.354))

Vx € P, (x # p), (x # starter) :
TARRY|_ JPLUM A JTARRY
guard_of.(PROP.p.q) A —le_rec.p A (Y = k) A guard_of .(DONETpry-Z.Y)
ensures
guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))

Proving this ensures-property is straightforward using Lemma 8.1939.

Verification of 18(b)

For convenience, the proof obligation tackled in in this section is re-displayed below (from page 42):

Tareyl  guard_of .(PROP.p.q) A —le_rec.p A (Y = k) A (Vp € P : —le_rec.p)

—

guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))

Here we shall employ the proof-strategy explained on page 40. That is, we shall need to decompose the
proof-obligation in such a way that we can use — InTrRODUCTION (B.354) to prove that either IDLEpsggy
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or COLTrry decreases Y or establishes le_rec.p. From Figure 18(b), we know that in this situation, there
is a message in transit somewhere in the network. Moreover, using c¢Jo ., ¢J2 ., cJ2 ., and (1)g, it is
not hard to prove that:

Theorem 8.22 mit_IMP_not_rec_from_all_neighs

JoLom -8 A mit.g.p.s

D g € neighs.p —rec_from_all_neighs.p.s

Consequently, we can substitute the left hand side of — as follows: (we use the names z and w since
these correspond to Figure 18(b))

<(— SUBSTITUTION (B.254), €Jpypry, Theorem 8.22,5)
Tarry™ 32 € P,w € neighs.z :
guard_of .(PROP.p.q) A —le_rec.p A (Y = k) A (Vp € P : —le_rec.p)
A mit.w.z A —rec_from_all_neighs.z
—
guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))
< DissuncTioN (B.955))
Vz € P,w € neighs.z :
Tarry™  guard_of .(PROP.p.q) A —le_recp A (Y = k) A (Vp € P : —le_rec.p)
A mit.w.z A —rec_from_all_neighs.z

—

guard_of.(PROP.p.q) A ((mle_rec.p A (Y < k)) V (le_rec.p))

If (z = p), the proof obligation from above can be proved using — INTRoDUCTION (B.354), since execution
of COLTapry-p-w will ensure that le_rec.p is set to true.

Suppose (z # p). Whether IDLETsppy.2.w OF COLTpry-2.w is the action that will decrease Y, depends on
whether z is idle or not. Therefore, we proceed as follows:

<(— Case DistiNcTION (B.655))
Vz € P,w € neighs.z, (z # p) :
Tarry™  guard_of .(PROP.p.q) A —le_rec.p A (Y = k) A (Vp € P : —le_rec.p)
A mit.w.z A —rec_from_all_neighs.z A idle.z

—

guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))

Tarry™  guard_of .(PROP.p.q) A —le_recp A (Y = k) A (Vp € P : —le_rec.p)
A mit.w.z A —rec_from_all_neighs.z A\ —idle.z
b d
guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))
<(— SusstiTuTION (B.254) On both conjuncts, using 6.611, 6.711, 8.336, 8.436)
Vz € P,w € neighs.z, (z # p) :
Tarry™  guard_of .(PROP.p.q) A —le_recp A (Y = k) A (Vp € P : —le_rec.p)
A guard_of .(IDLETsppy.2-w)

—

guard_of.(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))
A
Tarryl guard_of .(PROP.p.q) A —le_rec.p A (Y = k) A (Vp € P : —le_rec.p)
A guard_of .(COLTaggy-2-w)
—

guard_of .(PROP.p.q) A ((—le_rec.p A (Y < k)) V (le_rec.p))

Both conjuncts can be proved using — InTrODUCTION (B.354), and Lemma 8.1939.

This ends the verification of 18(b), and hence of the reach-PROP-part (page 40), and consequently of the
termination of TARRY. The one thing that remains to be done, is constructing TARRY’s additional invari-
ant. Gathering all the candidates introduced (i.e. cJp,zqy through cJTiRRY), analysing them, and verifying
the stability of their conjunction results in the need to introduce yet three more invariant-candidates.
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Definition 8.23 TARRY’S ADDITIONAL INVARIANT Invariant_Tarry_Part

JTarry =
(3p € P, q € neighs.p : mit.p.q) = (Vp € P : —le_rec.p) ¢ prry s CT o ny
AN VpéeP:lerecp = —idle.p eIy
A lerec.starter = (NR_SENT.starter = NR_REC.starter)
A —le_rec.starter = (NR_SENT.starter = NR_REC.starter 4+ 1) eI nny
VpeP: lerec.p = (NR.LREC.p = NRSENT.p + 1) g4
A —le_rec.p = (NR_REC.p = NR_SENT.p) CIranry
Vp,x € P, q € neighs.p,y € neighs.z :
mitp.g Amitzy = (p=xz)A(g=1y) e nry
A Vp,qeP:lerecpAlerec.q= (p=gq) eIy
Theorem 8.24 STABLEe_Invariant_Tarry

TARRY|_ O JPLUM A JTARRY

Theorem 8.25 INVe_Invariant_Tarry

TARRY|_ DJPLUM A JTARRY

Figure 19: TARRY’s invariant
<

Again, since the verification activities are not all that exciting, we shall just state the required candi-
dates. The first one comes as no surprise and states that, if there is a message in transit it is the only one:

’W\CJTE’ARRY = Vp,xz € P,q € neighs.p,y € neighs.x :
mit.p.g Amit.z.y = (p=2z) A (¢ =)

The second and the third one together state that if there is no message in transit, then there is exactly
one process that has received a message:

B IS ey = —(Ip € P, q € neighs.p : mit.p.q) = (3p € P: le_rec.p)

B ¢ ey = VD, q € P : le_rec.p Ale_rec.q = (p = q)

Since, cJpgpy and cJ py can be coalesced into one candidate using equality, we have derived a charac-
terisation of Jrurry that is displayed in Figure 19.
9 Using refinements to derive termination of DF'S

This section shall describe how termination of the DFS algorithm is proved using the refinements frame-
work from [VS01], and the already proven fact that:

VJ :: TARRY CR_Tarry_prs, 7 DFS
The UNITY specification reads:

Theorem 9.1 HYLO_DFS

Jorom A JTarry A Jprs prst INIDES ~» Vp : p € P : done.p

where invariant Jpps captures additional safety properties for DFS (if any). Using O PRESERVATION
Theorem 3.8y, it is straightforward to derive:
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Theorem 9.3 guard_of_IDLE_DFS

guard_of .(IDLEpgs.p.q) = guard_of .(IDLETagry-P-q)

Theorem 9.4 guard_of_COL_DFS

guard_of .(COLprg.p-q) = guard_of .(COLTarry-P-q)

Theorem 9.5 guard_of_PROP_lp_rec_DFS

guard_of .(PROP_LP_REC.p.q) = guard_of .(PROPTsrry-D-¢) A g = Ip_rec.p

Theorem 9.6 guard_of_PROP_not_lp_rec_DFS

guard_of .(PROP_NOT_LP_REC.p.q) = guard_of .(PROPTsrry-P-q) A —cp.p.(Ip_rec.p)

Theorem 9.7 guard_of_DONE_DFS

guard_of .(DONEpgs.p.q) = guard_of .(DONETsggy-D-q)

Figure 20: Guards of the actions from DFS

Theorem 9.2 STABLEe_Invariant_in_DFS

DFS|_ O (JPLUM A JTARRY)

The stability of: ppstO (Jprom A JTarey A Jors) Will be implicitly assumed throughout the verification
process. For ease of reference, Figure 20 displays theorems about the guards of DFS’s actions. And again,
for readability we introduce the notational convention that: - abbreviates Jerym A JTarry A Jors prst-

Termination of DFS is proved using property preserving Theorem 3.35. The reasons for using this
Theorem are twofold. First, since every PROP action in TARRY is bitotally related to two actions in DF'S
(namely PROP_LP_REC and PROP_NOT_LP_REC), we need to be able to pick one of those DFS pProOP-
actions when proving that the guards of TARRY’s PROP-actions eventually implies the guards of related
DFS’s pPrOP-actions. Consequently, we cannot use preservation theorems 3.65 or 3.55. The second reason
for using 3.35 is not because 3.45 cannot be used, but because it reduces proof effort. As we have seen
during TARRY’s verification, Lemma 8.1939 was very useful when proving unless and ensures properties
that involved Y. A similar lemma can easily be proved for the actions of DF'S, and hence verification of
unless and ensures properties involving Y in the context of DFS will be simple too.

Lemma 9.8 A_DECR_Y

For arbitrary processes p € P, ¢ € neighs.p, and actions
A € {IDLEpgs, COLpgs, PROP_LP_REC, PROP_NOT_LP_REC, DONEpys }:

Jorom-S A A.p.g.s.t A guard_of (A.p.q).s A (Y.s =k)
Yi<k

VEk =
Therefore, we decided to use 3.35, although a function that is non-increasing with respect to some well-
founded relation is not needed in order to be able to prove that falsification of the guards of DFS’s
PROP-actions go hand in hand with the falsification of the guards of TARRY’s PROP-actions.

As a result, the initial specification stating termination of DFS is decomposed as follows:

prsk INIDFS ~» Vp : p € P : done.p

<(Theorem 3.45, 8.135, 5.319)
For some well-founded relation <:

47



W :: (wDFS = wTARRY U W) A ((Jprum A JTarry) C We) A (wTARRY C W€)
A
VAp : Ap € aDFS A (HAT 2 A7 € aTARRY A (AT R _TARRY_DFs AD)) :
(guard_of . Ap C wDFS)

VA7 Ap : Ar € aTARRY
prsk  guard_of . Ap

—

(HAD i (AT R _TarRY_DFs AD) A guard_of.AD)

reach — part

M :: (M C wDFS) )

A

Vk :: prsk (JpLUM A JTarry A Jprs A M = k‘) unless (M < k)

A

Vk Ar Ap : At € aTARRY A A7 R_Tarry_ors Ap :

prst (JeLom A JTarey A Jors A guard_of . Ap A M = k)

unless
(—(guard_of Ap) VvV M < k) J

Since, Ip_rec.p variables are superimposed on TARRY in order to obtain DF'S, the first conjunct is instan-
tiated with the set {lp_rec.p | p € P}. Proving that Jergw and Jragey are confined by the complement of
this set is tedious but straightforward, since the variables le_rec do not appear in it. Similarly, proving
that the guards of the actions in DF'S are confined by DFS’s write variables (i.e. the second conjunct)
is not complicated.
The unless-part is now easy to prove by instantiating with ¥ (Definition 8.1733):
e proving that Y is confined by the write variables of DF'S is easy using Theorem 8.1835 and mono-
tonicity of confinement A.255
e proving that Y is non-increasing in DF'S, can be proved using unless preservaTiON (Theorem 3.74),
and Theorem 8.2039.
e proving that falsification of the guards of DFS’s actions go hand in hand with the falsification of
the guards of related TARRY’s actions is easy using Lemma 9.847.
For the reach-part, the IDLE, COL, and DONE cases can be proved using — INTRODUCTION (B.354). As
a consequence, we are left with the PROP case:

»unless — part

prst guard_of .(PROPTARry-D-q)

—

(HAD i (PROPTARRy.p.q R _TarrY_DFS AD) A guard_of.AD)

This case states that: from a situation in which guard_of.(PROP.p.q) holds, we will eventually reach a
situation in which either the guard of action PROP_LP_REC.p.q or PROP_NOT_LP_REC.p.q holds. To explain
the proof-strategy that is used to verify this proof obligation, we refer to Figure 21. The p and ¢ in the
picture correspond to the p and ¢ in the proof obligation, z is an arbitrary process. In Figure 21 we are
in the situation that the guard of PROPTsgry.p.¢ holds, that is (Theorem 8.534):

guard_of .(PROP.p.q) A le_rec.p

Process p has just received the message, and therefore is the only process that can do something. There
are now two possibilities:

q = lp_rec.p In this case the guard of PROP_LP_REC.p.q holds and we are done.

q # lp_rec.p In this case the guard of PROP_LP_REC.p.q cannot hold. Again there are two possibilities:

= cp.p.(Ip_rec.p) , that is p is not allowed to propagate a message to the process it has received its last
message from. In this case, p can pick any non-father-neighbour to which it has not yet sent a

message. Evidently, we can pick ¢, and as a consequence, the guard of PROP_NOT_LP_REC.p.q is
enabled.
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Figure 21: Situation when guard_of.(PROP.p.q) A le_rec.p holds

|

ep.p.(Ip_rec.p) In this case p has to send a message to the process it has received its last message from,
and since this is not ¢, neither the guard of PROP_LP_REC.p.q nor PROP_NOT_LP_REC.p.q holds. If z
(from Figure 21) is equal to lp_rec.p, then the guard of PROP_LP_REC.p.z is enabled and consequently
p shall send a message to z. Since (z # ¢), we know that afterward the following holds:

guard_of .(PROP.p.q) A —le_rec.p

Now we find ourself in the situation in Figure 184;(b), from which we can transfer to situation in
Figure 184;(a) or Figure 21. Again, a well-foundedness argument, using — BOUNDED PROGRESS
(B.1055), shall enable us to prove that we cannot infinitely go back and forth between these situ-
ations, and therefore that eventually the guard of PROP_LP_REC.p.q or PROP_NOT_LP_REC.p.q will
be enabled.

Consequently, when we use non-increasing function Y again for this well-foundedness argument, the proof
of DFS’s reach-PROP-part shall resemble that of TARRY’s (see page 40). Therefore we shall only present
the begin of the proof, which is slightly different from TARRY.

prst guard_of .(PROPTARRy-D-q)
—
(EAD i (PROPTARRy.p.q R _TarrY_DFS AD) A guard_of.AD)
<(— Case DistiNcTION (B.655))
prst guard_of .(PROPTsRey-D-¢) A ¢ = Ip_rec.p
b d

(EAD i (PROPTARRy.p.q R _TarrY_DFS AD) A guard_of.AD)
N
prst guard_of .(PROPTsrry-D-¢) A q # Ip-rec.p

—

(EAD i (PROPTARRy.p.q R _TarrY_DFS AD) A guard_of.AD)

< (— InTrODUCTION (B.354), and 9.547 proves first conjunct,
~— Caske DistiNcTioN (B.655) on second conjunct)

prst guard_of .(PROPTsrry-D-¢) A q # Ip-rec.p A =cp.p.(Ip_rec.p)

—

(EAD i (PROPTARRy.p.q R _Tarry_DFS AD) A guard_of.AD)
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prst guard_of .(PROPTsrry-P-q) A ¢ # Ip_rec.p A cp.p.(Ip_rec.p)

—

(EAD i (PROPTARRy.p.q R _TarrY_DFS AD) A guard_of.AD)

< (— InTrODUCTION (B.354), and 9.647 proves first conjunct,
»— TRANSITIVITY (B.555) on second conjunct)

prst guard_of .(PROPTarry-P-¢) A q # Ip-rec.p A cp.p.(Ip_rec.p)

—

guard_of .(PROP.p.q) A —le_rec.p
A
prst guard_of .(PROP.p.q) A —le_rec.p

—

(EAD i (PROPTARRy.p.q R _Tarry_DFS AD) A guard_of.AD)

< (— InTrODUCTION (B.354), PROP_LP_REC.p.(Ip_rec.p) establishes — le_rec.p,
— BounpED ProcrEss (B.10s55) on second conjunct)

prs  guard_of .(PROP.p.q) A —-le_rec.p A (Y = k)

b d

(guard_of.(PROP.p.q) A —le_rec.p A (Y < k))

Vv

(HAD i (PROPTARRy.p.q R _TarryY_DFS AD) A guard_of.AD)

From here, the proof is similar to that of TARRY (starting at page 40), and hence is not repeated. We
end the verification of DFS’s termination by observing that the verification of DF'S did not need any
more safety properties, and thus that Jyps can defined to be true.

Definition 9.9 Invariant_DFS

Jprs = true

10 Concluding remarks

Although this is a tough report to read (as well as write), we think we have succeeded in presenting
intuitive and structured proofs of the correctness of distributed hylomorphisms with respect to their
termination. Due to the incremental, demand-driven construction of the invariant, the latter is not
“pulled out of a hat” [Cho95], and the purpose of its various conjuncts are well motivated. Moreover,
since, various property preservation theorems are necessary throughout the verification process, this
report also serves as an illustration of the usage and effectiveness of the refinement framework from

[VSO01].

11 HOL theories

All results in this report have been verified with HOL [GM93]. The approach used to verify the distributed
hylomorphisms is reflected in the resulting hierarchy of HOL theories, which is depicted in Figure 22.

network is the theory about centralised and decentralised connected networks described in Section 4.
RST constitutes the theory about rooted spanning trees described in Section 6.7.

communication contains the theory about asynchronous communication from Section 4.
Distributed_Hylomorphisms embodies definitions (1)g through (7)s.

PLUM formalises the PLUM algorithm.

PLUM_INV defines and proves the invariant of PLUM.
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refinements

network

communication RST

Distributed_Hylomorphisms

PLUM

PLUML_INV

T

ANA_PLUM CATA_PLUM

\/

HYLO_PLUM
ECHO Tarry
HYLO_ECHO HYLO_Tarry DFS
HYLO_DFS

Figure 22: Theory hierarchy
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ANA_PLUM contains the proof of the anamorphism part of the distributed hylomorphism, i.e. the con-
struction of a rooted spanning tree.

CATA_PLUM contains the proof of the catamorphism part, i.e. using the rooted spanning tree to establish
the desired result.

HYLO_PLUM combines the anamorphism and catamorphism part to prove termination of PLUM.

ECHO, Tarry, DFS formalise ECHO, TARRY, and DF'S respectively, and contain Theorems 5.1 through
5.3.

HYLO_ECHO, HYLO_Tarry, HYLO_DFS prove termination of ECHO, TARRY, and DFS respectively by
using the refinement framework.

The resulting theories can be obtained by sending an email to one of the authors.

A Preliminaries: states, actions, programs and specifications

A.1 Variables, values, states

We assume we have a universe Var of program variables and a universe Val of values that these variables
can take. Program states will be modelled as functions that are elements of Var—Val, and the set of
all program states will be denoted by State. A state-predicate is an element of State—bool. We say
that a state-predicate p is confined by a set of variables V' C Var if p does not restrict the value of any
variable outside V. Let us write s =y ¢, if all variables in V" have the same values in state s and ¢ (i.e.
Yv:v €V :sw=tw). Now we can formally define predicate confinement as follows:

Definition A.1 CONFINEMENT CONF_DEF
pCV 4 Vs,t:s=y t:p.s=npt
The confinement operator is monotonic in its second argument.

Theorem A.2 C MONOTONICITY CONF_MONO

VI VCWA(FCV)= (fCW)

A.2 Actions

Actions can be (multiple) assignments or guarded (if-then) actions. Simultaneous execution of assignments
is modelled by the operator ||. For example, z,y := 1,2 ||w,z := 3,4 equals z,y,z,w := 1,2,3,4.

All actions is this report are assumed to be well-formed, meaning that their guard is a state-predicate,
and the amount of variables at the left hand side of the := is equal to the amount of values at the right
hand side.

We will assume a deep embedding of actions, i.e. the abstract syntax of actions is defined by a
recursive data type ACTION, and their semantics is defined by a recursive function, e.g. compile, of type
ACTION— (State—State—Bool). As a consequence, we are able to obtain and reason about various
components of actions. For example, we assume that we have functions guard_of and assign_vars that
given an action returns its guard and the set of variables it assigns to respectively. Examples of these
functions:

guardof(if t >0 Ay <10thenz:=z+1||ly:=y—1) =2z>0Ay <10

assignvars(if t >0 Ay <10thenz:=z+1||y:=y—1) = {z,y}

Moreover, we have functions is_assign and is_guard that enable us to check the type of an action.

An action that is always ready to make a transition is called always enabled.

Definition A.3 Arways ENABLED ACTION ALWAYS_ENABLED
Ognd £ Vs (3t :: compile.A.s.t)

Multiple assignments and guarded if-then actions are always enabled. Note that this means that a guarded
action with a false guard behaves like skip, i.e. the action that does not change the value of any variable.
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Theorem A.10 ANTI-REFLEXIVITY UNLESS_ANTI_REFL

»F punless =p

Theorem A.11 ¢ CONJUNCTION

- (Op) A B (Dg)
PO (P A Q)

Figure 23: Some theorems about unless and O

Definition A.4 SKIP ACTION SKIP_DEF

For any action A, skip 2 if false then A

A set of variables is V' ignored-by an action A, denoted by V « A, if executing A’s executable in any
state does not change the values of these variables. Variables in V¢ may however be written by A.

Definition A.5 VARIABLES IGNORED-BY ACTION dIG_BY.DEF
d .
V& A = Vs,t:compileeA.sit:s=yt

A set of variables V is said to be invisible-to an action A, denoted by V' - A, if the values of the variables
in V' do not influence the result of A’s executable, hence A only depends on the variables outside V.

Definition A.6 VARIABLES INVISIBLE-TO ACTION dINVI_DEF

VAL vVsts t:s=yes ANt=yct' As' =y t' A compile.A.s.t : compile.A.s' .t/

A.3 Programs
UNITY programs P are modelled by a quadruple (aP, iniP, rP, wP); aP, is the set of actions separated

by the symbol [J; iniP is the initial condition of the program; rP is the set of read variables; and wP the
set of write variables.

A program execution of such a program is infinite, in each step an action is selected nondeterministi-
cally and executed. Selection is weakly fair, meaning that every action is selected infinitely often.

A.4 Specifications

As usual, reasoning about actions is done by means of Hoare triples [Hoa69]. If p and ¢ are state-
predicates, and A is an action, then {p} A {q} means that if A is executed in any state satisfying p, it
will end in a state satisfying ¢:

Definition A.7 HOARE TRIPLE HOAe_DEF
{p} A {q} 4 Vs,t: p.s A compile.A.s.t : q.t

To reason about programs we will use the UNITY specification and proof logic from [CM89] augmented
by [Pra95]. Safety properties can be specified by the following operators:

Definition A.8 UNLESs (SAFETY PROPERTY) UNLESSe
- p unless ¢ 2 YA:AcaP: {pA—q} A{pVq}

Definition A.9 STABLE PREDICATE STABLEe
PFOp 4 pH p unless false

In Figure 23 some theorems about unless and O are listed that we will need later in this report.
One-step progress properties are specified by:
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Definition A.12 ENsuRES (PROGRESS PROPERTY) ENSURESe

pl= p ensures ¢ 4 (pFpunlessq) A (3A: A€ aP:{pA-q} A {q})

To specify general progress properties we will use Prasetya’s [Pra95] reach (~—) and convergence (~)
operators. The —-operator is defined as the least disjunctive and transitive closure of ensures:

Definition A.13 ReacH OPERATOR REACHe
(A\p,q. J sF p— q) is defined as the smallest relation — satisfying:

pCwP A qCwP A (oFOJ) A (- J Apensures q)

Lifting
pP—q
S qgNqg—
Transitivity pPzana—r
p—r
Vi:Wi:p;—
Disjunctivity pi 74

(Fi:Wi:p)—q
where W € a—Val characterises a non-empty set.

Many properties about  can be found in [Pra95], the properties we need in this report are listed in
Appendix B.

The ~~-operator defines a restricted form of self-stabilisation, a notion first introduced by Dijkstra
in [Dij74]. Roughly speaking, a self-stabilising program is a program which is capable of recovering
from arbitrary transient failures of the environment in which the program is executing. Obviously such
programs are very useful, although the requirement to allow arbitrary failures may be too strong. A more
restricted form of self-stabilisation, called convergence, allows a program to recover only from certain
failures. In [Pra95], a convergence operator is defined in terms of —:

Definition A.14 CONVERGENCE CONe
Jebp~q 2 qCwP A 3¢ = (Jobp—d ANq) A (FOTAG AQ)))

Again some properties taken from [Pra95] are listed in Appendix C. Most properties are analogous
to those of —. There is, however, one property that is satisfied by ~~ but not by ~— nor +, viz.
CONJUNCTIVITY.

B Laws of —

Theorem B.1 — STABLE BACKGROUND AND CONFINEMENT REACHe_IMP_STABLE
REACHe_IMP_CONF
JEpr—q
oJ A p,gCwP
Theorem B.2 — SUBSTITUTION REACHe_SUBST
P p,sCwP A [JAp=q] A (g—71) A [JAT = 5]
9 . pr— s
Theorem B.3 — INTRODUCTION REACHe_ENS_LIFT,REACHe_IMP_LIFT
P p,qCwP A (OJ) A ([JAp=q] V (JApensures q))
T p—q
Theorem B.4 — REFLEXIVITY REACHe_REFL
CwP A (OJ
pJ: P (©J)

p—p
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Theorem B.5 ~— TRANSITIVITY REACHe_TRANS

(p—q A (g—r1)

P, J:
prr
Theorem B.6 — CASE DISTINCTION REACHe_DISJ_CASES
RJ:@AﬂFw)A@ATHw
p—4q
Theorem B.7 ~— CANCELLATION REACHe_CANCEL
PJ. qCwP A (p—qVr) A (r—s)
T p—qVs
Theorem B.8 — PROGRESS SAFETY PROGRESsS (PSP) REACHe_PSP
P r,sCwP A (rA.Junlesss)A (p— q)
T PAT — (QAT)V S
Theorem B.9 - DISJUNCTION REACHe_GEN_DISJe
Vi:i €W :p.irq.i .
P pp— Wipiz i) ey 4y
(Fi:ieW:pi)— (Ji:i €W :q.i)
Theorem B.10 — BouNDED PROGRESS REACHe_WF_INDUCT

For a well-founded relation < over some set W, and metric M € State—W:

qCwP A (YmeW :pA(M =m) — (pA (M <m))Vq)

P J:
p—q
C Laws of ~
Theorem C.1 CONVERGENCE IMPLIES PROGRESS CONe_IMP_REACHe
pg. 274
bp—4q
Theorem C.2 ~s SUBSTITUTION CONe_SUBST
P p,sCWPA[JAp=qIA (q~71) A[JAT = 5]
) - P s
Theorem C.3 ~+ INTRODUCTION CONe_ENSURES_LIFT, CONe_IMP_LIFT
P p,gCwP A (OJ) A (OD(JAqg) A ([JAp=q] V (pAJ ensures q))
T P~ q
Theorem C.4 ~+ REFLEXIVITY CONe_REFL
PJ_prPA(QDA(OUAm)
T P~ p
Theorem C.5 ~» TRANSITIVITY CONe_TRANS
RJ:@MW)A@Wﬂ
p~~r
Theorem C.6 ~s CASE DISTINCTION CONe_DISJ_CASES
N — N N
RJ:@ r~q) A (pAr~gq)

p~q
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Theorem C.7 ACCUMULATION CON_SPIRAL

(p~q A (g~r1)

P, J: D aAT
Theorem C.8 ~» STABLE STRENGTHENING CONe_STAB_MONO-GEN
P qCwP A (O A)) A Jikp~gq
. (iNJ)FEp~gq
Theorem C.9 ~» STABLE SHIFT CONe_STABLE_SHIFT

P, pP CwPADJI) AN (JADP Fp~q)

JEP' Ap~q
Theorem C.10 ~ DISJUNCTION CONe_GEN_DISJ
(Vi:i €W :pi~ q.i) .
P J: ftw
S Giew g w @ iew gy 1WA
Theorem C.11 ~ CONJUNCTION CONe_CONJ
For all non-empty and finite sets W:
P (Vi:i €W :pi~ q.i)
U (Vizi €W ipid) s (Viii € Wi qui)
Theorem C.12 ~» BOuNDED PROGRESS CONe_WF_INDUCT

For a well-founded relation < over some set A, and metric M € State—A:

P, J:

(g~qg AN (YmeA:pA(M=m)~ (pA(M <m))Vq)
P~ q

Theorem C.13 ~» ITERATION Iterate_thm_CONe
For arbitrary sets W,

(O((Vrz:2e€L:Qa)AJ)A(Nz:z€L:Q.xC wP)
LCW={(fL)YCW A NVz:zeLl:Quz)~ Ve:ze€ fL:Q.x))

P JL:
Y VnL:LCW = Nz:z€L:Qux)~ (Vr:x¢€iterate.n.f.L : Q.x)
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