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Abstract

We study the output-sensitive computation of all the coratiams of edges and concave vertices
of a simple polygon that allow an immobilizing grasp withdgkan four frictionless point con-
tacts. More specifically, if is the number of edges, amd is the number of concave vertices of
the polygon, we show how to compute:
e in O(m*31og"® m + K) time, all K combinations that allow orm-closuregrasp with
two contacts;
e in O(n%log*m + K) time, all K combinations that allow gorm-closuregrasp withthree
contacts;
e inO(nlog*m + (nm)*31og?*° m + K) time, all K combinations of one concave vertex

and one edge that allow a grasp with one contact on the vertbarge contact on the interior
of the edge, satisfyin@zyzowicz'sveaker conditions for immobilization;

e in O(n? log®n + K) time, all K combinations of three edges that allow a grasp with one
contact on the interior of each edge, satisfy@ryzowicz'sveaker conditions for immobi-
lization.

1 Introduction

Many applications such as robot hand grasping and manuifagtaperations require an object to be
immobilized such that any motion of the object violates the rigidity luf bbject or the contacts. An
attractive theoretical model for immobility was formuldtby Reuleaux in 1876 [21]. He defines a
rigid body to be inform closureif a set of contacts along its boundary constrains all finitd ia-
finitesimalmotions of the body. This notion is stronger than immohility for instance an equilateral
triangle with a point contact in the middle of each edge is obitized, but is not in form closure (it
permits an infinitesimal rotation around its center). Fotasgre depends only on the position of the
contacts and their normals, and is invariant with respetitéacurvature of body and contacts. This is
not true for immobility in general: if we replace the equilia! triangle in the example by its inscribed
circle, contacts and normals remain identical, but the bsday longer immobilized.

Markenscoff et al. [14] and Mishra et al. [16] independerdhowed that, with the exception of
a circle, any two-dimensional body can be put in form closwith four frictionless point contacts,
and that almost any three-dimensional body can be put in &osure with seven such contacts. We
will call a configuration of frictionless point contacts thmut an object in form closurefarm-closure

grasp



We consider the problem of computing all form-closure gsasfa polygonal part. The availabil-
ity of all grasps of a certain part allows a user—usually a machinistsetect the grasps that best
meet specific additional requirements, such as accesgilvilhich may vary from one operation to
another. As the computation of all grasps along a given coatioin of edges and vertices can be
accomplished in constant time [17, 26], the algorithmiclleimge is to efficiently report all combina-
tions of edges and vertices that yield at least one graspeSitacing a contact at a convex vertex
may damage the part, convex vertices are not generally #uteg contact positions, so we restrict
the search to combinations of edges and/or concave vertices

An algorithm to compute, for a simple polygon withedges, all the edge combinations that have
a form-closure grasp with four frictionless contacts wasspnted by van der Stappen et al. [26]. The
algorithm runs irD(n?*¢ + K) time, whereK is the number of edge quadruples reported. Brost and
Goldberg [3] studied the same problem in modular settindpgrevthe contact positions are restricted
to a grid.

Fewer than four point contacts may suffice for form closurthéf object has concave vertices.
Informally speaking, such vertices allow to have two cotgat the price of one, as a contact at a
concave vertex can be regarded as lying on both incidenseatgecs. Form-closure grasps involving
concave vertices were first studied by Gopalakrishnan ardb®my [10], who gave a®(m?) time
algorithm to find allK” concave vertex pairs that allow a two-contact form-clogyreesp, wheren is
the number of concave vertices of the polygon. In Sectioneimprove this t(ﬁ(m4/3 log'/3 m +
K). All combinations of one concave vertex and two edges carjperted using a generalization of
the algorithm by van der Stappen et al. We improve on that bgepting arQ (n? log* m + K) time
algorithm. Furthermore, we show how to report all combimagi of two concave vertices and one
edge inO(n? log® m+m?2log* n+ K) time, and finally, all combinations of three concave veice
O(m?log® m) time. In total, we find allX” combinations of three concave vertices and/or edges that
allow a three-contact form-closure grasp in tidé»?log* m + K).

In Section 3, we turn our attention away from form closure dlifferent condition for immobility.
Czyzowicz et al. [6] provided a necessary and sufficient ggdmcondition for a simple polygon to be
immobilized by three point contacts. Analogous to the abaeecall a configuration of frictionless
point contacts that immobilizes a rigid body according tis theometric condition aimmobility
grasp A more general analysis applicable to arbitrary objects gigen by Rimon and Burdick [22,
23, 24], who define the termecond-order immobilityas it not only takes position and normal, but
also curvature of object, contacts, and possible motidossiccount. Note that all form-closure grasps
are also immobility grasps.

For a simplen-vertex polygon without parallel edges, an algorithm thegtarts all the edge
triples that yield at least one immobility grasp was givenvay der Stappen et al. [26]. Its run-
ning time isO(n%log?n + K'), where K’ is the number of triples considered according to some
criterion. This criterion is necessary, but not sufficiesd,the algorithm may return triples that do
not yield immobility grasps. We resolve this shortcomingdiying a truly output-sensitive algo-
rithm with a running time of0(n?log®n 4+ K), where K is the number of edge triples such that
we can immobilize the object with a contact on the interioeath edge. Furthermore, we give an
O(nlog*m + (nm)??1log?"° m + K)-time algorithm to report all combinations of an edge and a
concave vertex that yield an immobility grasp.

Note that in general, a polygon is not guaranteed to allowtamy or three-point immobility

'Fewer than four point contacts also suffice for form clostitiaére is friction between the contacts and the object.
Several researchers studied what is—in the presence tibfrie-often referred to as force-closure grasps. Non-dutpu
sensitive algorithms exist for computing (subsets of) atlrsgrasps of planar objects with two (see e.g. [5, 11, 19]) an
three (see e.g. [18, 13]) contacts, and with parallel-jappers [20].



grasps. For example, a square cannot be immobilized withaontact on each side. However, for
polygons without parallel edges, Czyzowicz et al. [6] shdwleat there must be at least one three-
point immobility grasp—and it will be reported by our algbms.

2 On Form-Closure Graspswith Lessthan Four Contacts

In this section we will explain how to find all combinationsaincave vertices and (possibly) edges
that allow a two- or three-point form-closure grasp. We Vit explain how we can characterize

such combinations in general, and introduce a few datatstegthat we need for our algorithms. It

will become clear that there are four cases to distinguish:

e pairs of concave vertices;

¢ triples of one concave vertex and two edges;
e triples of two concave vertices and one edge;
e triples of concave vertices.

For each of these cases, we will give an efficient algorithmefmrt all combinations that yield a
form-closure grasp.

2.1 Characterization of Form-Closure Grasps

When a forceF is applied to an objecP at positionp = (p,,py), it will make the object translate
and/or rotate. The translation is determined by the foratovef = (f;, f,). The rotation is deter-
mined by the torquef x p. The full effect is awrench which is described as a three-dimensional
vectorwr = (fz, fy, f % p) in wrench space A contactC; at positionp; can apply force in the
inward normal directiom(p;) = (n.(p:), ny(p;)) of the boundary o atp;. This results in a wrench
Xiw;, wherew; = (ng(p;), ny(pi), n(p;) x p;) is the “unit wrench” of contact’;, and\; > 0 is the
magnitude of the force applied ldy;. Our results on form-closure grasps are based on the falpwi
characterization of form closure [9, 16, 17, 25].

Theorem 2.1 Given a set ok > 4 wrencheswy, w», - - - w; 0n an objectP. Then the following three
conditions are equivalent:

() Pisin form closure.
(i) Any wrenchwg can be written as-wp = Adjwy + - - - + Agwg, With A; > 0.
(iii) The origin O lies in theinterior of the convex hull ofv1, wo, - - - , wy.

The equivalence of (i) and (ii) relies on the fact that thetaots together can be seen to apply any
wrench that is a non-negative combination of the individimadtact wrenches. Intuitively; is in form
closure if and only if any wrench applied & can be cancelled by such a non-negative combination
of contact wrenches. The theorem implies that the magrstoflevrench vectors are not important;
only the direction matters. Hence, from here on, we only wuith wrenches with unit force vectors.
The equivalence of (ii) and (iii) can be verified easily. Ntiat if the origin lies on thdound-
ary of the convex hull ofwy, ws, - - - ,wy, the object is not in form-closure, but it may still satisfy
Czyzowicz’s conditions for immobility—such cases are te€an Section 3.



When we place a point contact at a concave vertiexident to edges; andes, it provides a range
of wrenches. On one extreme, there is the wremg¢hletermined by and the inward normat, of
e1. Onthe other extreme, there is the wrenghdetermined by and the inward normal, of e5. The
other wrenches provided by the concave vertex are found &srwhe direction of the force fromy
towardsns. These wrenches can all be expressed as a positive line&irtation A1 w; + Asws, With
A1 = 0and)Ay; > 0. Therefore these intermediate wrenches can be ignorey.dih@ot contribute
anything to the satisfiability of condition (ii) in Theoreml2 so we can view a concave vertex as a
contact that provides a pair of contact wrenchgsandws.

We may achieve form closure with less than four point costhgttaking advantage of concave
vertices: thus, two or three contacts can provide up to senahes. We will compute all form-closure
grasps using concave vertices by finding all combinatiorsirafle wrenches, provided by edge con-
tacts, and pairs of wrenches, provided by concave vertibatsatisfy the condition in Theorem 2.1.
Observe that there are four cases to distinguish:

e two point contactgan only provide enough wrenches if both of them are in a aaneartex;

e three point contacts that provide four wrenchésat is two edge contacts and one contact in a
concave vertex;

e three point contacts that provide five wrench#é®at is one edge contact and two contacts in
concave vertices;

¢ three point contacts that provide six wrenchgsmeans of three contacts in concave vertices.

Note that the fact that four wrenches suffice to keep an olijefdrm closure does not imply that
there must be redundant wrenches in the latter cases. Fopéxaf we take three lines through the
origin in wrench space and place, on each line, a wrench dn®éde of the origin, their convex hull
contains the origin in its interior. But no subset of four aefof these wrenches contains the origin
in the interior of its convex hull.

2.2 Pairsof Concave Vertices

In the following, we define the segmepy to be therelatively opersegment connecting andg, that
is, the sepg := {A\p+ (1 — A\)¢ | 0 < A < 1}. We need a simple geometric lemma.

Lemma2.1 Letw:,ws,ws, w,s be four points inR3. The originO lies in the interior of the convex
hull of w1, ..., w4 if and only if there are pointp,, € wiws andps, € wzwy such thatD € prapss.

Proof: The “if” direction is trivial, so let us only prove the “only"idirection.

Suppose the origi® lies strictly inside the tetrahedron formed ty, ws, w3 andws—see Fig-
ure 1. Consider the plarié containingws, w2, andO. It intersects the segmengw, in a pointps,.
The intersection of the tetrahedron withis the triangleAw,wsps4. The pointO lies in the interior
of this triangle, so the line through andps, intersectows in the required poinp;s.

We now build ascreenl” in wrench space. In wrench space, the horizontal dimensicarsd y
represent the direction of the force applied by a wrenchjenthie vertical dimensior represents
the torque that is caused by a wrench. The sciteennsists of two vertically infinite slabs, namely
I i={(z,1,2) | -1<zx<l+4+ezeR}andly :={(-1,y,2) | -1 <y < 1+4¢,z € R}, where
¢ is an arbitrarily small constant, which we will explain late



Figure 1: The originO lies in the interior of the convex hull af, ..., w4 if and only if there are
pointspie € wiws andpsy € wzwy such tha» € pips.

We will project wrenchesv that do not lie on the-axis ontol as follows. The projectionr; (w)
of w onT; is the intersection, if it exists, df; with the line throughw and the originO. If w lies
betweenO and;(w), we colorm;(w) black If O lies betweenv and;(w), we colorm;(w) gray.

It is easy to see that for each wrenehat least one ofr; (w) andm,(w) exists. Note that we do not
need to consider wrenches that lie on thaxis, as the point contacts are unable to apply torque to the
object without pushing it.

A segmentwyws is projected ontd” by projecting each poiny € wyws;. Note that a segment
wrwg representing a concave vertex will never intersectztaxis, since the angle between the di-
rection of the forces inv; andw, must be less than. The complete projection (wiws) consists
of at most four segments drt one of each color on each part of the screen—see Figure 2.i§ hi
weree has its purpose in the construction of the screen: by makiegdreens just a little bigger than
two units wide, we do not have to worry about interior pointedges becoming end points in the
projection. They will always be interior points in the prdiien on at least one screen.

Lemma 2.2 Given an object with four contact wrenches, wo, w3, w4. The object is in form-closure
if and only if the interior of a gray part of (wyws) intersects the interior of a black part efwswy),
or vice versa.

Proof: By Theorem 2.1 and Lemma 2.1, the object is in form closurend anly if there exist
p12 € wiwg andpsy € wzwg such thatO € piap3g. This implies that neithefryws nor wswy
passes through the origin. Furthermore, on a scigemherer;(p;2) exists (which must be true for
at least one of the screeihs andI's), we must haver;(p12) = m;(p34) (since they lie on the same
line through the origin) and the colors of these projectidiffer (since they lie on different sides of
the origin)— see Figure 3.

We now have all the ingredients for an efficient algorithint tleports all pairs of concave vertices
that allow a form-closure grasp by placing two frictionlggént contacts at these vertices. We assume
that the concave vertices have already been identified.debr @ncave vertex, we compute the two
wrenchesw; (p) and ws(p) corresponding to it, and project the segmen{p)w,(p) ontoI". Let
s(p) = m(wi(p)w2(p)) be the projection. By Lemma 2.2, two concave vertipesnd ¢ have a
form-closure grasp if and only if the interiors efp) ands(q) form a gray-black intersection in.

The family {s(p)} consists of at mostm gray and black segments Iy wherem is the number
of concave vertices aP. It remains to compute all gray-black intersections in gt a problem that
can be solved in timé&(m*/3 log!/3 m+ K), using the solution by Agarwal [1] with the improvement
by Chazelle [4] (Chazelle’s description mentions colartlintersections only, but his approach also
works for gray-black intersections).



Figure 2: The screeh, with the projection ofr(wyws) of wiws. In this case, the projection consists
of three segments: one black segmenflgn(partially hidden behind’; in the figure), and a black
and a gray segment dry.

Theorem 2.2 Given a polygon withm concave vertices, alk’ form-closure grasps formed by two
concave vertices can be computed in tithegn*/? log!/? m + K).

2.3 Triplesof One Concave Vertex and Two Edges

Form closure may also be achieved by placing three frict&slpoint contacts, one at a concave
vertex p, and one each on two edges and e;. We now give an algorithm to report all such
triples (p, e1, e2). Again, we have four wrencheso; € €1, wy € €3, and the two wrenches (p)
andwq(p) corresponding to the concave vertex Here,é is the set of wrenches corresponding to
the possible placement of contacts on the interior of edddl such wrenches have a common force
vector, s is a vertical segment in wrench space.

Letr(e1,e2) := J{m(wiwz) | w1 € é1,ws € éa}. The regionr(ey,e2) is the union of at most
four relatively open trapezoids with two vertical sides,emeach trapezoid is either all gray or all
black. For a concave vertex let s(p) be as above in Section 2.2. By Lemma 2.2, a triple, e2)
allows a form-closure grasp if and only if a black parts¢p) intersects a gray trapezoid ofeq, e2),
or vice versa. Observe that the edgesPadiefineO(n?) trapezoids: at most four trapezoids for each
pair of edges.

It remains to solve the following problem: given a setrofline segments and a set 6f(n?)
trapezoids, find all intersections between a line segmeahaarapezoid. We observe that a segment
intersects a trapezoidif and only if the midpoint ofs lies inr, or s intersects one of the sides af
We test the two cases separately.



Figure 3:7 (wiws) andr (wswy) intersect, and their colors differ. Therefore, the origimust lie
in the interior of the convex hull afq, . . ., wy.

For the first we are going to usetrangle search structurewhich stores a seP of points inRR?
and supports queries of the following form: given a quergiigle A, report the points ilA N P.
For the second we will use segment intersection structuthat stores a sef of line segments in
R2, and supports queries of the form: given a query segmengport all segments € S with
s N q # (). For both data structures, there are several alternatidesvever, in this paper, we will
stick to data structures based on MatouSek’s hierarchitihgs [15], because of the good bounds on
the preprocessing time. This works well for our applicatibot if the number of concave vertices
m is very small in comparison to the number of edgeslightly better solutions may be possible
by choosing data structures with slightly more preprocgstime—see, for example, the survey by
Agarwal and Erickson [2].

MatouSek explains how we can build, for any $&bf m points in the plane, and a prescribed
parametet such thatog m < t < m, a tree of heighO(log m) with the following properties:

e the number of nodes at depthis O(p?'), for some constant; each node at depthi has an
associated subsét, of P of sizeO(m/p');

e there areD((m/t)?) leavesv, and their setd’, have sizeO(t);

o for any halfplaneH, the points inP N H are exactly the points in the sets associated with a set
of non-leaf nodes (one node at each depth in the tree), piae so all of the points in a single
leaf. The set of non-leaf nodes and the leaf can be identifié(log m) time.

The tree can be built i®(m?/t) time? If we just store the setB, explicitely, this tree can obviously

2Matousek’s theorems are in fact far more general than bhisto keep it simple, we rephrased it with restrictions to



be used to answer halfplane range reporting queri€¥(logm + ¢t + k) = O(t + k) time: find the
leaf, check its complete contents, and find the non-leaf syaaled just report their complete contents.

To extend this approach to a triangle search or segmenséauion structure, we proceed as
follows. We generalize the above tree a little bit. Inste&gaints p, we store tuples of points
(p1,...,pn). The halfplane property of the tree will now read as: “For &mayfplane H, the tuples
{(p1,-.,pn)|p1 € H} are exactly the tuples...”. We call such a tree an order4. tPetree of order
J, for 7 > 1, will be just like an order-1 tree, with two exceptions. Eisnd most important: each
set P, for a nodev of the orderj tree will be stored as a tree of ordgr— 1) on the tuples inP,.
Second, the halfplane property now reads as: “For any laalél/, the tuples{(p1, ..., px)|p; € H}
are exactly the tuples...”.

Lemma 2.3 Atree of order(j — 1):
e can be built in timeD(m?(log’ ! m)/t), and

e can be used to report, for any setidfalfplanes(H1, ..., H;), all tuples{(p1, ..., pn)|Vi<i<; Pi €
H;}, intimeO(tlog’ ~' m + k), wherek is the number of tuples reported.

Proof: We proof the lemma by induction gin

Forj = 1, itis obviously true.

The construction of a tree of ordgr> 1, consists of the construction of the main structure, in
O(m?/t) time, and the construction of the associated trees of @ydeil ). By the induction hypothe-
sis, the construction of an ordéj—1) tree at depttiin the order; tree take®)((m/p?)?(log? 2 m)/t)
time. The construction times thus add up to:

m2 Ollogm) % m 2logj_Qm m210gj_1m
o)+ X owno((5) ) o (")

The search in an ordgrtree withH; yields O(log m) nodes whose orddt- — 1) trees have to be
searched. By the induction hypothesis, searching the-gjder1) trees cost®(tlog’ 2 m + k) for
each tree, which adds up (¢ logj‘1 m + k). Furthermore, one leaf of sizehas to be searched, for
a cost ofO(t), so that the total time spent searchingig log’ ! m + k).

Settingt to log m, we find that an ordej-tree can be built it (m? log? ~? m) time and answers
queries inO(log? m + k) time.

We can use this structure as a triangle search structureobggeach poinp as a tuple(p, p, p)
in a tree of order 3. The construction time($m? log m), and we can search for pointghat lie in
the intersection of three halfplanes (such as triangleé)(ing® m + k) time.

We can also use it as a segment intersection structure,law$qffollowing the same transforma-
tion as, for example, in [2]). Assume that there are no varegments (if there are vertical segments,
we must turn everything just a little bit to prevent degenis). We build an order-4 tree, storing each
line segment = sps7 as a tuplgl*(s), 1*(s), so, s1), wherel*(s) = (a, b) is the dual of the support-
ing linel(s) : y = ax + b of s. Observe that a query segment goq; intersectss if and only if the
following two conditions are met:

e s lies above(q) while s; lies belowl(q) (or the other way around), and

match our purposes.



e (o lies above(s) while ¢; lies belowi(s), or equivalently:l*(s) lies below the dual lingg of
qo and above the dual ling of ¢; (or the other way around).

An intersection query with a line segment can thus be fortedlas a query with four halfplanes,
bounded byyg, ¢7, andi(q) (twice), in the order-4 tree storing tuplés(s),*(s), so, s1). Such atree
is built in time O (m? log? m), and a query is answered @(log* m + k) time. 3

To return to solving our original problem: we build, @m? log m) time, a triangle search struc-
ture on the set of midpoints of the segments: this permitsiegigvith a trapezoid (by decomposing it
into triangles), identifying thé points inside the trapezoid i@ (log® m + k) time. Furthermore, we
build, in O(m? log? m) time, a segment intersection structure for segment intéesequeries on the
segments that represent the concave vertices. Findirgsabments intersecting a given trapezoid
boundary take® (log* m + k) time.

To find all thek segments intersecting a given trapezoid, we query bothdlatetures, in total
time O(log* m + k). Since there ar®(n?) trapezoids, this takes tim@(n? log* m + K).

Theorem 2.3 Given a polygon withn concave vertices and edges, allK combinations of one
concave vertex and two edges, such that one contact on thex\eard one each on the interior of
each edge can put the object in form closure, can be compnttéO (n? log* m + K).

2.4 Triplesof Two Concave Vertices and One Edge

Placing two point contacts at a pair of concave vertiggsmay not achieve form closure. Placing
one more contact in the interior of an appropriate egdgowever, can achieve form closure wijth
andgq. Here, we present an algorithm to report all such trigfes, ¢).

Consider a pair of concave vertices; that does not achieve form closure. ket wy andws, wy
be the wrenches induced byandg, respectively, and l&iV := {w;, ws, w3, ws}. By Theorem 2.1
the originO does not lie in the interior of the convex hull @f. An additional edge contact achieves
form closure if and only iD lies in the interior of the convex hull 68 U {w}, wherew is the wrench
induced by the contact.

Let W’ := W U {O}. The convex hull of¥’ is a convex polytope with four or five verticgine
of which isO. Consider a facef; incident toO, and letH; be the open half-space bounded by the
supporting plane of; not containing?’. If O lies in the interior of the convex hull d¥" U {w}, for
someuw, thenw € H; for all i’'s. Conversely, if this is true for every facet incident@ thenO does
lie in the interior of the convex hull i U {w}.

It follows that an edge can achieve form closure together witlandgq if and only if the wrench
space segmeiitintersects the intersection of three or four half-spacé® Aounding planes of these
half-spaces pass through so we can again project everything onto a two-dimensiocralesn. Here,
we do not wish to identify wrenches that are symmetric arotingdorigin, so we use a scre@h
enclosing the origin as follows:

I = {(z,y, z)| max(|z|, |y|) = 1,2 € R}.

3Matousek improves the construction time for the triangtarsh structure t@(m?log® m) (with the same query
time); the same technique could be used to improve the emtin time for the segment intersection structure to
O(m?log'™*® m). However, these improvements don't affect our final bousdsye will ignore them for simplicity.

4If W’ has four vertices, one of the wrenches is redundant. Thisisnteat form closure could also be achieved by
placing point contacts oa, at one of the verticeg or ¢, and on one of the edges incident to the other vertex. Thpketri
will be reported by the algorithm given above for finding alhebinations of one concave vertex and two edges that yield a
form-closure grasp.



To prevent degeneracies, we would turn the screen a littllesgao segment is projected onto an edge
of the screen. We project thesegmentg ontoI”, build a triangle search structure on their endpoints,
and a segment intersection structure on the segments tivesise

For the triangle search structure we use a structure by Makoaigain; however, this time we use
the variant that allows us to balance preprocessing and/dimee. More precisely, we can choose
a parametefV/ (in fact the size of the structure) such that< M < n?, and will get a prepro-
cessing time o (n't% 4+ M log? n), for an arbitrarily small constant > 0, and a query time of
O((n/vVM)log® & + k). We chooseM = n?/log? n, to get a preprocessing time which is, in
any case(n?log’ m), and a query time o@((log%2 n)log3n + k). With § < 2 this is certainly
O(log* n + k).

Before we choose the segment intersection structure, \wbdeat all segments to be stored are
vertical. A query segment = qoq1, whereg; = (x(g;),y(¢;)), intersects a stored segment 35gs7,
wheres; = (z(s), y(s;)), if and only if the following two conditions are met:

e s lies above(q) while s; lies belowl(q) (or the other way around), and
e x(s) lies betweenc(qp) andx(q).

Therefore, we can solve our query problem with an order-Zcgire, as explained in the previous
section. The structure stores tuples, s;), and stores the sef3, associated with internal nodes in
order-1 trees sorted hy-coordinate. We can pre-sort all segmentscbgoordinate as an initialization
step, and keep them sorted while distributing and copyiegitto subtrees, so that no further sorting
is necessary. Thus, the complete structure can be coretrircthe same time bound as a normal
order-2 structure, that i€)(n?). The query time of an order-2 structure is normalljlog? n + k),
but in this case, we cannot just report all contents of therimatl nodes found: we have to do a binary
search to report only those segments witboordinates between(qy) andz(q;). This increases the
query time toO (log® n + k).

In total, both data structures are built@(n? log® m) time. We now consider each pdis, ¢) of
concave vertices in turn. We compute the wrendhiéiduced by the two vertices, the convex hull
of W U {0}, and the intersectio of the three or four relevant half-spaces. We then compite-
RNT’, apolygonal area of constant complexity. We triangulateand find thek segment endpoints
inside R’ by triangle range queries in tim@(log* n + k). Furthermore, we find alk segments
intersecting the boundary @t’ in time O(log®n + k) by a constant number of segment intersection
queries. Since there af@(m?) pairs of concave vertices, the total running timeoig:? log® m +
m?logn + k).

To list all triples of two concave vertices and one edge that yield afdosure grasp, we should
also run the algorithm of Section 2.2, to get, in ti@ém*/3 log'/3 m + k), all k pairs of concave
vertices that yield a form-closure grasp, and combine theltrevith every edge of the polygon.

Theorem 2.4 Given a polygon withn concave vertices and edges, allK combinations of two
concave vertices and one edge, such that one contact eachabnvertex and one contact on the
interior of the edge can put the object in form closure, cancbeputed in timeD(n? log® m +
m?log*n + K).

It would be possible to trade some of the dependency anthis bound for dependency on,
by exploiting the trade-off between preprocessing andygtiere for triangle search and intersection
search structures. However, in the end it would not affeetfittial bounds for describing all three-
point form-closure grasps, as that requires runningQite? log* m + K)-time algorithm from the
previous section anyway. The latter will dominate the boandhe total running time.
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2.5 Triplesof Concave Vertices

A triple of concave vertice$p, ¢, r) induces six wrenchesy, ..., wg. Three point contacts in these
vertices put an object in form closure if the convex hull & #ix wrenches contains the origin in its
interior. We can distinguish two cases:

1. a subset of five wrenches already contains the origin imtlegior of its convex hull, and thus
achieves form closure;

2. no subset of five wrenches contains the origin in the iotexi its convex hull.

In the first case, only two of the concave vertices contritiwie wrenches to the convex hull. The
contact in the third vertex contributes only one wrench:oitld just as well have been placed close
by on the corresponding edge which is incident to that verlehe first case is thus very similar to
the case discussed in Section 2.4. The algorithm of thaibsecan easily be adapted to list all such
cases. We will just use the triangle search structure oolythe segment intersection structure, and
store only the edge end points that are actually concavicesrt Building the data structure takes
O(m? log’ m) time; we doO(m?) queries inO(log® m + k) time each; thus, we can list all triples of
concave vertices of the first case in ti@ém? log® m + K).

For the second case, we will make use of the following lemmafthe theory of positive bases [7,
12].

Lemma2.4 LetS be any set of six points iR? such that the convex hull &f contains the origin in
its interior, but no subset of five points Sfcontains the origin in the interior of its convex hull. It
follows thatS consists of six points on three lines through the origin: anteline, one point to each
side of the origin.

It follows that the wrenches induced by the three concavicesr must form three pairs of opposite
wrenches. Since no vertex contact could induce oppositechies itself, it follows that we are looking
for triples (p, ¢, ) wherew; (q) = —wa(p), wi(r) = —wa(q), andw, (p) = —wa(r).

A straightforward algorithm is now as follows. We sort allamches induced by concave vertices
lexicographically. For every concave vergexwe search in the sorted list for matching vertigethat
is, verticesy with wy(q) = —ws(p). For each vertey found, we do another search for a vertesuch
thatw; (r) = —ws(q) andws(r) = —w(p). If such a vertex is found, we report the triplép, ¢, ).

The sorting is done i (mlogm) time. The query fory, and testing for a matching, takes
O(log m) time per candidate-which is tested, which amounts ©(m logm) in the worst case.
Searching for matching andr for each vertexy thus take€) (m? log m) time.

In total, both cases can be dealt withfm? log® m + K) time.

Theorem 2.5 Given a polygon withn concave vertices and vertices in total, allK” form-closure
grasps formed by three concave vertices can be computem@®tim? log® m + K).

3 Computing All Immobility Grasps

In this section we will explain how to find combinations ofdékredges and combinations of a concave
vertex and an edge, that allow a three- or two-point immbbgrasp, respectively.

We first introduce some notations and definitions used insthision. Let the edges of the simple
polygon P be oriented counter-clockwise aroufy that is, P lies locally to the left of each edge.
We denote the line orthogonal to an edgthrough the start and end point @by sy(e) ands; (e),
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Figure 4: The edges ¢, ¢” in (a) are a triangular triple, while those in (b) are not.

~N\
(a) ‘ m V \ d (0) ’\
A

_—~ 7
L\/ U/

Figure 5: (a) A polygon with directed edges, oriented sueltt ¢his on they-axis, pointing upward.
(b) The edges irl, and (c) inU.

respectively. Leti(e) be the relatively open infinite slab bounded &ye) and s;(e), that is, the
union of all lines that are orthogonal to and intersect theriar of e (see Figure 6). Lel(e) be the
supporting line ok, and letH (e) be the open half-plane bounded §y) lying locally to the left ofe,

that is, locally containing® (see Fig. 4). When the intersection Bf(e), H(¢') and H(e) forms a
(finite) triangle, there, ¢/, ande” are said to be &iangular triple. (Compare Fig. 4 (a) with (b).)

3.1 Immoability Graspswith Three Contacts

A necessary and sufficient condition for three edges to haa@nfiguration of three point contacts
that immobilizes a simple polygon is provided by Czyzowitale[6].

Lemma 3.1 (Czyzowicz et al. [6]) There are three point contacts on the interior of three edge$
and¢” that immobilize a polygon if and only if:

(i) s(e)Ns(e’)Ns(e”) # O (common normal intersection condition), and
(i) H(e)n H(e')n H(e") is atriangle (triangular triple condition).

To find all such edge triples, we take a similar approach a&gh We find all the edge triples that
have a common normal intersection; among these, triangigpéas will be filtered out. The sketch of
the global approach is as follows. For each ed@é P, we build a data structure. It will be queried
with each of the remaining — 1 edges’, to report all edges” such that the triplée, ¢/, ¢”') satisfies
the conditions of Lemma 3.1.

From now on, we focus on building and searching the datatsteifor a fixed edge. We choose
a coordinate system such thiét) is they-axis, oriented in upward direction. We divide the remagnin
edges into two groups(ower) andU (pper); when an edge forms an angle betwe€nand 3 with
the positiver-axis, it is in L, otherwise it is inU (see Fig. 5 (b) and (c)). We omit all vertical edges
from L andU, since they could never make a triangular triple wittind a third edge. Fare {0, 1},
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Figure 6: Notation for Lemma 3.2.

we definel; andr;} as thez-coordinates of the left and right intersection points;@t) and the slab
boundaries of(e’). We definel, r(, 1} andr{ for edgee” likewise—see Figure 6. The following is
a necessary and sufficient condition for three edges to haga-mpty common normal intersection
region.

Lemma 3.2 Two slabsi(e’) and s(e¢”) have a common intersection witle) if and only if one of the
following is true:

() o <rg NI <1}
(i) iy <ronly <ot

Proof: We will first prove that if one of the conditions (i) or (ii) iseh there is a common intersec-
tion. After that we will prove that if neither of the conditie is fulfilled, there cannot be a common
intersection.

The “if” direction: the two cases are identical exceptdbande” switching roles, so without loss
of generality, we restrict ourselves to the first case. G{i) implies that the line segmentgr]
andm intersect (see Figure 6 for an example). The first line seghEncompletely inside(e)
ands(e’); the second lies completely insidée) and$(e”). Hence, their intersection lies in all three
slabs, which means that the intersectiors @f), s(¢’) ands(e”) is not empty.

The “only-if” direction: suppose neither condition (i) noondition (ii) is true, i.e. the following
is true:

U= rf VY =) A > bV > 1))

Because by definition;; > [ andrg > [j, we cannot simultaneously havge > rj andig > 7.
Likewise, we cannot simultaneously halfe> r{ andl] > r}. It follows that the proposition above
is equivalent to:

Uy > v AT > )V (1 > rh AT > 1)

In other words: the left boundary of one slabs¢é¢’) ands(e”) lies to the right of the right boundary
of the other slab, and the situation is the same both at thesettion with the lower boundary éfe),
and at the intersection with the upper boundary(@f. It follows that the intersections &f(¢’) and
5(e’) with 5(e) are disjoint.

So if there is a common intersection, at least one of the ¢tiongi must be fulfilled, and if at least
one of the conditions is fulfilled, there must be a commorrggetion.

Supposé(¢’) is the line defined by = o’z + V/, andi(e”) is the line defined by = oz + b".
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Lemma3.3 H(e) N H(e') N H(e") is a triangle if and only if one of the following is true:
()  <d"ANV <V' N eLNneU
(i) a" <d ANV <V AN €eUNe" €L

Proof: Let I’ be the intersectiof0,b”) of I(e) andi(e”); let I” be the intersectiof0, ') of [(e) and
I(¢), and let! be the intersectionl,, I,)) of I(¢’) andi(e”), wherel, = (b" —V')/(a’ — a”) and
I, =dI,+V =d'I, + b" (see Figure 4). Observe thAt(e) N H(e') N H(e") is a triangle if and
onlyif I € H(e),I' € H(¢') andI” € H(e").

We will first prove that if one of the conditions (i) or (i) hds, H (e) N H(¢/)N H (¢") is a triangle,
and then, that if the latter is a triangle, one of the condgimust be fulfilled.

The “if” direction: the two cases are identical exceptdbande” switching roles, so without loss
of generality, we restrict ourselves to the first case. Qard{i) (as well as (ii)) implies thal,, < 0,
sol € H(e). Furthermore¢’ € L means thafi (¢’) is the halfplane abovEe'); sinced’ < b”, we
have thatl” = (0,b") lies abovel(¢’), and thus, insidé7 (¢’). Likewise, frome” € U andd’ < " it
follows that!” € H(e"). Hence,H(e) N H(e') N H(e") is a triangle.

The “only-if” direction: supposél (e)NH (¢')NH (e”) is atriangle, thed = i(e¢")Ni(e”) € H(e),
thatis: I, = (b — b')/(a’ — a”) < 0. This implies that one of the following is true:

1) o <a’ AV <V
() o’ <d AV <V

In the first case]” = (0,b") lies abovel” = (0,1’), so the triangle formed by th¢e’), i(e”), and the
y-axisl(e), is bounded by(e’) from below and by (e”) from above. From the fact that this triangle
lies insideH (¢/) and H (¢”), it follows thate’ € L ande” € U, fulfilling condition (i) of the Lemma.
In the same manner, we can derive that the second case irttpies € U ande” € L, fulfilling
condition (ii) of the Lemma.

From Lemmas 3.1, 3.2 and 3.3 it follows that’ ande” allow a three-point immobility grasp if
and only if one of the following conditions is satisfied:

() W <rinrl>IliNd" >d ANV >N elLne eU
(i) W <rinrg>lGANd" <d NV <V AN €eUNE" €L
(i) y<rinrg>lgna’ >d ANV >V N eLne €U
(iv) Iy <r{Arg>Ilina <d ANV <V N eUNe" €L

Since the roles of’ ande” are interchangeable, we only need to search for triplesfgati condi-
tion (i) or (ii). We can do this with two four-dimensional bdgonal range trees [8] as follows. In the
first tree, store every edgé€ < U as a four-dimensional poirtty, r,a”,b"). Query this tree with
every edge’ € L for all points in(—oo, r}) x (Ij),00) x (a’,00) x (V/,00). In the second tree, store
every edge’” < L as a four-dimensional poirit], r(), a”,b"). Query this tree with every edgée U
for all points in(—oo, ) x (I, 00) x (—00,a’) x (—o0,b’). Every edge” reported forms a triple
with e ande’ such that three point contacts ere’ ande” will immobilize the polygon.

Now we analyze the time complexity of this algorithm. A falimensional orthogonal range tree
can be built inO(nlog® n) time usingO(n log® n) space, and can be queriedGrflog® n + k) time
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Figure 7: (a) Notations of normals of edges and concavecestti(b) Vertex is in the simplexS|(e)
of edgee.

(see Chapter 5.4 in [8]). This can be improvedXfog® n + k) query time, with the same building
time, using fractional cascading (see Chapter 5.6 in [8]).

We query each tree witf)(n) edges:’, for a total building and query time @(n log® n + k) per
tree, and we do this for every edgeso that the complete search takeg:? log® n + k) time.

Theorem 3.1 Given a polygon witlh edges, allK” edge triples(e, ¢/, ¢”) such that the polygon can
be immobilized by three frictionless point fingers on theriots ofe, ¢ ande”, can be computed in
timeO(n?log®n + K).

3.2 Immobility Graspswith Two Contacts

If we exploit concave vertices, two contacts can immobiéizimple polygon: one at a concave vertex
p and the other in the interior of an edgeWhen a polygon has edges anan concave vertices, all
such pairs can be reported in timEmn) by simply checking all vertex-edge pairs. Obviously we
want a more efficient algorithm. We could adapt the algorithrBection 3.1 to find and report only
triples of edges where two edges are in fact reduced to pthiatsoincide on a concave vertex. But
this would cost even more than(mn) time. Therefore we develop a specialized algorithm based on
the lemma below.

First, we introduce some notations used in this section. eLand¢” be the edges incident to
p. Letn;, be the inward normal te’, and letn; be the inward normal te”. Let Conén;,,n;) be
{Nng, + Mg | N, A" > 0}, that is, the set of all positive linear combinationsrgfandn;. In the
same way, let Cong(n;,,n,) be the set of all positive linear combinations -efi, and —n;, (see
Figure 7(a)). For each edge let n. be the inward normal te, and let the open simple%(e) be
s(e) N H(e) (see Figure 7 (b).)

Lemma 3.4 Placing two point contacts at a concave verteand on an edge immobilizes a polygon
if and only if:

(i) n. € Cone (ny,n,), and

(i) pe S(e).

Proof: Let e’ ande” be the adjacent edges 1o shrunk onto the vertey, so thats(e’) is the line
orthogonal toe’ throughp, and $(¢”) is the line orthogonal te” throughp. We will first show
that any three edges ¢ ande” satisfying the above statement must satisfy Lemma 3.1. eSinc
p = §(e')Ns(e”) € S(e) C $(e), we must haves(e) N s(e’) N s(e”) # 0. Furthermore, since

p € S(e) C H(e), the intersectiorf{ (e) N H(e') N H(e") # 0. Infact, H(e) N H(¢') N H(e") is a
triangle, because. € Cone (n;,,n,), i.e., the normals of, ¢’ ande” span the plane positively.
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Let us now show that any three edges’ ande”, such that’ ande” are both adjacent to and
shrunk onto a common concave verfexande, ¢’ ande” satisfy Lemma 3.1, must also satisfy the two
conditions above. The common normal intersection conuitissures that € s(e). The triangular
triple condition, that (e) N H(e') N H(e") # 0, implies that the normals of the edges span the plane
positively, which proves thai. € Cone™ (n;,, n;).

For any edge: and any concave vertex let 0., 0, andd, be the angles that., —n;, and —n;,
respectively, make with the positiveaxis. Letd, be the smaller angle @, andd;, i.e. 0, < 6}

Observe that, € Cone (n,, ny) if and only if one of the following is true:

() 0 — 0, <mNb. € (0,00
(i) 0 — 0, >m N0, € [—m,0,) U (00, 7).

For a given edge, we find all concave vertices that have a two-point immoiniizgrasp withe.
For this, we store the concave vertices in a data structatestbres pairs of the forrfy,, p), where
I, is a one-dimensional interval andis a point in the plane. Each vertgxwith 01’; — 9; < Tis
stored once, as a paitt,,0,),p). Each vertexp with 6,7 — 0, > 7 is stored twice: once as a pair
((—o0,8,),p) and once as(f,, oo), p). We query this data structure with each edg# P, to report
all verticesp stored as a paifl,, p) such tha¥. € I, andp € S(e).

The data structure we use is a two-level data structure. djhdetel is a segment tree [8] on
the intervalsl,. Let X be the set of all begin and end points of intervalsto be stored in the
tree, in order of increasing value. A segment tree is a balhbinary tree on the intervals between
consecutive values fronX: each leaf is associated with one such interval. Each iaterodev is
associated with an intervdl(v), which is the union of the intervals of its descendants. Vg#ich
nodev, we associate a data structdf¢v) that stores all pairél,,, p) such that,, contains/(v) but
not I (parentv)). In our case, the data structurégv) will be triangle search structures on the points
p in the pairs(I,, p). Again, we use the triangle search structure by MatousBk [ising O(m?)
space to stor€(m) points, for a certain constart We will explain later how! is chosen, but in any
case, we will choose it such that d < 2.

Let us first analyse the time needed to construct the datetsteu A simplex range searching
structure can be built in timé)(md log6 m), wherem is the number of points storedp? is the
amount of storage used for them, ahds any small positive constant [15]. A nodeat depthi in
a segment tree stores intervdlsthat completely contaid (v), but not!(parenfv)), which means
that all intervalsI,, stored inu must have an endpoint if(brothefv)). Since the segment tree is
balanced, there are at mm/Qi such intervals. Thus, at each depih the segment tree, we have at
most2 nodes storing at mogtn,/2¢ intervals each. The time needed to build the complete tne th
becomesD(mlogm) (for the segment tree itself) plus, for the associated gfsearch structures,
O(Zi":gom 210((m/2")%log’ (m/2%))). Sinced > 1, the larger triangle search structures dominate,
making a total construction time 6¥(m®log® m).

A query with an edge for matchingp in this multi-level data structure proceeds as follows. We
walk down the segment tree, finding él(log m) nodesv (one at each depth) such thHgv) contains
¢.. Together, these nodes contain all paifs p) such that/,, contains... For each of these nodes, we
search the associated triangle search structure, and tepanswers. The query time in a simplex
range searching structure enpoints withm? storage i) (m(log® m®1) /v/md+k). The total time
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for a query in our data structure is therefore

[log m] m 10g3 (%)d—l
=0 V(5)
If d = 2, this isO(log* m + k), otherwise it iSO (m(log® m) /v/'m? + k).

Since we da: queries, the time for building and querying the data stmechads up t@ (m? log? m+
nlog*m + K) (for d = 2) or O(m%log® m + nm(log® m)/v/mé + K) (for 1 < d < 2).

Let's now choosed. If m/log®?m < \/n, we choosed = 2, and the algorithm runs in
O(nlog*m + K) time. Otherwise, we have/n < m/log®?m, son?3log?m < m?*3, and
thus(mn)?/3 log? m < m?2. Furthermore we have > m, so certainlyn?/3 log? m > m!/3, and thus
(mn)?/?log? m > m. Hence we can choogksuch thatl < d < 2 andm? = (mn)?/®log? m, result-
ing in a total running time 0® (m?log? m+nm(log® m)/vVmé+K) = O((mn)?31og*" m+ K).

Theorem 3.2 Given a polygon witlw edges andn concave vertices, al’ pairs of an edge and a
concave vertey such that the polygon can be immobilized by two frictionfssist fingers ore and
atp, can be computed in tim@(n log* m + (mn)??1og?*° m + K).
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