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Abstract

Using a Gaussian scale space, one can use the extra dimension,viz. scale, for
investigation of “built-in” properties of the image in scale space. We show that
one of such induced properties is the nesting of special iso-intensity manifolds,
that yield an implicit present hierarchy of the critical points and regions of their
influence, in the original image. Its very nature allows one not only to segment
the original image automatically, but also to apply “logical filters” to it, obtain-
ing simplified images. We give an algorithm deriving this hierarchy and show its
effectiveness on two different kinds of images, both with respect to segmentation
and simplification.

1 Introduction

The paradigm of linear scale space has been introduced by Witkin [28] and Koenderink
[15]. They noted that a single image contains objects or parts with various sizes. One
way to exploit this fact is by observing the image with filters capturing these a priori
unknown sizes, or scales. Assuming that these filters should be invariant with respect to
location, scale and rotations and that they should be linear, one finds the set of Gaussian
filters as a plausible solution.

From the field of distribution theory [27] it is known that these filters also allow one
to take derivatives up to any order of non-continuous functions, solving the question
of how to define proper derivatives of a discrete set (e.g.an image [5]) in a well-posed
way.

Nowadays, Gaussian filters are widely used to calculate derivatives of images.
However, in calculating these derivatives, one needs to specify the scale, or standard
deviation, of the Gaussian. One way to avoid this, is by calculating the differential
properties of interest at a range of scales [7] and selecting the one with the highest (or
best) response according to some pre-defined criterion.
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This approaches in some sense the concept of “deep structure”, defined by Koen-
derink as “investigation of the image at all scales simultaneously” [15]. In essence,
this implies full investigation of then-dimensional image in(n+1)-dimensional scale
space as opposed to a “slice-by-slice” approach.

Most of the research in scale space is focused on the selection of pre-defined in-
variants [8, 9, 12] at several scales with highest response (see e.g. [1, 24, 23, 25]).
Some results have been obtained by examining the deep structure,e.g.in the behaviour
of spatial critical points under blurring, using ideas from the field of catastrophe (or:
singularity) theory [4, 6, 11, 13]. Alerted by outcome of results by Lifshitz and Pizer
[22], Koenderink [16] mentioned the presence of spatial critical points in scale space
with zero scale derivative and investigated their neighbourhood structure. In earlier pa-
pers [18, 20] we investigated the deep structure yielding a hierarchy tree representing
the image, based on its spatial extrema at all scales, their disappearances with saddle
points and the critical points in scale space found by tracing the spatial saddle points
at all scales. This tree could be used to obtain a user-independent “pre-”segmentation
of the image. In [19, 17] we discussed the stability of the hierarchy tree and the ability
to add a priori and a posteriori known symmetry to it, and showed the effect on the
pre-segmentation.

In this paper we extend the results mentioned in [18, 20] and explore then+ 1 di-
mensional scale space with respect to its critical points and its iso-intensity manifolds.
We show that the latter introduce a unique hierarchy which can be used as a so-called
logical filter. Consequently, a unique partitioning of the scale space is obtained, which
yields, if projected to the initial image, a partitioning of the image without prior knowl-
edge.

2 Theory

The idea of logical filtering in scale space was introduced by Koenderink in [15]. In
section 2.3 we will describe this idea. In order to understand the essential elements,
we firstly define a Gaussian scale space in section 2.1 and the idea of the hierarchical
structure in section 2.2. The structure depends on the evolution of spatial critical points
as the scale changes. The locations of these points in scale space form one dimensional
manifolds, the so-called critical curves, containing two types of special points,viz.
scale space saddles and catastrophe points.

2.1 Gaussian Scale Space

Definition 1 L(x) denotes an arbitraryn dimensional image. We will refer to this
image as theinitial image. L(x; t) denotes then+1 dimensionalGaussian scale space
imageofL(x).

The isotropic Gaussian scale space image is obtained by convolution of an initial
image with a normalised Gaussian kernel:

L(x; t)
def
= Gt ? L(x)

def
=

Z
1p
4�t

n e�
jx�yj2

4t L(y) dy
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L(x; t) satisfies the diffusion equation:

@tL(x; t) =
nX

i=1

@2

@xi2
L(x; t)

def
= �L(x; t) (1)

Here�L(x; t) denotes the Laplacean. Furthermore, differentiation is now well-defined,
since any derivative of the image is given by the convolution of the image with the cor-
responding derivative of the Gaussian. The (discrete) initial image is now extended to
a continuous scale space image,L(x; t) 2 IRnxIR+ with limt#0 L(x; t) = L(x).

2.1.1 Spatial critical points

Definition 2 Spatial critical points, i.e. saddles and extrema (maxima or minima), at
a certain scalet0 are defined as the points at fixed scalet0 where the spatial deriva-
tives vanish:rL(x; t0) = 0. We will refer to these points asspatial critical pointsto
distinguish them from scale space critical points, see Definition 6.

The type of the spatial critical points is given by the eigenvalues of the HessianH ,
the matrix with the second order spatial derivatives.

Definition 3 The Hessian matrix is defined byH
def
= rrT L(x; t0), where each ele-

ment ofH is given by

Hi;j =
@2

@xi@xj
L(x; t):

The trace of the Hessian equals the Laplacean. For maxima (minima) all eigenvalues
of the Hessian are negative (positive). At a spatial saddle pointH has both negative
and positive eigenvalues.

SinceL(x; t) is a continuously differentiable (even smooth) function in the(x; t)-
space, spatial critical points are defined for any valuet0 and, according to the implicit
function theorem, constitute a one dimensional manifold in scale space.

Definition 4 A critical curveis a one dimensional manifold in the(x; t) (scale) space
on whichrL(x; t) = 0.

Consequently, the intersection of all critical curves with an image at a certain scale
t0 results in the spatial critical points of the images at scalet0.

If at a spatial critical point the Hessian degenerates, that is: at least one of the
eigenvalues is zero, the type of the spatial critical point cannot be determined using
Definition 3.

Definition 5 Thecatastrophe pointsof L(x; t) are defined as the points where both
the spatial derivatives and determinant of the Hessian vanish:rL(x; t) = 0 and
detH(x; t) = 0.

In scale space the catastrophe points are isolated points and form the top of critical
curves in case of annihilations, and the starting point in case of a creation. The latter
requires a spatial dimension of at least two.
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2.1.2 Scale Space Saddles

Definition 6 Thescale space saddlesof L(x; t) are defined as the points where both
the spatial derivatives and scale derivative vanish:rL(x; t) = 0 and@tL(x; t) = 0.
Since for Gaussian scale spaces the diffusion equation holds, the latter equation equals
�L(x; t) = 0.

Note that Definition 6 describes the critical points ofL(x; t) in scale space. In [18]
it is proven that these points are always saddle points. This is a direct consequence of
the notion of causality (or: the non-enhancement of local extrema, or: the prohibition
of “spurious detail”, or: the maximum principle).

Definition 7 Theextended HessianH ofL(x; t) is matrix of the second order deriva-
tives in scale space defined by

H =

� rrTL �rL
(�rL)T ��L

�
: (2)

whererrTL is the Hessian.

Note that in Equation (2) the elements ofH are purely spatial derivatives. This is
possible by employing of the diffusion equation, Equation (1).

The appearance of only saddles in scale space leads to the consequence that the ex-
tended Hessian has both positive and negative eigenvalues at scale space critical points.
Furthermore, in [18] we have proven that if the intensity of the spatial saddle points is
parametrised by scale, the scale space saddles form the extrema of the parametrised
intensity along the critical curve.

2.2 Scale Space Hierarchy

From the previous section it follows that each critical curve in(x; t)-space is formed
by branches of critical points, where each branch is defined from a creation event or
the initial scale to an annihilation event. We set#C the number of creation events on
a critical path and#A the number of annihilation events. Since there exists a scale on
which only one spatial critical point (an extremum) remains, there is one critical path
with #A = #C , whereas all other critical paths have#A = #C + 1. That is, all but
one critical paths are defined for a finite scale range. This widely accepted “folklore
theorem” holds forL1�integrable images that are non-negative and have finite compact
support, see Loog etal. [26].

One of the properties of scale space is the non-enhancement of local extrema.
Therefore, isophotes in the neighbourhood of an extremum at a certain scalet0 ap-
pear to move towards the extremum at coarser scale until at some scalet1 the intensity
of the extremum equals the intensity of the isophote. The extension of an isophote into
scale space is called iso-intensity manifold:

Definition 8 A iso-intensity manifoldIc, c 2 R, is ann-dimensional manifold in(n+
1)-dimensional scale space satisfyingL(x; t) = c.
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It is often implicitly understood that we consider connected components only. The
iso-intensity surface in scale formed by these isophotes form a dome, with its top at the
extremum.

Since the intensity of the extremum is monotonically in- or decreasing (regarding
a minimum or a maximum, respectively), all these domes are nested. Retrospectively,
each extremum branch carries a series of nested domes, defining increasing regions
around the extremum in the input image. In [18] we have proven that these regions are
closed as long as the intensity of the domes does not equal that of the dome through
(the extremum and) a scale space saddle (see section 2.1.2) on the saddle branch that is
connected with the extremum branch in an annihilation event. In this way a hierarchy
of regions of the input image is obtained, which can be regarded as a kind of pre-
segmentation. It also results in a partitioning of the scale space itself.

2.3 Logical Filtering

Since the iso-intensity manifolds are nicely nested, they can be used to form logical
filters, as pointed out by Koenderink [15]: The requirement that in two “successive”
derived images, sayL(x; t) andL(x; t + Æt) (with x variable), corresponding points
have equal illuminance and are as close as possible, yields a simple rule ofprojection
between images: the orbits of the projection are the integral curves of the vector field�

_x
_t

�
=

� rL�L
�jjrLjj2

�
: (3)

This follows from the fact that the pointx+ dx in the image at scalet+ dt that is
connected on a iso-intensity manifold to the pointx at scalet, must satisfy

0 = ÆL = rL � dx+ @tLdt = rL � dx+�Ldt : (4)

Taking the direction of steepest decent,i.e. in the direction ofrL, we obtain

dx

dt
= � �L

rL � rL � rL

Noting thatrL �rL � 0, and that the singularities of the vector fields given by the
Eqs. (3) and (4) coincide, namely ifrL = 0, the integral curves of the vector fields
are the same.

Since the projection of a region of the image at some scale to the initial image
cannot reach all points in the latter image, some regions are blanked out. These regions
are described through the integral curves that pass through the extremum and those
through the saddle that do reach the initial image. In Figure 6 one can see examples
of iso-intensity manifolds formed by these integral curves. The region enclosed by
each manifold cannot be reached. These regions are topologically equivalent to balls.
Koenderink proposed to call these regions the “ranges” of the extrema, that can be
taken to define the light and dark blobs defined by the extremum-saddle-point-pairs
[15]. The ranges sweep out tube-like volumes,that are closed on one side. Constructing
these ranges for all extrema, the image can be described as a superposition of light and
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dark blobs. A sub-family may be defined for each sub-image and the original family is
just the superposition of the sub-families.

We will show that the top of the tube-like volumes are found by the integral curves
that pass the scale space saddles. Firstly a further investigation of the vector field Eq.
(3) is presented.

3 Properties of the Vector Field

The vector field given by Eq. (3) uniquely defines integral curves, except for those
points where the gradient vanishes. To investigate the local behaviour of the vector
field nearby critical points, a local (Gaussian) Taylor expansion ofL is used. As we
will see, it suffices to take the ensemble of derivatives up to fourth order, the so-called
local jet of order 4[8, 10]. Using the Einstein convention for repeated indices this
reads

(4)

L (x; t) = L0 + Li x
i + 1

2Lij x
ixj +�L t+ 1

6Lijk x
ixjxk +�Li x

it+
1
24Lijkl x

ixjxkxl + 1
2�Lijx

ixjt+ 1
2��Lt2 :

(5)

Note that the local jet satisfies the Diffusion Equation. Locally the vector field
given by Eq. (3) can be expressed by�

_x
_t

�
=

�
v0
w0

�
+

�
v1
w1

�
+

�
v2
w2

�
+ : : : (6)

where the sub-indices denote the total order of the expansion in spatial variables. In
terms of components we thus have

�
�

vi0
w0

�
=

�
�LLi

�L2
i

�
;

�
�

vi1
w1

�
=

�
(Lij�L+ Li�Lj)x

j

�2LiLij x
j

�
;

�
�

vi2
w2

�
=

�
1
2 (Lijk�L+ 2Lij�Lk + Li�Ljk)x

jxk + (�Li�L+ Li��L) t
�(LikLij + LiLijk)x

jxk � 2Li�Li t

�
;

� and so on, with increasing complexity of the terms.

At spatial critical pointsLi = 0 reducing this expansion significantly. Then the zeroth
order terms vanish

�
�

vi0
w0

�
=

�
0
0

�
;

�
�

vi1
w1

�
=

�
(Lij�L)x

j

0

�
;

�
�

vi2
w2

�
=

�
1
2 (Lijk�L+ 2Lij�Lk)x

jxk + (�Li�L) t
�(LikLij)x

jxk

�
;
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and linear terms suffice. If also the Laplacean vanishes, a further reduction of terms is
established:

�
�

vi0
w0

�
=

�
0
0

�
;

�
�

vi1
w1

�
=

�
0
0

�
;

�
�

vi2
w2

�
=

�
(Lij�Lk)x

jxk

�(LijLik)x
jxk

�
:

Consequently, a second order scheme is needed.

3.1 Local Environment

On a local environment of the vector field at critical points, reducing Eq. 6 to its first
non-zero component, yields a linear system. Sincew1 = 0, t is constant and can be
disregarded. So a linear system with only spatial coordinates remains and its behaviour
is given by the scale-independent vector field

_xi = Lij�L xj : (7)

The matrixLij �L in the linear system of Eq. 7 consists of two parts. The first
term,Lij , is equal to the Hessian matrix usually denoted byH. The Laplacean term
�L reads, apart from the scale derivative of the image, also the trace of the Hessian,
since�L = Lii = tr(H). At the critical curve four possibilities can occur, see Figure
1:

1. Both the trace and the determinant of the Hessian are non-zero,i.e. the critical
point is a Morse critical point;

2. The determinant of the Hessian is zero,i.e.a catastrophe takes place (annihilation
or creation);

3. The trace of the Hessian is zero,i.e.a non-topological change of the saddle;

4. Both the trace and the determinant of the Hessian are zero.

The last possibility is only generic in one-dimensional images. In higher dimen-
sions it will therefore be disregarded.

3.2 Morse Critical Points

At Morse critical points it is convenient to reformulate Eq. 7 to

_x = tr(H)H x = bH x: (8)

Note that the vector field given by Eq. 8 is a specially scaled extension of the usual
vector field ofL that is given by_x =H x.
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Det H = 0

Tr H = 0

extremum

saddle

saddle

Figure 1: Possibilities of critical points in scale space on a critical curve, together with
the local vector field. The left branch of the critical curve represents an extremum
branch, the right one a saddle branch. Generically, critical points are somewhere on
one of these branches (case 1). At the top, wheredetH = 0, a catastrophe takes place
(case 2). The saddle point exhibits an extra degeneration,viz.where trH = 0 (case 3).
At this point the type of saddle changes. Only in one dimensional images the cases 2
and 3 coincide generically.
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The characteristics of thebH vector field follows from its eigenvalues. Let(�i) be
the set of eigenvectors ofH, sorted on value. Then the eigenvectors ofbH are given by

b�i =X
j

�j�i ; (9)

where we usedtr(H) =
P

j �j . Consequently, away from catastrophes, saddles re-
main saddles and extrema remain extrema. Then the following dependencies follow
straightforwardly from Eq. (9):

det bH = tr(H)n detH ; (10)

tr ( bH) = tr(H)2 ; (11)

wheren is the dimension ofx.
Since the trace of the Hessian equals the sum of the eigenvectors, Eq. (11) shows

that all eigenvalues ofbH are positive definite. Consequently, the extrema ofbH are
always minima of the vector field,i.e. the vectors point outward. Degenerations take
place ifdet bH = 0. According to Eq. (10) this implies the degenerations ofH (the
catastrophe points) or the zero-crossings of the trace ofH.

As a result, thebH vector field has only minima and corresponding saddles. When
we recall the full equation of the vector field, Eq. 3, it is clear that the scale component
is negative at non-critical points. The flow lines infinitesimally close to the extrema
move downward in scale.

3.3 Critical Points at Catastrophes

At catastrophes, Eq. 7 loses (generically) one degree of freedom, since the Hessian
becomes singular, or, to put it differently, the determinant ofH equals zero.

The degeneration ofdet bH is only caused by the vanishing determinant ofH; its
trace will be non-zero iffn > 1. Since this is generically an event of co-dimension
one, also the point wheredet bH vanishes has also co-dimension one. The trace ofbH
at this point is always positive definite. The argumentation of the previous section can
be repeated to conclude that a catastrophe due toH causes a catastrophe inbH. Again,
while theH vector field shows all sorts of catastrophes, thebH vector field comprises
only vector fields of catastrophes involving minima.

Consequently, at a catastrophe point the vector field ofbH is topologically equiva-
lent to that ofH at a horseshoe surface.

3.4 Critical Points with Vanishing Laplacean

If the critical curve intersects the plane where the Laplacean ofL is zero, the linear
approximation Eq. 7 vanishes. A local vector field is found by examining the second
order approximation of Eq. 6:�

_xi

_t

�
=

�
(Lij�Lk)x

jxk

�(LijLik)x
jxk

�
: (12)
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Figure 2: Vector field of a one dimensional scale space image around an annihilation
at the origin, Eq. 13. The critical curve contains a catastrophe at the origin. They-axis
coincides with the zero Laplacean, reversing the spatial orientation of the vectors.

Although this expression is quite complicated, we still make the observation that
a zero-Laplacean can only occur due to negative and positive eigenvalues of the Hes-
sian,i.e. the critical point is always a saddle, albeit degenerate. Since the vector field
involves the scale, see Eq. (12), the surface of zero-Laplacean will generically intersect
the image transversally.

3.5 Non-Critical Points with Vanishing Laplacean

Although it may be clear form Eq. (3), it is emphasised that at non-critical points with
zero Laplacean the vector field is non-degenerate, since it contains a non-zero scale
component. If only spatial coordinates are investigated, the degeneracy is visible as a
curve reversing the spatial orientation of the vectors.

3.6 Examples

3.6.1 One Dimensional Images

As already described, in one-dimensional images the determinant is equal to its trace.
Therefore, at a catastrophe the critical curve also intersects the line where the Laplacean
is zero. Since only annihilations occur, it suffices to investigate the generic annihilation
in one dimension:

f(x; t) = x3 + 6xt : (13)

The corresponding vector field is plotted in Figure 2. The parabola is the critical curve,
at its top (the origin), a minimum (the branchx > 0) and a maximum annihilate. As
argued in section 3.2, thebH-vector fields of�f andf are topologically equivalent.
The extrema inH-vector field both become minima in thebH-vector field, so the vector
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field is directing away from the critical points downwardly on both sides. The line
where the Laplacean is zero,i.e. the linex = 0, acts as a mirror. This follows directly
from section 3.5. Fort < 0 the zero-Laplacean is an attracting asymptote and fort > 0
it is a diverging one. This is caused by the change of sign on traversing the critical
curve at the origin.

3.6.2 Two Dimensional Images

The generic annihilation in two dimensions is give by the function

f(x; t) = x3 + 6xt+ y2 + 2t : (14)

It contains an annihilation at the origin, and a scale space saddle at(�1=3; 0;�1=18).
The zero-Laplacean is given by the planex = �1=3. Although this is non-generic, it
suffices for our visualisation purposes.

Spatial Components of the Vector Field The vector field around Morse critical
points (given byy = 0 andx2 = �2t) for subsequent scale levels around the scale
space saddle and the catastrophe point are shown in Figure 3for the spatial compo-
nents.

Firstly, the case fort < �1=18 is shown in Figure 3 top-left. On the left a typical
field around a saddle is visible, on the right the same for a minimum. Between the
spatial critical points the zero-Laplacean is visible as a straight line, attracting and
inverting the direction of the spatial vector components.

The situation around the scale space saddle (t = �1=18) is shown in Figure 3
top-right, clearly showing the special second order behaviour.

The vector field for�1=18 < t < 0, i.e. between the scale space saddle and the
catastrophe, is shown in Figure 3 bottom=left. Now the zero-Laplacean is diverging.

Finally, Figure 3 bottom-right shows the behaviour around the catastrophe, a com-
bination of a saddle (on the left) and a minimum.

A Spatial and a Scale Component of the Vector Field Since the planey = 0
only acts as a mirror, the situation in the(x; t)-plane is shown in Figure 4, together
with the critical curve and the scale space saddle. The fact that the scale space saddle
doesn’t coincide with the catastrophe point forces iso-intensity manifolds that intersect
the critical curve between the scale space saddle and the catastrophe point, to intersect
the critical curve a second time on the right.

Obviously iso-intensity manifolds through scale space saddles form the interesting
ones. In the next section we will discuss the properties of the iso-intensity manifolds.

4 Deep Structure

In this section we investigate the nature of manifolds of co-dimension1 in scale space,
form (n + 1)-dimensional segments in scale space, give examples that also illustrate
the definitions, and show how this route can be used to build the hierarchy embedded
in the scale space image.
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Figure 3: Vector field of the generic annihilation in two dimensions, Eq. 14, show-
ing thespatialcomponents for subsequent scale levels. The vertical line is the zero-
Laplacean. Top-left: Att < �1=18. Top-right: At t = �1=18, around the scale
space saddle. Bottom-left: At�1=18 < t < 0. Bottom-right: At t = 0, around the
catastrophe point.
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Figure 4: Vector field of the generic 2D annihilation, Eq. (14) in the (x;t) plane witht
vertically, together with the critical curve and the scale space saddle. At the top of the
curve the two critical points annihilate.

4.1 Manifolds and Segments

Recalling Definition 8, it follows directly from Koenderink’s vector field, Eq. (3) that at
the top of the tube-like structure the iso-intensity manifoldIc reduces to an extremum
at that scale. From Loog’s argument it follows that one extremum remains, so there
exist a maximum end scale at which eachIc reduces to an extremum at that scale:

Lemma 1 Given a certainIc, there exists exactly one point(x; �) 2 (IRnxIR) with
L(x; �) 2 Ic andrL(x; �) = 0 such that8� > 0 L(x; � + �) =2 Ic.

Proof of Lemma 1 Let (y; �) 2 (IRn x IR) and L(y; �) 2 Ic. Then for all sets
((x; �); (y; �)), the systemx 6= y ^ rL(y; �) = 0 ^ rL(x; �) = 0 ^ L(y; �) =
c^L(x; �) = c yields2n+2 equations with2n+1 variables, and is over-determined.
So necessarilyx = y.
Furthermore, let(P; S) be the set of points(yi; �yi) 2 (IRn x IR) satisfyingrL(yi; �yi) =
0 ^ L(yi; �yi) 2 Ic. Then�yi 6= �yj for i 6= j, and it suffices to take the point
(yi; �yi) 2 (P; S) with �yi = max(S). 2

Obviously, there may be multiple iso-intensity manifolds with the same intensity
that are disjunct in the scale space image. So the first thing to do is to relate each iso-
intensity manifold to a single extremum branch. Since a single iso-intensity manifold
can contain multiple extrema, but has a unique one with the highest scale, it makes
sense to uniquely assign it to that extremum.

Definition 9 A critical curve is built up ofextremum and saddle branches, which are
connected at catastrophe points. The set of allk extremum branches in the scale space
image is given by(e1 : : : ek).
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Figure 5: Critical curves (dashed curves, on the left one extremum branche1, on the
right a saddle branch and extremum branche2, annihilating in the top point, see Def-
inition 9) with subsequent iso-intensity manifolds (thick curves)c1; : : : ; c5. a) Two
distinct extremum iso-intensity manifolds, see Definition 10,Ic1(e1) andIc1(e2) with
their top of the cones at the extremum branch. At the same time they are both ex-
tremum manifolds, see Definition 11,Mc1(e1) andMc1(e2). b) The two touching
extremum iso-intensity manifoldsIc2(e1) and Ic2(e2) are not extremum manifolds.
They form the manifoldsUc2(e1) andUc2(e2), see Definition 12. c) The extremum
iso-intensity manifoldIc3(e1) (with its top of the cone at the extremum branche1) is
not an extremum manifold, since it intersectse2. d) The extremum iso-intensity mani-
fold Ic4(e1) forms the manifoldLc4(e1). It touchese2 at the annihilation point. e) The
extremum iso-intensity manifoldIc5(e1) is again an extremum manifoldMc5(e1).

Definition 10 Anextremum iso-intensity manifoldIc(ei) is the iso-intensity manifold
with as global top the extremum on extremum branchei.

Examples of extremum iso-intensity manifolds are given in Figure 5, in which two
critical curves are visualised by thick curves and five subsequent iso-intensity mani-
folds are drawn. It is clear that multiple types are present. To distinguish between
extremum iso-intensity manifolds with multiple extrema on it, and those with only
one, it is convenient to define a subset of the extremum iso-intensity manifolds:

Definition 11 An extremum manifoldMc(ei) is an extremum iso-intensity manifold
intersecting of all extremum branches only the extremum branchei.

This type of extremum iso-intensity manifolds is shown in Figure 5a and 5e. A
nesting of extremum iso-intensity manifolds is directly obtained, since the intensity
of the extremum changes monotonically (either increases in case of a minimum, or
decreases in case of a maximum). As a consequence, each manifold exists for a scale
interval [t0; tmax]. Recall that there is no creation of level lines, one of the (implicit)
axioms leading to the diffusion equation. Consequently, each manifold transversally
intersects the initial image,cf. Koenderink’s “open end of the tube-like structure”. The
top of this structure is located attmax: by construction the spatial extremum on the
branchi forms the top of the scale space dome.

Before turning to(n+ 1)-dimensional segments, we first define to special types of
extremum iso-intensity manifolds.

Definition 12 An upper limiting manifoldUc(ei) is an extremum iso-intensity mani-
fold Ic(ei), such thatIc+Æ�(ei) = Mc+Æ�(ei), 0 < �� 1 andÆ = 1 if ei is a maximum
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andÆ = �1 if ei is a minimum, butIc(ei) is not an extremum manifold. If the maxi-
mum (minimum) branchei intersectsn upper limiting manifolds, they are ordered on
decreasing (increasing) intensity and labeledUcj (ei) for j = 1; : : : ; n.

A lower limiting manifoldLc(ei) is an extremum iso-intensity manifoldIc(ei), such
that Ic+Æ�(ei) = Mc+Æ�(ei), 0 < � � 1 andÆ = �1 if ei is a maximum andÆ = 1
if ei is a minimum, butIc(ei) is not an extremum manifold. If the maximum (mini-
mum) branchei intersectsn lower limiting manifolds, they are ordered on decreasing
(increasing) intensity and labeledUcj (ei) for j = 1; : : : ; n.

An example is given in Figure 5. The extremum iso-intensity manifoldsUc2(e1)
andUc2(e2) are shown in Figure 5b. Manifolds below these two limiting manifolds
(e.g.those in Figure 5a) are extremum manifolds. The extremum iso-intensity manifold
Lc4(e1) is shown in Figure 5d. Manifolds above this limiting manifold (e.g.the one in
Figure 5e) are extremum manifolds.

The next definitions construct(n+1)-dimensional segments out of then-dimensional
iso-manifolds using the two limiting manifolds.

Definition 13 Theextremum segmentE1(ei) is the volume in the scale space image
under upper limiting manifoldUc1(ei).

Theextremum segmentEj(ei), j > 1, is the volume in the scale space image under
upper limiting manifoldUcj (ei) and above lower limiting manifoldLcj�1

(ei).
For 0 < j < n, Ij(e1) is the scale space volume bounded byEj(e1) andEj+1(e1).

In Figure 5, the extremum segmentsE1(e1) andE1(e2) are formed by the area
beneath the manifoldsUc2(e1) andUc2(e2), respectively. Note that in Figure 5, ife1
would intersect at some intensity levelc6 a second upper limiting manifoldUc6(e1),
the area betweenLc4(e1) andUc6(e1) would also form an extremum segment,E2(e2).
Then the area betweenLc4(e1) andUc2(e1) forms the scale space volumeI1(e1).

So this definition yields Koenderink’s tubes, but not only them. Extremum branches
may intersect multiple extremum segments: From the “extremum branch point of
view”, starting at the initial image the branchei firstly intersects extremum manifolds
until for some intensityc the iso-intensity manifoldIc(ei) contains a (scale space)
saddle and becomes the union of two juxtaposed iso-intensity manifolds that intersect
non-transversal. Note that at this point the manifold generated fromei equalsUc(ei).
Call the other partUc(ej).

Continuing, two things can happen. The manifoldUc(ei) [ Uc(ej) is eitherIc(ei)
or Ic(ej). If the extremum branchei vanishes,i.e. it annihilates with the saddle branch
containing the aforementioned saddle, the remaining part of the branch is no longer
global top of a manifold, but part of the iso-intensity manifoldIc(ej). If it remains,
ej annihilates with intensityca, and the branch intersects the closed set of manifolds
[Ic(ei); : : : ; Ica(ei)] and additionally again extremum manifolds. HereIca(ei) equals
L(ei) for a second extremum segment,cf. Figure 5 and the branchese1 ande2.

Note that there is no third possibility, since then the iso-intensity manifold through
the saddle must contain two global extrema at the same scale. This was proven to be
non-generic. This observations lead to the following definition.
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Definition 14 Thescale space segmentSSS(ei) of an extremum branchei intersecting
n extremum segments is

SSS(ei) =
�[n

j=0 [ Ej(ei)
� [ �[n�1

j=0 I
j(ei)

�
:

Thecritical manifoldC(ei) is the boundary ofSSS(ei).

Recalling Figure 5, the right extremum branche2 has one extremum segment, be-
ing the scale space segment, bounded byUc2(e2) = C(e2). The left extremum branch
hasno scale space segment, since the second series of extremum manifolds starting
aboveLc4(e1) is unbound. Assuming again a second upper limiting manifoldUc6(e1)
at intensity levelc6, e1 intersects two extremum segments. ThenUc6(e1) forms the crit-
ical manifoldC(e1). This manifold encapsulatesC(e2). ThenSSS(e2) = E1(e1) [
E2(e1) [ I1(e2), the complete area beneath the manifoldUc6(e1) and in this example
SSS(e2) � SSS(e1).

By definition,C(ei) is Ucn(ei), the supremum of the possible valuesc for which
Mc(ei) exists. Since all but one extremum in the initial image annihilate with spa-
tial saddle points, all but one extremum branch define critical manifolds. The critical
manifold contains one spatial saddle, that can be located either in scale space (and
thus being a scale space saddle) or at the initial image. This saddle obviously relates
the extremum branch to another extremum branch, namely the one to which it is sec-
ondary in the intensity hierarchy. It is convenient to denominate this remainder of the
iso-intensity manifold.

Definition 15 LetC(ei) � Ic(ek) and (x; t) be the saddle onC(ei). Then thedual
critical manifoldD(ei) is defined as

D(ei) [ C(ei) = Ic(ei) ;
D(ei) \ C(ei) = (x; t) :

Note that in this definition the critical curvesek andei do not coincide. Recalling
Figure 5,D(e2) is formed byUc2(e1). In the following we will use this route to derive
a unique algorithm deriving the hierarchy enclosed in the scale space image. Firstly,
we will give some examples to clarify the definitions and notation.

4.1.1 Example

Consider a part of the scale space image in which a catastrophe takes place, together
with a second extremum in the neighbourhood. Furthermore, take the scale range such
that also a scale space saddle is present. So this part contains two critical curves, of
which one contains a catastrophe point and a scale space saddle. For simplicity we
assume the two extrema are maxima. Reasoning for minima is alike. An example
is given in Figure 6. Note that this image is the extension of Figure 5 with an extra
dimension.

The dark lines show the critical curves in scale space. The right curve contains two
branches of critical points, on the left spatial saddles, on the right spatial extrema (er).
The left curve contains an extremum curve without catastrophe points (el).
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Figure 6: Subsequent iso-intensity manifolds and critical curves. Top-left: The ex-
tremum manifolds intersect the extremum branches,cf. Figure 5a. Top-right: The ex-
tremum iso-intensity manifolds touch at the scale space saddle,cf. Figure 5b. Bottom-
left: The extremum iso-intensity manifold has its top on the left extremum branch, but
intersects also the other extremum branch,cf.Figure 5c. Bottom-right: The extremum
manifold intersects only the left extremum branch,cf. Figure 5e.
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� Figure 6a shows the case with some “large” intensityc1. Both extremum branches
inersect extremum manifolds,Mc1(el) andMc1(er).

� Decreasing the intensity, both manifolds intersect non-transversal, as shown in
Figure 6b. Now the manifolds belonging toel ander have becomeU(el) and
U(er), respectively. The point of intersection is the scale space saddle. Since
er is the vanishing extremum branch,U(er) is defined as the critical manifold
C(er), andU(el) is its dualD(el). The parts enclose the extremum segments
E(el) andE(er), respectively. The volume enclosed byC(er), i.e.E(er), is the
scale space segmentSSS(er).

� Decreasing intensity further, the manifold hasel as its global top, as is visible
in Figure 6c. Note that altougher still exists, there is no extremum iso-intensity
manifold assigned to it. However, its influence onel is that for this intensity
el is only an extremum iso-intensity manifold, and not an extremum manifold:
This manifold intersects both extremum branches; also the saddle branch is in-
tersected twice.

� This situation remains until the intensity is decreased to that of the annihilation
of the right extremum. From that intensity,el is again an extremum manifold,
as shown in Figure 6d. So the annihilation intensity formsL(el) for a potential
second extremum segmentE2(el).

There is one scale space segment:SSS(er). The left extremum branch doesn’t
define a scale space segment, since there is – in this example – no limit to the manifolds
Mc(el) for decreasingc. Only if it is assumed that this image is part of a larger image,
an upper limiting manifold resulting in the segmentE2(el), and a scale space segment
SSS(el) may be found.

It is clear that the left extremum branch contains two disjoint intensity intervals on
which extremum manifolds are defined. The boundaries of these intervals are given by
the intensities of the scale space saddle and the annihilation.

The nesting of the iso-intensity manifolds is shown in Figure 7.

4.1.2 A More Complicated Example

A more complicated example involving two scale space saddles and two annihilations,
is visualised in Figure 8, showing the hierarchy of the two manifolds induced by the
intensitiesc1 andc2 of the scale space saddles.

Again the dark lines show critical curves, from left to right extremum 1, saddle
1, extremum 2, saddle 2, and extremum 3. Extremum 2 annihilates with saddle 2,
extremum 3 annihilates with saddle 1. Extremum 1 remains.

In Figure 9 the two manifolds through the scale space saddles are shown seperately.
In the left image, the iso-intensity manifold arounde2 ande3 is plotted: Ic1(e2) =
Ic1(e3). The left part of the manifold equalsC(e2), the right partD(e2). In contrast
to the previous example, here also extremume3 annihilates, inducing another critical
manifold,C(e3), shown in the right image, together with the dualD(e3).
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Figure 7: Nesting of iso-intensity manifolds and critical curves. See text for details.

Figure 8: Iso-intensity manifolds and critical curves. See text for details.
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Figure 9: Iso intensity manifolds and critical curves. See text for details.

Now the critical manifoldC(e3) encapsulatesIc1(e2) and consequently bothC(e2)
andD(e2). Therefore, it may (and in this case: does) split into two disconnected
spatial regions if it is traced into negative scale direction due to the intersection of
the saddle branch of saddle 2. Here the scale space segmentSSS(e3) exists of two
connected “legs” encapsulating the extrema 2 and 3. The critical manifoldC(e3) forms
the “trousers” with two open ends at the initial image.

4.2 Hierarchy Algorithm

The previously described hierarchy of manifolds entails a uniquely defined description
of the image, based on the critical and dual manifolds. This description is obtained by
executing the following steps (that are followed by an example based on the image of
the previous section):

1. Initializing:

(a) Build a scale space.

(b) Find the critical points at each scale level.

(c) Construct the critical branches.

(d) Find the catastrophe points.

(e) Construct and label the critical curves, including the one remaining ex-
tremum.

(f) Find the scale space saddles.

2. Determining the manifolds

(a) For each annihilating extremumei, find its critical iso-intensity manifold
C(ei).

(b) Construct the dual manifoldsD(ei).

3. Label to each extremum branch the dual manifolds it intersects, sorted on inten-
sity.
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4. Build a tree:

(a) Start with the remaining extremum at the coarsest scale as root.

(b) Trace to finer scale until at some value it is labeled to a dual manifold.

(c) Split into two branches, one the branch containing the existent extremum
and assigned to the dual manifold, the other containing the extremum as-
signed to the critical manifold.

(d) Continue for all branches / extrema until all extrema are added to the tree.

5. Bonus step: return a segmentation

(a) Based on the binary combinations of region belonging to each defined
C(ei).

(b) Based on the binary combinations of region belonging to each defined
C(ei) [D(ei).

We note that step 1 has been exploited by the authors in [18]. The other steps
follow straightforwardly from the previous exercise and examples. Regarding step 3,
the intensities of all extrema either increase or decrease monotonically, and so do the
dual manifolds that each intersects.

The tree that is obtained is a binary tree. All annihilating extremum branches
intersect a critical manifold, and each critical manifold implies a dual manifold that
intersects an extremum branch underneath its own critical manifold. Therefore, all
extremum branches are linked in the tree.

The creation of pairs of critical points and their influence has been dealt with else-
where by the authors. They are not of relevance to the iso-intensity hierarchy, since
scale space implies non-creation of new level lines!

As a kind of bonus, one obtains a “knowledgeless” segmentation, solely based on
the hierarchy tree. This can be the concatenation of the scale space segments, or one of
the scale space segments together with their dual segments.

4.2.1 Example – continued

Returning to the second example of the previous section, recall Figure 8.

1. Obviously, step 1 has been taken.

2. The algorithm yields in step 2a the two conesC(e2) andC(e3). Step 2b yields
the dual conesD(e2) (intersectinge3) andD(e3) (intersectinge1).

3. Step 3 gives the listse1 ! D(e3), e3 ! D(e2).

4. The tree is built by tracing down as root the remaining extremum,e1. At some
scale level it intersectsD(e3), so a node is added and the tree splits into two
branchese1 and e3. Extremume1 doesn’t intersect any dual manifolds and
doesn’t split anymore. Extremume3 intersectsD(e2), so a node and a new
branch (e2) is created.
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Altough the hierarchy dependency is obtained by the dual manifolds, we will use
the critical manifolds for labeling the tree, since they identify a unique part of the scale
space image to an extremum. The (binary) hierarchy tree can be collapsed into one
single one-dimensional expression. The nodes of the tree are replaced by(ei; ej)C(ej),
stating thatei is both parent and child, andej is child due to the fact that its dual
manifold is assigned toei. So we have, starting at the root, firstly(e1; e3)C(e3), and
secondly the replacement ofe3 by (e2; e3)C(e2). Consequently, the tree reduces to�

e1; (e2; e3)C(e2)

�
C(e3)

This is to be read as “extrema 2 and 3 are related by means of the intensity of the
critical manifold of extremum 2. Extremum 2 annihilates and extremum 3 is (then)
related to extremum 1 by means of the intensity of the critical manifold of extremum
3”. This parentheses formula can be extended at liberty.

4.3 Visualisation and Simplification

The binary tree can easily be visualised. One way to do this, is by only displaying the
scale space segments at the initial image. This has been done by the authors in [18].
A disadvantage is that the remaining extremum does not induce a scale space segment,
and is thus not visible. Here we propose a visualisation strategy based on the critical
manifolds together with their duals. Of both approaches we give examples.

As advantage of the latter method, now the remaining extremum is visualised. Also
“more or less” symmetries appear, as we will see. Implementation is straightforward,
by using a(n+1)-dimensional region growing algorithm with as seed point the saddle
point connecting the critical manifold and its dual.

Simplification of the structure, or “logical filtering”, is done by sweeping out paren-
theses from inside to outside. Equivalently one can sweep from the leaves of the tree
inwardly. The closer to the root, the more significant parts of the image are represented.
The “details” are stored in the leaves ([15]). Then, for instance, example 2 could be
simplified as follows:�

e1; (e2; e3)C(e2)

�
C(e3)

! (e1; e3)C(e3)

That is, Figure 8 is reduced to the Figure 9b.
Note that in this hierarchy the nodes connect regions regardless of scale. For exam-

ple, a small region may vanish at fine scale, but at a small intensity value. If the dual
manifold encapsulates a maximum as final parent, the top of this dual dome may be
achieved at very coarse scale. If it encapsulates several extrema, the logically filtered
image at the initial image shows several dual regions: these dual regions necessarily
encapsulate these extrema, but do not need to be connected. Examples will pop up in
more realistic images in the next section.
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Figure 10: Left: Artificial image built by combining four maxima and one minimum.
Right: Labelling of the critical points.

5 Results

The hierarchical algorithm and the possible application of logical filtering are investi-
gated on two test images. As an artificial image allowing algebraic verification, firstly
the 81 x 81 image is built by adding four blobs. This image is shown in Figure 10a. Sec-
ondly we used the artificial MR image Figure 14a, taken from theBrain Web[2, 3, 21],
web site http://www.bic.mni.mcgill.ca/brainweb.

5.1 Blob Image

The scale space of this image was built by taking 113 scales,ei=32 i = 1; : : : 113: The
initial image contains five extrema and four saddles. One extremum, the minimum in
the middle, is induced by the four extrema. Within the scale space, three scale space
saddles were found: They connect cones around each vanishing extremum to the final
remaining extremum. These three scale space saddles are located on saddle branches
annihilating with the maximum branches. The saddle branch annihilating with the
minimum branch does not contain a scale space saddle, so the value of the saddle at the
initial image yields the intensity for the critical manifold encapsulating the minimum.

The labelling of the extrema and saddles is shown in Figure 10b. At coarsest scale,
extremume4 remains. It thus forms the root. It is found that only this extremum branch
belongs to dual manifolds, yielding the hierarchy tree shown in Figure 11.

The Koenderink-parentheses-formula is 
e5;

�
e3;
�
e1; (e4; e2)C(e2)

�
C(e1)

�
C(e3)

!
C(e5)

Logical filtering implies firstly removing the minimume5, the maximume3 (the
least brightest), and so on.

The area in the initial image belonging to the scale space segments, encapsulated by
the critical manifolds, and those encapsulated by the dual manifolds, is shown in Figure
12. Each row shows the areas encapsulated byC(ei), C(ei) [ D(ei), andD(ei), for
i = 1; 2; 3 for the first, second and third row, respectively. As can be seen,e3 yields a
dual manifold containing three other extrema: the “critical intensity” of the scale space
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Figure 11: Hierarchy tree belonging to the artificial blob-image.

saddle is the lowest of all three scale space saddles. At increasing scale firstlyD(e2)
is intersected, secondlyD(e1) and thirdlyD(e3), as follows directly for the hierarchy
tree of Figure 11.

Figure 13b shows the segmentation obtained when only the area of critical cones
are plotted: the four regions belonging to the four annihilating extrema. Note that the
minimum does not have a critical cone through a scale space saddle, but through the
saddle at the initial image. Figure 13a extends Figure 13b by showing also the area of
the dual manifolds. This elegantly shows the remaining blobe4, but also the hierarchy:
the area arounde3 is less bright than that arounde1, which in turn is less bright than
that arounde2 ande4. This effect is due to the number of encapsulating dual manifolds.

5.2 MR Image

The MR image, shown in Figure 14a, contains 812 extrema. For visualisation purposes
we take as initial scalet = 8:39, yielding the image shown in Figure 14b.

This image contains 7 extrema, as labelled in the image. The scale space image
in the scale ranget 2 (8:39; 33:1) is exponentially sampled by 89 scales. This yields
the following annihilating couples:(e1; s3), (e2; s2), (e3; s4), (e5; s6), (e6; s1), and
(e7; s5). On the saddle branches of the saddless1; s2; s3; s5 scale space saddles are
found. The saddle branchess4 ands6 have their global extremal intensity at the initial
scale(8:39). The intersections of the image at scalet = 8:39 and the manifoldsC(ei)
andD(ei) for i 2 [1; : : : ; 7]) (except, of course,e4) are shown in Figure 15, labelling
from left to right, top to bottom. Note that the critical manifold and its dual can ap-
pear both juxtaposed and nested. The top row represents the regions belonging to the
maxima in the initial image, the bottom row to the minima.

The labelling of extrema to dual manifolds gives the following sequences:

e4 ! fD(e6); D(e2); D(e3)g
e6 ! fD(e7); D(e5)g
e2 ! fD(e1)g

The hierarchy tree belonging to it is shown in Figure 16.
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Figure 12: Each row: Regions at the initial image encapsulated by the following man-
ifolds for i = 1 (top row),i = 2 (middle row), andi = 3 (bottom row): Left:C(ei),
Middle: C(ei) [D(ei), Right:D(ei).

Figure 13: Left: Segmentation based on the binary combinations of region belonging
to each definedC(ei) [ D(ei); i 2 [1; : : : ; 5]. Right: Segmentation based on the
binary combinations of region belonging to each definedC(ei); i 2 [1; : : : ; 5].
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Figure 14: Left: 181 x 217 artificial MR image. Right: MR image at scalet = 8:37.

Figure 15: Contours of the critical and dual manifolds at the MR image at scale 8.39.
Top row: Left)C(e1) (lower contour) andD(e1). Middle)C(e2) (left contour) and
D(e2). Right)C(e3) (upper part of the contour) andD(e3). Bottom row: Left)
C(e5) (top left part of the contour) andD(e5). Middle) C(e6) (inner contour) and
D(e6). Right)C(e7) (small circle) andD(e7).
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Figure 16: Hierarchy tree for the MR image.

The corresponding segmentation based on the binary combinations of region be-
longing to each definedC(ei) [ D(ei); i 2 [1; : : : ; 7] is shown in Figure 17a. The
close nesting of the intersection manifolds is visualised in Figure 17b. This suggests
that for the sake of a “meaningful” segmentation, certain extrema are less important
than others, or even redundant altogether. Taking into account all extrema may in some
sense result in an “over-segmentation”.

One target for logical filtering could be identifying all minima regions and all max-
ima regions. For the tree this would imply removing the leavese5; e7 ande1; e2; e3,
respectively. The parentheses formulation is simplified from

��
(e1; e2)C(e1)

; (e3; e4)C(e3)

�
C(e2)

;
�
(e5; e6)C(e5)

; e7

�
C(e7)

�
C(e6)

(15)

via (for example!) �
(e2; e4)C(e2)

; (e6; e7)C(e7)

�
C(e6)

(16)

to
(e4; e6)C(e6)

(17)

This sequence of simplification is visualised in Figure 17. The top row shows the
simplification of the binary combinations of regions belonging to selected manifolds,
the bottom row shows the involved isophotes (intersections of the manifolds with the
images at scale8:37). The left couple of Figure 17 visualise Eq. (15). The first re-
duction of Eq. (16) is shown by the middle pair of images of Figure 17. The final
simplification of Eq. (17) yields the right set of images in Figure 17. This illustrates
the remark on “redundancy” quite neatly.
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Figure 17: Example of logical filtering. Top row: Segmentation based on the binary
combinations of region belonging to each definedC(ei) [ D(ei), from left tot right
according to a) Eq. (15), b) Eq. (16), c) Eq. (17). Bottom row, d-f): Nesting of the
corresponding contours as shown in the top row
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6 Summary and Discussion

In this chapter we investigated the deep structure of Gaussian scale space. A scale space
image is obtained by convolution of an initial image with a normalised Gaussian with
variable width, or scale. We showed that the critical curves, obtained when increasing
scale, provide useful information for deriving a hierarchy structure that solely depends
on intrinsic entities of the scale space.

Firstly, we investigated the mathematical properties of the vector field proposed by
Koenderink. We showed that its characteristic behaviour is well-defined on all non-
critical points. On Morse critical points a linear expansion suffices to derive the local
vector field. It isalwaystopologically equivalent to a vector field containing only min-
ima (source nodes) and corresponding saddles. Non-Morse critical points are separated
into two groups inn-D images,n > 1, namely those where the determinant of the Hes-
sian vanishes (catastrophe points) and those where the Laplacean is zero (scale space
saddles). The first group can easily be evaluated, the second group is more difficult to
examine and the structure of iso-intensity contours through them gives more insight in
the local structure around these points. In one dimensional images these groups co-
incide. It appears that the vector field proposed by Koenderink is a powerful tool in
understanding the structure of an image at all levels of resolution simultaneously.

Secondly, we investigated the properties of the manifolds obtained by the integral
curves of the vector field. We showed that to each extremum uniquely a scale space
segment can be assigned. To this segment a natural extension can be made by means of
its “dual” segment. Both segments have an manifold of co-dimension one as boundary
with the same intensity. Their intersection contains one point, either a scale space
saddle with the scale space image, or a spatial saddle point in the initial image. The
maximum (or causality) principle guarantees that all iso-intensity manifolds in scale
space behave proper,i.e. they are nicely nested and, they form surfaces that are closed
above (at high scale) and have open ends in the initial image. No new manifolds are
created upon coarsening.

The dual manifold, as boundary of the dual segment, provides the information
needed for automatic building a (binary) hierarchy tree, that can be represented as a
nested sequence (parentheses formulation) of related extrema and their linking saddle.
This reduced representation of the image allows one to “filter logically”. Parts of the
tree, or sub-parentheses structures can be filtered out. It merely boils down to filter out
certain preselected parts of the image.

We gave a theoretical expose to derive a self explanatory algorithm. This algorithm
was applied to two test images, showing the usefulness of the conceptual ideas behind
it.

Again we emphasise that the structure obtained is without any a priori information
and is solely derived from the fact that convolution with a Gaussian (as test, or regu-
larisation function in mathematical sense) is necessary in order to be able to perform
well-defined continuous operations on a discrete image. The proposed hierarchy is thus
induced by this mathematical concept.

As possible applications one can think of – besides of course user-independent
segmentation and image simplification – image storage using compressed information,
transmission by means of “significant data first”, image comparison, both searching in
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databases as stereo images, and so on.
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[27] L. Schwartz. Théorie des Distributions, volume I, II of Actualit́es scientifiques
et industrielles; 1091,1122. Publications de l’Institut de Math´ematique de
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